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1. Introduction

In the study of the local Fatou theorem for harmonic functions, Carleson [Ca]
proved the following crucial estimate for positive harmonic functions, now re-
ferred to as the Carleson estimate. Given a bounded Lipschitz domain D in the
Euclidean space R", there exist constants K, C > 1, depending only on D, with
the following property: If £ € dD, if » > 0 is sufficiently small, and if x, is a point
in D with |x, — &| = r and dist(x,,dD) > r/C, then

u < Ku(x,) on DN B(,r)

whenever u is a positive harmonic function in D N B(&, Cr) vanishing continu-
ously on dD N B(&,Cr). Here B(&,r) denotes the open ball with center £ and
radius r.

The Carleson estimate has been verified for more general Euclidean domains
such as NTA domains, and it plays an important role in the study of harmonic
analysis on nonsmooth domains. There are at least three different proofs of the
Carleson estimate, based on (i) uniform barriers, (ii) the boundary Harnack prin-
ciple, and (iii) the mean value inequality of subharmonic functions.

(i) Carleson’s original proof, as well as the extension to NTA domains due to
Jerison and Kenig [JK], are based on uniform barriers. This method was used
also by the second author, together with Holopainen and Tyson, in [HoST]
to study conformal Martin boundaries of bounded uniform domains in met-
ric measure spaces of bounded geometry. This approach requires the notion
of uniform fatness of the boundary introduced by Lewis in [Le].

(ii) In [Al], the first-named author proved the boundary Harnack principle di-
rectly and verified the Carleson estimate as a corollary. This method does not
rely on uniform barriers and is applicable to uniform domains with a small
boundary and, more generally, even to an irregular uniform domain. How-
ever, this method does not seem to be applicable to nonlinear equations.
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(iii) In the study of Denjoy domains, Benedicks [Be] employed Domar’s argu-
ment [D] based on the mean value inequality of subharmonic functions. His
approach was generalized to Lipschitz Denjoy domains by Chevallier [Ch].
The first author, together with Hirata and Lundh, utilized Domar’s argument
in [AHiL] to prove a version of the Carleson estimate for John domains in
Euclidean spaces.

The first goal of this paper is to show that Domar’s argument applies not only
to harmonic functions on a Euclidean domain but also to solutions of certain non-
linear equations on metric measure spaces. Throughout we assume that (X, d, u)
is a proper metric measure space with at least two points and that u is a doubling
Borel measure. Here we say that X is proper if closed and bounded subsets of X
are compact and that u is doubling if there is a constant C; > 1 such that

w(B(x,2r)) = Capu(B(x,r)),

where B(x,r) = {y € X : d(x,y) < r} is the open ball with center x and
radius r. Moreover, we fix | < p < oo and assume that X supports a (1, p)-
Poincaré inequality (see Definition 2.1). We shall establish a Carleson-type esti-
mate (Theorem 5.2) for John domains in the setting of such metric measure spaces
by adapting the version of Domar’s argument found in [AHiL].

Our second goal is the study of conformal Martin boundaries of bounded John
domains whose boundaries may not be uniformly fat. Under the additional as-
sumption that the measure p is Ahlfors Q-regular (for some Q > 1), we will use
our Carleson-type estimate to extend the results of [HoST] and [S3] to greater
generality. One of our main results is Theorem 6.1, which describes the behavior
of the conformal Martin kernels. The growth estimate (Theorem 6.1(ii)) is new.

In the general setting of metric measure spaces, it is not clear whether there
exists even one bounded uniform domain in X. However, if X is a geodesic space
then every ball in X is a John domain, with the center of the ball acting as a John
center. It is a well-known fact that any doubling metric measure space support-
ing a (1, p)-Poincaré inequality is quasiconvex; that is, there is a constant g > 1
such that, for every pair of points x, y € X, there exists a rectifiable curve y,, in X
connecting x to y with the property that the length £(y,,) of y,, satisfies

€(yxy) = qd(x,y). )

Thus, in our situation there are a plethora of bounded John domains in X even if
X is not a geodesic space. It is therefore desirable to study the conformal Martin
boundary of bounded John domains in X. The theory developed in [HoST] in-
dicates that the conformal Martin boundary is conformally invariant. The results
developed in this paper are therefore useful in the study of a Fatou-type prop-
erty of conformal mappings between two bounded John domains in metric spaces;
see [S3].

ACKNOWLEDGMENT. The authors wish to thank the referee for helpful sugges-
tions on improving the exposition of this paper.
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2. Definitions and Notation

Unless otherwise stated, C denotes a positive constant whose exact value is unim-
portant, can change even within the same line, and depends only on fixed param-
eters such as X, d, u, and p. If necessary, we will specify its dependence on other
parameters.

In the setting of metric measure spaces that may not have a Riemannian struc-
ture, the following notion of upper gradients, first formulated by Heinonen and
Koskela in [HeKol], replaces the notion of distributional derivatives (in [HeKol],
upper gradients are referred to as “very weak” gradients). A Borel function g on
X is an upper gradient of a real-valued function f on X if, for all nonconstant
rectifiable paths y : [0,/,,] — X parameterized by arc length, we have

O — FG )] s/gds,

14

where the inequality is interpreted as saying also that fy gds = oo whenever at
least one of | f(y(0))| and | f(y(l,))] is infinite. See [HeKol] and [KoMc] for
more on this notion.

DEFINITION 2.1.  We say that X supports a (1, p)-Poincaré inequality if there are
constants k > 1 and C, > 1 such that, for all balls B(x,r) C X, all measurable
functions f on X, and all p-weak upper gradients g of f,

I/p
][ |f—fB(x,r>|dMSCpr(]l gPdM> .
B(x,r) B(x,kr)

du.

where

1
IBGx,r :=][ fdp = ——+
e B(x,7) w(B(x,r)) Jpx,n
Following [S1], we consider a version of Sobolev spaces on X.

DEFINITION 2.2. Let

p 1/p
llullyrr = (/Iu|‘”du> —i—inf(/ g” dﬂ) i
X g \Jx

where the infimum is taken over all upper gradients of u. The Newtonian space on
X is the quotient space

NYP(X) = {u : ullyrp < 00}/~,

where u ~ v if and only if |lu — v||y1,, = 0.

The space N Lr(x) equipped with the norm ||-|| y1,» is @ Banach space and a lat-
tice (see [S1]). An alternative definition of Sobolev spaces given by Cheeger in
[C] yields the same space as N'P(X) whenever p > 1; see [SI, Thm. 4.10].
Cheeger’s definition yields the notion of partial derivatives in the following theo-
rem [C, Thm. 4.38].
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THEOREM 2.3 (Cheeger). Let X be a metric measure space equipped with a pos-
itive doubling Borel regular measure (1 admitting a (1, p)-Poincaré inequality for
some 1 < p < oo. Then there exists a countable collection (Uy, X*) of mea-
surable sets U, and Lipschitz “coordinate” functions X*: X — R*® such that
M(X \ U, Ua) = 0, and for each « the following conditions hold.

The measure of U, is positive and 1 < k(o) < N, where N is a constant de-
pending only on the doubling constant of W and the constant from the Poincaré
inequality. If f: X — R is Lipschitz, then there exist unique bounded measur-
able vector-valued functions d*f : Uy, — R*¥® such that, for pu-a.e. xg € Uy,

. |f(x) — f(x0) —d®f(x0) - (X*(x) — X¥(x0))|
im  sup =

r—>0% x€B(xo,r) r

0.

We can assume that the sets U, are pairwise disjoint, and we extend d“f by zero
outside U,. Regarding d*f(x) as vectors in RY, let df = ) d“f. The differen-
tial mapping d: f +—> df is linear, and it is shown in [C, p. 460] that there is a
constant C > 0 such that, for all Lipschitz functions f and u-a.e. x € X,

1
Eldf(x)l < gr(x) := inf lim sup][ gdp < Cldf(x)]. 2
8 B(x,r)

r—0+

Here |df(x)| is a norm coming from a measurable inner product on the tangent
bundle of X created by the Cheeger derivative structure just described (see the
discussion in [C]), and the infimum is taken over all upper gradients g € L”(X)
of f; observe that g/ is in some sense the minimal upper gradient of f (see [S2,
Cor. 3.7]). Also, by [C, Prop. 2.2], df = 0 u-a.e. on every set where f is constant.

By [C, Thm. 4.47] or [S1, Thm. 4.1], the Newtonian space NLP(X) is equal to
the closure in the N'”-norm of the collection of Lipschitz functions on X with
finite N'?-norm. By [FHKo, Thm. 10], there exists a unique “gradient” du satis-
fying (2) for every u € N'»(X). Moreover, if {u_,-}j?"=1 is a sequence in N'"7(X),
then u; — u in NL?(X) if and only if, as j — oo, u; — u in LP(X, ) and
duj — duin LP(X, u; RY). Hence the differential structure extends to all func-
tions in N>?(X). We will use this structure throughout the paper; see for example
Definition 2.5.

DEFINITION 2.4.  The p-capacity of a Borel set E C X is the number

Cap, (E) ::inf(/|u|”d,u+/|du|”du>,
u X X

where the infimum is taken over all u € N'7(X) such that u = 1 on E. A prop-
erty is said to hold p-quasieverywhere in X if the set on which the property does
not hold has zero p-capacity. The relative p-capacity Cap,(K; £2) of a compact
set K with respect to an open set 2 D K is given by

Cap,(K; Q) = inf / |du|? du,
Q

where the infimum is taken over all functions u € N'?(X) for which u|gx > 1
and u|x\q = 0. If no such function exists, then we set Cap,(K; 2) = oo. For
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more on capacity, see [AO; HeKo2; KinM1; HeKiM, Chap. 2] and the references
therein.

To compare the boundary values of Newtonian functions, we need a Newtonian
space with zero boundary values. Let Q2 C X be an open set and let

Né’p(Q) ={ue Nl‘p(X) :u = 0 p-quasieverywhere on X \ 2}.

Corollary 3.9 in [S1] implies that Né"" () equipped with the N''?-norm is a closed
subspace of N''7(X). By [S2, Thm. 4.8], if Q is relatively compact then the space
Lip.(€2) of Lipschitz functions with compact support in €2 is dense in Né’p ().
In the rest of this paper, 2 C X will always denote a bounded domain in X with
Cap, (X \ ) > 0.

DEFINITION 2.5. Let 2 C X be adomain. A functionu: X — [—o0, 00] is said
to be p-harmonic in Q if u € NIL’C” (£2) and if, for all relatively compact subsets U
of © and for every function ¢ € Ny*(U),

fldul”du < f|d<u + o) du. 3)
U U

We say that u is a p-subsolution in €2 if (3) holds for every nonpositive func-
tion ¢ € N(;”’(U). We say that u is a p-quasiminimizer if there is a constant
Cym = 1 such that, for all relatively compact subsets U of 2 and every function

1,
QO € N() p(U)’

[t d < €, [ a+ o1 an @
U U

Furthermore, we say that u is a p-quasisubminimizer if (4) holds true whenever ¢
is a nonpositive function in Né’p ).

REMARK 2.6. It is easily seen that p-harmonic functions are p-quasiminimizers
and that p-subsolutions are p-quasisubminimizers. See [KinM3; KinS] for more
on quasiminimizers.

DEFINITION 2.7. By H;’ f we denote the solution to the p-Dirichlet problem on
the open set U with boundary data f € N“?(U); that is, Hlfj f is p-harmonic in
U and HPU f—f¢€ Né‘p (U). An upper semicontinuous function u is said to be
p-subharmonic in € if the comparison principle holds. That is, if f € N"?(U) is
continuous up to dU and if u < f on 9U, then u < Hzf]f on U for all relatively
compact subsets U of €2.

DEFINITION 2.8.  Let €2 be a relatively compact domain in X and let y € 2. An
extended real-valued function g = g(-, y) on 2 is said to be a p-singular function
with singularity at y if it satisfies the following four criteria:

(i) gis p-harmonicin 2\ {y} and g > 0 on ;

(i) glx\e@ =0 p-qee. and g € N'P(X \ B(y,r)) for each r > 0;
(ii1) y is a singularity (i.e., lim,_,, g(x) = 00); and
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(iv) whenever 0 <a < b < o0,
Cap,(Q": Qa) = (b—a)'"?, (5)
where Q% = {x e Q: g(x)=bland Q, ={xeQ: g(x) > a}.

In [HoS] it was shown that every relatively compact domain in a metric measure
space equipped with a doubling measure supporting a (1, g)-Poincaré inequality
with ¢ < p has a p-singular function that plays a role analogous to the Green
function of the Euclidean p-Laplace operator. It was shown by Keith and Zhong
[KeZ] that a complete metric space supporting a (1, p)-Poincaré inequality for
some p > 1 also supports a (1,q)-Poincaré inequality for some 1 < ¢ < p.
Hence, we may apply the results of [KinS] and [HoS] without assuming a priori
the better Poincaré inequality.

Note that we have the doubling property on the measure p as a standing as-
sumption. As a consequence of this doubling property, it can be shown that there
are constants Q > 0 and C; such that, forallx € X,0 < p < R,and y € B(x, R),

i<g>9 _ MBO.p))
Ci\R/) ~ n(B(x,R)

The book [He] has a proof of this fact. The measure u is said to be Ahlfors Q-
regular if there is a constant C > 1 such that, for every x € X and for every r > 0,

(6)

rQ
= S HBx) = cr@ (7)

For the rest of this section we will assume that X = (X, d, u) is of Q-bounded
geometry; thatis, u is Ahlfors Q-regular and X supports a (1, Q)-Poincaré inequal-
ity ([BoHeKo, Sec. 9] or [HoST]). It was shown in [HeKol1] that metric spaces of
Q-bounded geometry possess a Loewner-type property related to the Q-modulus
of curve families connecting compacta. Therefore, we can use the techniques of
[Ho] to show that, for each y € 2, there is exactly one Q-singular function for
with singularity at y satisfying equation (5). This enables us to define a boundary
in a manner similar to the classical potential theoretic Martin boundary.

DEerINITION 2.9.  Fix x¢ € . Given a sequence (x,) of points in €2, we say that
the sequence is fundamental (relative to x¢) if it has no accumulation point in €2
and if the sequence of normalized singular functions

g(x,xp)

8 (x 0,X n)

is locally uniformly convergent in 2. Here g is the Q-singular function for 2. We
set M (x,x9) = 0 when x # x( and set M (xg,xo) = 1.

Mx,,(x) = M(X,Xn) =

Given a fundamental sequence & = (x,,), we shall denote the corresponding limit
function
M(x) = Mg(x) := lim M(x,x,)
n—o00o
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and call it a conformal Martin kernel function. We say that two fundamental se-
quences & and ¢ are equivalent (relative to x¢), § ~ ¢, if My = M, . It is worth
noting that M; is a nonnegative Q-harmonic function in €2, with M¢(xo) = 1.
Hence M > 0in Q by local Harnack’s inequality (see [KinS, Cor. 7.3]). Note
that if X is another point in 2 then g(x,x,)/g(Xo,x,) = M(x,x,)/M(Xo, x,).
Hence the property of being a fundamental sequence is independent of the par-
ticular choice of x(. Furthermore, fundamental sequences £ and ¢ are equivalent
relative to x if and only if they are equivalent relative to any Xy € 2. Thus the
following definition is independent of the fixed point x.

Given a point x € 02, we say that a function M is a conformal martin kernel
associated with x if there is a fundamental sequence (y,) in 2 such that y, — x
and the sequence of singular functions M (-, y,) with singularity at y, converges
locally uniformly to M.

DEeFINITION 2.10. The collection of all equivalence classes of fundamental se-
quences in €2 (or, equivalently, the collection of all conformal Martin kernel func-
tions) is the conformal Martin boundary 9.3, 2 of the domain €2. This collection
is endowed with the local uniform topology: a sequence &, in this boundary is said
to converge to a point & if the sequence of functions M, converges locally uni-
formly to M.

The classical Martin boundary theory can be extended to general domains in met-
ric measure spaces under certain circumstances. However, there are examples of
metric measure spaces with Ahlfors Q-regular measure, Q > 2, supporting a
(1, Q)-Poincaré inequality but not (1, 2)-Poincaré inequality. For domains in such
a metric space, 2-singular functions of Definition 2.8 may not exist and it is not
easy to say what kind of ideal boundary should correspond to the classical Martin
boundary, whereas the conformal Martin boundary can be constructed immedi-
ately as in [HoST].

3. Domar’s Argument

Recall that X is a proper metric space and that u is doubling and supports a (1, p)-
Poincaré inequality. In this section we assume that 2 C X is a bounded open set.
Increasing the value of C; in (6) to absorb the terms involving B(x, 2 diam(£2))
and (2 diam(2))2, we obtain the lower mass bound:

Q _
w(B(y,r)) > rC_l for yeQ and 0 < r < 2diam(€2). (8)

Let u be a nonnegative, locally bounded p-subharmonic function or a p-quasi-
subminimizer in €2. Then u is a p-quasisubminimizer [ KinM?2, Cor. 7.8] and hence
u is in the De Giorgi class DG, (£2) (see [KinM3, Lemma 5.1]). This means that
if B(x, R) C 2 then

C
/ gfduf—)f (u—k)du
{yeB(x,p) :u(y)>k} (r - p)] {yeB(x,r) :u(y)>k}
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forevery k e Rand 0 < p < r < R/k, where k is the scaling constant from the
Poincaré inequality. It therefore follows, from [KinS, Thm. 4.2] (with kg = 0)
and the doubling property of the measure u, that if B(x, R) C Q2 then

1/p
u(x) < Cs(][ u? du) , 9
B(x,R)

where C; > 1 is independent of x, R, and u but depends on the quasisubmini-
mizing constant Cg,. If a function # on an open set U satisfies (9) for every ball
B(x, R) C U, then we say that u enjoys the weak sub—mean value property in U.
Using the weak sub—mean value property, we shall give the following modifica-
tion of Domar’s theorem (see [D] and [AHiL]). Observe that the weak sub—mean
value property (9) holds for more general classes of functions than the class of
p-harmonic functions. Indeed, [KinS] (see also [KinM3]) proved this property
for p-quasiminimizers and more generally for functions in the De Giorgi class.
Hence the following lemma is phrased for the class of all functions satisfying the
weak sub—mean value property, though in this paper it will later be applied only
to p-quasisubminimizers. For u > 0 we write

logu if u >1,

logtu = {
0 otherwise.

LEMMA 3.1. Let Q be a bounded open set in X and let §o(x) = dist(x, X \ 2).
Suppose u is a locally bounded nonnegative function on 2 satisfying the weak
sub—mean value property (9) in Q2. If there is a positive real number & with

I:= /(log+u)Q_l+8 dp < o0,
Q

where Q is the lower mass bound in (8), then there exists a constant C > 0 inde-
pendent of u such that

u(x) < 4Crexp(CI'8q(x)"9%) forall x € Q. (10)

Note that in the Euclidean setting we have g (x) = dist(x, d€2), but in the general
setting of metric measure spaces this may not be the case.

Proof. We first prove the following estimate.
Let x € X and R > 0 be such that u satisfies the p-sub—meanvalue property on
B(x,R). Ifu(x) >t > 0,a > 2C;, and

_ W(B(xR))
<=5

/L<{y € B(x,R) : 2 <u(y) < at}> , (11)

then there exists an x, € B(x, R) such that u(x,) > at. Here C; is the constant in
(9). To see this, suppose that u(y) < at for every y € B(x, R). Then, by (9),
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t <u(x)

l/p
< C ( ][ u? du)
B(x,R)

1 A\ 1/p
<Ci\ ———|| — B(x,R)) + rd
- (M(B(X7R)) |:<a) M( (x )) /{yeB(x,R):u(y)>t/a}u M:|>

2lrCy
<

t.
a

Since Cy/a < 1/2 and p > 1by assumption, we have 1 < 2'/7C/a < 1, which is
not possible. Hence there must be a point x, € B(x, R) such that u(x,) > at.
Whatever the value of C might be, we have C > 0. Hence

exp(CI'¢8q(x)"2/%) > 1.

Therefore, in order to prove (10), it suffices to show that there exists a constant
C > 0 such that, whenever u(x) > 4C2,

u(x) < exp(CIV8q(x)~9/%). (12)

Fix x € Q such that u(x) > 4CS2. Then u(x) > 1and hence log* u(x) = logu(x).
Therefore, demonstrating (12) is equivalent to showing that there is a constant C >
0 independent of x such that

8a(x) < CI'C(log™ u(x))~*/C. 13)
Toward this end, let us choose a = 2Cy. This sets us up to use (11). For j € N let
R; = [Cla®u(ly €@ a/u(x) < u(y) < a’u(x)h]”,
where C is the constant in (8). We claim that
o0
Sa(x) < 2ZRj. (14)
j=1

In order to prove (14), we now construct a sequence of points in €2, finite or in-
finite depending on the situation, as follows. Let x; = x. If §q(x;) < Ry, then
consider the singleton sequence (x;). Suppose dq(x1) > R;. Since B(x;, Ry) C
2, it follows that

[Cla®u(ly € B(xi,R) s a”'u(x)) < u(y) < autxp)]”’® < Ru.

From (8) we then have that

R? B(x1, R
ply & B R) 2 a” () < u(y) < au()) = ool < LoD,

Now, by (11) with + = u(x,), there is a point x, € B(x;, R;) such that u(x;) >
au(xy). If §q(x2) < R, then consider the sequence (xj, x;). Otherwise, we have
B(x,,R;) C 2 and, as before, we can apply (11) with ¢ = au(x;) to obtain
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x3 € B(x2, R») such that u(x3) > au(x,) > a?u(x;). Inductively, we may con-
struct x; given (x1,x3,...,xy—1) such that, for j =1,...,J — 1,

8a(x)) = R;, d(xj,xj-1) < Rj_i, u(x;) > au(xj_y) > a’ 'u(x).
Ifdq(xy-1) < Ry_i, then we stop here. Otherwise, we may use (11) to find a point
xy € B(xy_1, Ry_)) suchthatu(xy) > au(x;_1) > a’'u(x;). We will now show
that §o(x;) <2 Zfil R;. In order to do so, we consider two cases.

Case 1: the sequence is finite. Then there is a positive integer J such that
dq(xy) < Ry. Hence

J—1 J—1 9]
So(x1) < Y d(xj,xj11) +8a(x)) < Y Rj+R; <) R;.
j=1 j=1 j=1

Case 2: the sequence is infinite. Then, for every j € N, we have u(x;) >
a’Yu(x,); that is, lim;_, o u(x;) = co. But then, as u is locally bounded on €2,
the infinite sequence (x;); has no accumulation point in 2. Since (by assumption)
X is proper and so €2 is compact, there is a subsequence converging to a point in
0€2. Hence there exists some J € N for which §q(x;) < %89()(1). As aresult,

J—1 J 1
8 < d is Xi 8 R _8 )
a(x) < ]Z:; (7 Xi41) + 3a(xy) < ; )+ 582(x)
and we can then conclude that

J oo
Sa(x1) <2) Ry <2 R;.
j=1 j=1

Hence (14) follows whether the sequence just constructed is finite or not.
Therefore, to show (13) it suffices to prove that

oo
> R < CI'C(log" u(x)) 2. (15)
j=1

Let jo be the unique positive integer such that a/0 < u(x) < a/o*!. Then j, > 2,
since we have assumed that u(x) > 4C 3 = a” Recall that, for jeN,

Ry = [Cia*u(ly € @ a’2u(x) < u(y) < alu(x)h]"?.
We obtain from Holder’s inequality that

YR <CY [ulyeQ:a®™i™? <u(y) < altitl})/e
j=1 j=l
o0
<C Y [uye:a’ <u(y) =a’*p]"°
J=jo—1
g 1(Q—14+¢8)/0
=C Y “mmalrd

J=Jjo—1

veQ:al <u(y) <al*p]”?
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%0 1 ©-v/er
<ol ¥ e | 2

Jj=Jjo—1 Jj=jo—1

> log* u 0—1+e 1/Q
> (o)™ ] "
{(yeQ:a/<u(y)<a/+3} loga

Jj=Jjo—1

1/Q
/ jQ—H—S d/“Li|
(yeQ:al<u(y)<ai+3)

<c jos/(Ql)[

Note that each y € © belongs to at most three of the sets {y € Q : a’/ < u(y) <
a’*3}. Hence we see that

[0¢]
5"k, < i ene
j=1

By the choice of jj it can be seen that a/* < u(x) < a/o*!and j, > 2. We
therefore have jo < logu(x)/loga < jo+ 1 < 2jy, and so

0 + —¢/Q
SR < C(M) 1,
P 2loga

which is (15). Note that C is independent of x and u. This completes the proof of
Lemma 3.1. U

It should be emphasized that in Lemma 3.1 we do not require that 2 be a domain.
It is sufficient to assume merely that €2 is a bounded open subset of X such that

X\ Q#0.

4. Geometry of Bounded John Domains in X

Let 2 C X be a domain. For 0 < ¢ < 1, a rectifiable curve y connecting x,y €
2 is said to be a c-John curve in Q2 if §q(z) > cf(y,;) for every z € y, where
yx. 18 the subcurve of y having x and z as its two endpoints. We say that 2 is a
John domain with John center xy € 2 and John constant c if every point x € Q2
can be connected to xo by a c-John curve in Q2. For A > 1, a rectifiable curve y
connecting x, y € Q is said to be a A-uniform curve in Q if £(y) < Ad(x,y) and
min{{(yy;, £(y;y)} < Adq(z) for every z € y. We say that €2 is an A-uniform do-
main if every pair of distinct points x, y € €2 can be joined by an A-uniform curve
y in Q. Obviously, a uniform domain is a John domain; but the converse is not
necessarily true.

Givenx € X and R > 0, we let B(x,R) = {y € X : d(x,y) < R}. Note that
in general this may be a larger set than the closure of the open ball B(x, R) itself.
By S(x, R) we mean the sphere centered at x of radius R: S(x,R) = {y e X :
d(x,y) = R}. This set contains dB(x, R) but in general could be a larger set.

For domains V C X, we let ky denote the following quasihyperbolic “metric”

on V. If x,y € V, then
ds(t
ky(x,y) = inf/ L,
v J, dv(y (1)



176 HiroAKI AIKAWA & NAGESWARI SHANMUGALINGAM

where the infimum is taken over all rectifiable curves connecting x to y in V. If no
such curve exists in V, then we set ky (x, y) = oo. It is worth noting that if V is a
John domain then ky is always finite-valued; that is, it is indeed a metric. In fact,
if y is a c-John curve connecting x to y in €2, then

ds(t) da(x)/2 ds L) s
= [0 [
y 0oy () 0 3(x)/2 " Jsquy2 CS

- Hlegﬂgbg(M). (16)
c c Sq(x)

Suppose for a moment that Q is a uniform domain. Let £ € 9Q2 and x € Q N
B(&, R/2). By the uniformity we find a point y € S(&, R) with §q(y) > R/(3A)
and a uniform curve y C €2 connecting x and y. Observe that y C Q2 N B(§, CR)
with C > 1 depending only on the uniformity. For this point y we have

R
ka(x,y) = kanpe,2cr)(X,y) < C|:10g<(S (x)) + 1]
Q

This property can be generalized to a John domain. Following [AHiL], we give
the following definition.

DEerINITION 4.1.  Let N € N. We say that & € 92 has a system of local reference
points of order N if there exist constants Rz > 0, A; > 1, and A > 1 such that,
whenever 0 < R < Rg, we can find yq, ..., yy € 2 N S(§, R) with the following
properties:

(i) A7'R <8q(y:) < Rforeachi =1,...,N; and
(ii) forevery x € 2N B(&, R/2), there exist some i € {1, ..., N} for which

R
ka(x,y:) = kanperep) (X, yi) < A5|:10g<89(x)) * 1]‘

REMARK 4.2. If Q is a uniform domain, then every & € 92 has a system of local
reference points of order 1. The constants Rg, Ag, and Ag depend only on the uni-
formity of 2.

LEMMA 4.3. Let Q C X be a John domain with John center xy and John con-
stant c. Then there exists Ny € N, depending only on xg, ¢, and the data of X, such
that every & € 02 has a system of local reference points of order at most Ny with
constants Rg = Ry := min{dq(x¢)/2,diam(£2)/10}, Ae = 8, and Ay = Ay :=
max{2/c, 3/2 4+ c'log2/c}.

Proof. Let £ € 02 and 0 < R < Ry and suppose that x € 2N B(£,R/2). Let
yx be a c-John curve connecting x to x( and let y, be the point of y, at which y,
leaves the ball B(&, R) for the first time. Then

R = éa(yx) = cl(Bx) = cR/2 = R/A,, a7

where B, is the subcurve of y, that terminates at y,. Let E = {y, : x €
QN B(&, R/2)}. By the 5-covering lemma (see e.g. [He]) and the doubling prop-
erty of u, we find finitely many points y; = yx,, ..., yv = Yxy € E such that
N =< Ny,
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N
cR
et 10¢q

and {B(y;,cR /(50q))}fV:, is pairwise disjoint, where g > 1 is the quasiconvexity
constant in (1).

Let us demonstrate that y, ..., yy satisfy the conditions of Definition 4.1. Ob-
viously, (i) holds true by (17). To prove (ii), for x € 2N B(E, R/?2) take the point
vy and the subcurve B, as described after (17). Then Sonp,sr)(2) = do(2) for
7 € By, so that (16) gives

ds(t) log2/c 1 R
banmesn(n) = [ 20 <14 2B Sog .
SnBEsn 5. 82(B(D)) ¢ e T\
Since y, € E C |J; B(yi,cR/(10g)), we can find a positive integer i < N such
that y, € B(y;,cR/(10q)). By the quasiconvexity of X there is a rectifiable curve
y connecting y, to y; with £(y) < g d(yx,y:;) < cR/10. By (17),

danBe,sr)(2) = 8a(z) = da(yy) —cR/10 > cR/5 for z ey,

so that ds(t) R/10 _ 1
s c

k i) < = -

anB8R) (Vx> Vi) /y Sa(y()) = cR/5 2

Hence
kanpe,sr) (X, Yi) < kanpe sr) (X, Yx) + kanse sr)(Vxs Vi)
<A |:1 ( R ) + 1:|
0 .
=208 5o
This completes the proof of Lemma 4.3. O

LEMMA 4.4. Let 2 C X be a bounded John domain with John center xy and
John constant c. Then there exist positive constants C and t depending only on
the data of X and of Q2 such that, for each& € 92 and 0 < R < 2¢8q(x¢)/(10q),

R T
/ ( ) du(x) < Cu(B(, R)).
QnBE R) \da(x)

Hajtasz and Koskela [HKol, Lemma 6] demonstrated the lemma for Euclidean
domains by an indirect proof using Sobolev extension and embedding theorems
(see [HKol, Remark 11]). The following proof (a modification of the proof from
[AHiL]) is more geometric, and it holds true for all relatively compact John do-
mains in quasiconvex metric measure spaces equipped with a doubling measure
irrespective of whether X supports a Poincaré inequality.

Proof. For each nonnegative integer j, let E; = | ;2 j+1 Vi with

Vi={xeQNBER+ (g +12%7Rjc) : 27DR < §5(x) < 27R}.
We claim that for every x € E; there exist two points y,, y; € €2 such that

(i) x € B(yx, (g + 1)27/R/c) and
(i) B(y,,27YU*PR) C V; N B(yy, (g + D27/R/c).
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To see this, let x € E;. Let y, be a c-John curve connecting x and the John center
Xo. Observe that we can choose y, € y, such that §o(y,) = 27/R > cd(x, y,),
thus satisfying (i). Because X is proper, there is a point y; € X \ Q with §q(y,) =
d(yy, y¥). Since X is quasiconvex, there is a curve § connecting y, and y} such that
2(B) < q27/R. Let y/ € BN Q be a point satisfying o (y/) = 2~ VUV +27/)R/2.
Then, for z € B(y/,2"UT2R):

d(yn2) = d(yeoy)) +d(3).2) < ) +27 Uk < LE2E,

c
d(§,2) =d(&,x) +d(x,y:) +d(yx, 2)
i » .
(g +D2 ’R+2 ’R+(q+l)2 /R

<R+
C C C
3qg +4)2%/R
_py Batd :
4c

27UHDR < 8o (y)) —d(y),2) < 8a(2) < 8a(y)) +d(y,,2) <27/R.

These three inequalities together yield (ii).

In view of (i), the collection {B(y,, (g + I)Z_jR/c)}erj forms a covering of
E;. By the 5-covering lemma, it follows that we have a pairwise disjoint subcol-
lection {B(yk, (¢ + 1)27/R/c)}ken such that E; C {B(y,5(q + D27/R/c)}ken.
Since p is a doubling measure, we can find C, > 1, which depends solely on Cy,
such that

1(B(y.5(q + 1)277R/c)) < Cou(B(y;. 2 VTPR))
< Cou(V; N B(yk. (g + D27/R/c)).

Here y; is associated with yj in the same manner that y; is paired with y,, and the
second inequality follows from (ii). Therefore,

D (V) = u(E) <) w(B(yk5(q + D27/R/e)
i=j+1 keN
<Gy (VN By (g + D27R/e)) < Cap(V)).
keN

Letl <t <1+ 1/C; and T = log, t. Then, proceeding as in [AHiL, Proof of
Lemma 4.1] or [Al, Lemma 5], we can deduce from the preceding inequality that

d d
[smB(ER)(fSQ(Z)> “(Z)—Z/<ag<>> s

<Y (V) < Cu(BE, R)). O
=0

DEerFINITION 4.5. A finite collection { B(x;, r; )} _, of balls is said to be a Harnack
chain, connecting two points x, y € Q2 with length k, if:
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(i) fori =1,...,k—1, B(x;,r;) N B(Xi41,Fiy1) # 0;
(ii) fori =1,...,k, B(x;,2kr;) C ;
(iii) x € B(x1,r1) and y € B(xg,r¢).

Here « is the scaling constant from the Poincaré inequality (see Definition 2.1).

In light of the definition of kq(x, y), we observe that x and y are connected by a
Harnack chain of length no more than 14 Ckq(x, y). Hence the Harnack inequal-
ity for p-quasiminimizers (see [KinS]) gives the following lemma.

LEMMA 4.6. If h is a positive p-quasiminimizer on 2, then

1 h
- exp(—Anka(x. ) = % < Anexp(Anka(x,y)) for xy e,

where Ay > 1 is independent of h, x, and y.

5. A Carleson-Type Estimate for p-Harmonic Functions
on a John Domain in Ahlfors Regular Spaces

We will henceforth assume that x is Ahlfors Q-regular (see (7)). We will also as-
sume from now on that Q C X is a bounded John domain with John center xg €
2 and John constant 0 < ¢ < 1 and that X \ Q2 # @. If x € Q and y, is a John
curve connecting x to a local reference point y; associated with x as in the proof

of Lemma 4.3, then
da(y;
ko(x,yi) < C3|:10g( aly )> + 1]-
dq(x)

Therefore, by Lemma 4.6, for every positive p-quasiminimizer s on €2 and x € Q2

we have
h(x) < [ <ag(y,»>> ]) (ag(y»)*
< Agexp|l Ay Cs|lo +1|)=<C )
180 IR ! R W E5) 50(x)
where C, . > 0 depend only on Ay and C5 but not on x nor on z. Thus we have

a weak estimate N

h Saly;

(x) < C( Q(Y)> ' 18)
h(y:) da(x)

Let Ny be as in Lemma 4.3 and R as in the proof of Lemma 4.3. We recall again

the standing assumption that X is a proper metric space.

PROPOSITION 5.1. Let £ € 02, let 0 < R < Ry/16, and let h be a positive p-
quasiminimizer in QN B(§, 16R) vanishing p-quasieverywhere on 9QNB(§,16R).
If h is bounded in QN B(&, R/2) \ B(&, R/16), then for all x € QN S(€, R/4) we
have

N
h(x) <C Y h(y),
i=l

where yi, ..., Yy is a system of local reference points for & (N < Ny).
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Proof. By (18), for all x € Q N B(&, R/2) there is an integer i € {1,..., N} such

that N
h(x) - C( R )
h(y) ~— \Sax) /)’

Hence, for every x € Q N B(£, R/2),

L N
hx) <c<(S & )) Z} (19)

1

=——h
CYiLih(y)
Then u is nonnegative and locally bounded on the bounded open set 2 given by
Qo := B, R/2)\ B(é, R/16). Moreover, u is a p-quasisubminimizer in 2 be-
cause it is a p-quasiminimizer in ¢ N 2 and vanishes in €2( N d2; see [BBSI,
Lemma 3.11]. By (19),

Let

R\
u(x) < <89(x)> for x € Qp N Q.

Let T > 0 be as in Lemma 4.4. Choose ¢ > O such that Q — 1+ ¢ > 1 and
apply the elementary inequality

(log t)Q—H-S < (Q_—He

T
to the quantity 1 = R/3q(x) > 1 whenever x € 2 N Q2 to obtain the following
estimate:

R Q—1l+¢
1= / (log* u(x))? ™ du(x) < / [Mog*( )} du(x)
QN9 QnQo da(x)

</ C< R >rd (x)
= Jangs \ba(x))

By Lemma 4.4 and the Ahlfors regularity of u,

R T
I< CA,Q,E/ ( ) dj(x) < CR? < co. (20)
QnBE R/2)\ 8 (X)

Therefore, (10) of Lemma 3.1 yields
u(x) < Cexp(CIV8g,(x)"%/¢) whenever x € QN Q.
On the other hand, if x e N S (&, R/4) then 8, (x) ~ R. Hence, by (20) we have
u(x) < Cexp(CIV*R™9/%) < C.

Q—l+e¢
) t* whenever r > 1

Now, in view of the definition of u, the desired result follows. O

As a corollary to Proposition 5.1 we have the Carleson estimate of Theorem 5.2.
Such an estimate follows from Proposition 5.1 and the strong maximum principle
(see [KinS]) for p-quasiminimizers.
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THEOREM 5.2. Let Q2 C X be a bounded John domain, & € 022, and 0 < R <
Ro/16 where Ry is as in the proof of Lemma4.4. If h is a positive p-quasiminimizer
in 2 N B(§,16R) that is vanishing p-quasieverywhere on 92 N B(§,16R) and is
bounded in Q N B(&, R/2), then

N

h(x) <C Zh(y,-) forevery x e QN B(§,R/4),

i=1
where yi,...,yn € QN S(&, R) are a system of local reference points for &. The
constant C > 1 is independent of x, &, R, and h.

COROLLARY 5.3. Let Q2 C X be a uniform domain, § € 0Q2,and0 < R < Ry/16
where Ry is as in the proof of Lemma 4.4. If h is a positive p-quasiminimizer in
Q N B(§,16R) that is vanishing p-quasieverywhere on 02 N B(§,16R) and is
bounded in Q N B(&, R/2), then

h(x) < Ch(y) forevery xe Q2N B(&, R/4),

where y € Q N S(&, R) is such that §q(y) > R/C. The constant C > 1 is inde-
pendent of x, &, R, and h.

REMARK 5.4. Inlight of Remark 2.6, Theorem 5.2 and Corollary 5.3 hold if 4 is
p-harmonic.

6. The Conformal Martin Boundary
of a Bounded John Domain in X

In this section we assume that X is of Q-bounded geometry and apply the results
of the previous sections with p = Q. Given a Cheeger derivative structure on X,
the corresponding conformal Martin boundary has been defined in [HoST] (see
Definition 2.9). In the following, we let A > 0 be as in (18).

THEOREM 6.1.  Let 2 C X be a bounded John domain such that Capg (X \ 2) >
0. Let M be a conformal Martin kernel for Q with fundamental sequence (yi).
Then (yi) converges to a point &y € 02 and the following statements hold:

(1) M is bounded in a neighborhood of & for each & € 92 \ {&y};
(ii) there is a constant C > 1 such that M(x) < Cd(x, &)™ for all x € Q;
(iii) M vanishes continuously Q-quasieverywhere on 9S2;
(iv) there is a sequence (x,) in 2 converging to &y such that lim, M (x,) = oo,
and hence the point &)y is uniquely determined from M but does not depend
on the fundamental sequence that gave rise to it.

A crucial result needed to prove part (iv) of the theorem is Corollary 6.2 of [BBS2].
Observe that this corollary is invalid if Capy (X \ €2) = 0. The proof of this result
uses the fact that solutions to p-Dirichlet problems with boundary data belonging
to N2(X) satisfy a comparison theorem; see [S2] for a proof of this fact as-
suming Capg (X \ ©2) > 0. However, if Capy (X \ ©2) = 0 then this comparison
theorem obviously fails and, as a consequence, [BBS2, Cor. 6.2] also fails to hold.
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Let U be an open subset of X. Recall that H, g f stands for the solution to the
Q-Dirichlet problem on the open set U with boundary data f € N"¢(X). Given
a continuous function f: dU — R, the authors of [BBS2] construct a Perron so-
lution in U with boundary data f (in fact, [BBS2] also shows that continuous
functions are resolutive); let Pg f denote such a solution. If such a function f
also happens to belong to N'"¢(X), then PJ f = HJ f. We say that & € U is
a Q-regular boundary point for U if limys,_.¢ Pg f(x) = f(§) whenever f is a
bounded and continuous function on dU.

In order to prove Theorem 6.1, we need the following lemma.

LEMMA 6.2. Let Q C X be a bounded domain such that Capp(X \ ) > 0.
Then Q-quasievery point & € 92 is a Q-regular boundary point for Q N B(&,r)
whenever r > 0.

Proof. Let (r,) be an enumeration of all positive rational numbers. Moreover, let
(xx) be a sequence of points in 2 that is dense in 2. By [BBSI, Thm. 3.9], the set
Ji,n of all points in B(xg,r,) N 92 that are Q-irregular points for N B(xy,r,)
is of zero Q-capacity. Hence the set J := J k.n Ji,n 18 @ zero Q-capacity subset
of Q2. Let £ € 02\ J. We will demonstrate that & satisfies the requirements of
Lemma 6.2.

Suppose & does not satisfy the requirements of the lemma; that is, suppose there
is an r < diam(€2) such that £ is not a Q-regular boundary point for @ N B(&,r).
Then, following the notation set up in the proof of [BBS1, Thm. 3.9], we can find
a ball B, , centered at some point in 92 and of radius p; ,, such that & € By ,,,
2B, C B(£,r), and there exists a Lipschitz function ¢, ,, that is compactly sup-
ported in 2B; ,, and takes on the value of 1in B, such that

liminf HJ"?¢"

< 1.
QNB(E rDy—E (pl,m(y)

On the other hand, sin_ce 2B;m C B(§,r) and & € B; ,, we can find k and n such
that £ € B(xy,r,) C B(xg,r,) C B(&,r). Because & ¢ Ji ,, we know that £ is a
Q-regular boundary point of the open set 2 N B(xy, r,). By the comparison the-
orem it then follows that
liminf ~ HS"PE" > liminf  HG P =1,
QnBENsy—E 2 oLm(y) 2 QB ray—E 1m(Y)

contradicting the previous inequality. Hence such an r does not exist and conse-
quently & satisfies the lemma. O

Proof of Theorem 6.1. Let (y;) be a fundamental sequence in €2 giving rise to the
kernel M; see Definition 2.9. We will show that there is a point &y, € 2 such
that limy yx = &y Since (y;) is a fundamental sequence, it has no accumulation
point in Q. Since  C F is compact, there exist a point &y € 3R and a subse-
quence (y,), such that lim, y,, = &y. We will demonstrate that, for every & €
02 \ {€y}, the function M is bounded in a neighborhood of & and that M satisfies
parts (iii) and (iv) of the theorem. As a consequence, this observation concludes
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that limy y, = &),. Moreover, if (w,) is another fundamental sequence giving rise
to M, then lim, w, = &y,.

Let us begin with the proof of part (i). Fix £ € 92\ {§,/}. For ease of discourse
let us denote the subsequence of (y;) that converges to &y, also by (yx). Then
there exists r = 4r¢ > O such that, forall k e N, y, ¢ QN B(§,16(q + 1)r/c) and
16(q +1)r/c < Ry, where Ry is as in the proof of Lemma 4.3. Let M}, be the func-
tion given by My (x) = g(x, yr)/g(x0, yr). Then M, is positive and Q-harmonic
in QN B(&,16(q + 1)r/c) but vanishes Q-quasieverywhere on 9€2. Moreover, M
is bounded on 2 N B(&, r) and so, by Theorem 5.2, for x € Q N B(§,r/2) we have

N
Mi(x) < C Y Mi(y),
i=1
where yi,...,yy € QN S(&,r/2) is a system of local reference points for £. Note
that §qo(y;) > r/A. Thus we have

A A
ko(yi,x0) < —d(yi,x9) < — diam(Q2);
Ccr Ccr

since My (xo9) = 1, by Lemma 4.6 we have My (y;) < exp(Ay(A/cr) diam(2)).
Consequently, for x € Q N B(§,r/4),

l A A
M (x) < Zexp(AH— d1am(§2)> < Ny exp(AH— dlam(Q)) =: C:.
P cr cr
Since M = lim; M, it follows that M is bounded in a neighborhood of & for each
£ €0Q\ {&€y}. Thus (i) in the theorem is satisfied.

Let us next prove part (iii). Since by assumption Capg(X \ ©2) > 0, by the
Poincar€ inequality we see that Capg(0€2) is positive. By Lemma 6.2 we may
assume that & € dQ2 is Q-regular for Q N B(&,r) for every r > 0. We can eas-
ily see that, whenever p > 0, we have Capy(B(§,p) \ ) > 0. Letr = r¢/4.
We have by the foregoing argument that { My} is a uniformly bounded family of
Q-harmonic functions on 2 N B(,r¢), where M < C:. Let f be a compactly
supported Lipschitz continuous function on X such that f = C¢ on S(§,r) and
f =0on B(§,r/2). Then we easily see that

M (y) < f(y) forevery y€d(Q2N B(§,r)),

since M; = 0 on X \ Q by the construction of M; in [HoS]. Observe that
Capg(B(&,2r) \ ) > 0 and that both f and M; are in the class N"2(B(g, 2r))
and are Q-harmonic in B(&,r) N Q for sufficiently large k. By the regular com-
parison theorem (see [S2]), we therefore have M, < H, g nBE&n fon QN BE,r).
Since & is a Q-regular boundary point for & N B(&,r) and since f is a continuous
boundary data, it follows that for every ¢ > 0 there can be found p, > 0 such that
0< HgmB(S’r)f < eon QN B, p,). Hence 0 < M;(x) < £ on QN B(&, p,) for
every k. Thus, as M is the pointwise (and locally uniform) limit of M} in 2, we
see that M < ¢ on Q2 N B(£, p.). This means that M tends to zero continuously
Q-quasieverywhere in d€2. This proves (iii) of the theorem.
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Now we prove part (iv). Suppose there is no sequence (x,) in Q2 converging to
&y for which lim,, M(x,) = oo. Then M is also bounded in a neighborhood of
&y; consequently (by part (i), just proven), M is a positive Q-harmonic function
in €2 that is bounded on 2 and, in addition, vanishes Q-quasieverywhere in 9<2. It
then follows from [BBS2, Cor. 6.2] that M is identically zero on 2, contradicting
the fact that M (x) = 1. Thus part (iv) of the theorem is also true.

It now only remains to prove (ii). We have already shown that, whenever R >
0, the function M is bounded in @ N B(&y, R/2) \ B(£y, R/16) and vanishes on
02 \ {£}. Hence, by Proposition 5.1, if 0 < R < R(/32 then M satisfies

N
M(x)<CY M(y) for xeSEn RN,
i=l
where yi,...,yny € 2N Sy, 2R) is a system of local reference points of order
N for &,;. By the comparison theorem we have

N
M(x) <C Y M(y)
i=1
whenever x € Q2 \ B(£y, R). Now an application of (18) to each of the reference
points y;, together with the estimate §o(y;) > R/C, gives

A A
M(y,) < M(m)(@) - (@) _ CR,

Therefore,
M(x) < CNR™ < CNyd(x,&y)™" for x € QN B(Ey,2R) \ B(ém, R)

whenever 0 < R < Ry/32. The desired result now follows from the fact that Q2
is bounded.
This completes the proof of Theorem 6.1. O

To obtain Theorems 5.2 and 6.1 (as well as other results in this and the previous
sections), it suffices to know only that the Q-quasievery boundary point of 2 is a
“John point”. More specifically, a point § € 0S2 is said to be a John point if there
is aradius R > 0, a point x; € 2, and a constant C¢ > 0 such that, for every x €
B(&, R¢) N 2, there is a compact rectifiable curve y connecting x to x¢ with y C
QN B(&, C:R¢) and such that, for every y € y, we have §q(y) > £(yx,,)/Cs (see
[S3]). Examples of domains satisfying this weak condition include Euclidean do-
mains obtained by pasting outward-pointing cusps to a ball.

7. Compactness of X

The proof of the results discussed in this paper required that the closure of 2 be
compact. In this section we demonstrate that, instead of merely assuming the
closure of 2 be compact, we may assume the stronger condition that X is a com-
plete metric space. Since a metric space supporting a doubling measure is totally
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bounded, if X is complete then it is proper as well and hence bounded domains in
X are relatively compact.

If X is not a complete metric space, let X denote the completion of X, d the ex-
tension of d, and /& the extension of yu to X: A(A) = u(ANX) whenever A C X.

ProrosiTiON 7.1.  If (X, d, 1) is a metric measure space with daubling measure
w and supporting a (1, p)-Poincaré inequality, then so is (X d, ). In this case,
NLP(X)=Nb ”(X) In addition, if w is Ahlfors Q-regular, then so is [i.

Proof. We first prove the doubling property of (. Let B(x,r) be a ball in X If
x € X, then the doubling property of p itself guarantees the doubling inequality
for fi: (B(x,2r)) = w(B(x,2r) N X) < Cyu(B(x,r) N X) = Cya(B(x,r)).
Suppose x € X \ X. Then, since X is the completion of X, there is a point x” € X
such that d(x,x") < r/8. Thus, by the doubling property of u we have

A(B(x,2r)) < A(B(x',3r)) = u(B(x’,3r) N X) < Cgu(B(x',3r/8) N X)
< C2u(B(x,r) N X) = C3(B(x,1)).

That s, /i is doubling with doubling constant C3. A similar argument demonstrates
that if  is Ahlfors Q-regular then so is ft.

Now we demonstrate that if x is doubling and supports a (1, p)-Poincaré in-
equahty then [ also supports a (1, p)-Poincaré 1nequa11ty To this end, let u €
N'P(X) and let g be an upper gradient of u in X. Note that g is also an upper
gradient of # in X since X C X. Suppose B(x,r) C X. If x € X then, by the defi-
nition of i and because w itself supports a (1, p)-Poincaré inequality, we have the
Poincaré inequality with respect to X IfxeX \ X, then taking x’ € X such that
d(x,x0) < r/2yields

nf { wclaizin f ecldisf u-ungandde
c€R JB(x,r) c€R JB(x',2r) B(x,2nNX
< C,,4r][ gldu < Cr][ gldu
B(x',2kr)NX B(x,3kr)NX

= Cr][ ghdi.
B(x,3kr)

Hence the pair u, g satisfies a (1, p)-Poincaré inequality on X.

Finally, we prove that N"7(X)|xy = N“P(X). Observe that N"7(X)|x C
N'P(X). On the other hand, since X supports a (1, p)-Poincaré inequality, we
know from [S1] that Lipschitz functions are dense in N'”(X). We may extend a
Lipschitz function u € N'7(X) to X, for example via a McShane extension. Be-
cause the minimal p-weak upper gradient g, of such a function has the property
that g,,(x) =~ Llpu(x) for u-a.e. x € X (see e.g. [C]) and hence for fi-a.e. x € X,
we see that u € N'"7(X) with the N?(X)-norm of u equaling the N'-”( X )-norm
of u. Now the density of Lipschitz functions in N'"7(X) guarantees the coinci-
dence of the two function spaces. UJ
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The preceding result demonstrates that the requirement that X be proper is not as
stringent as it appears to be, especially since we do not assume much about X \ €
apart from the condition that Capy (X \ €2) > 0. The following proposition fur-
ther strengthens this claim. Note that, for every domain & C X, there is a domain
Qo C X such that Q = Qo N X. Let Q denote the largest such domain in X.

PROPOSITION 7.2.  In the situation of Proposition 7.1, if Capg ()? \ X) = 0 then
dem$2 = (S20\ £2) U dcpL20.

Proof. In this proof, balls B(x,r) denote balls in X;
B(x,r)={yeX :d(y,x) <r}.

By I§(x, r) we then denote the closure of B(x,r) in X.

Let (7;) be a sequence of positive real numbers such thatlim; r; = 0. If y e Q C
Q, the construction of a Q-singular function on €2 with singularity at y is via a
sequence of functions u; € N é’ Q(Q) that are Q-energy minimizers in €2\ B( V,7i),
taking on the value 1 in B(y,r;) and value 0 < u; < 1 on X; see [HoS]. By a
Q-energy minimizer we mean that, for every ¢ € Né’ Q(Q \ B(y,r)),

[ awiCaus [ e+l du

Q\B(y,ri) Q\B(y,ri)

Since by Proposition 7.1 we have Né’Q(Q) c NV9(X) =Nl Q()A(), we see that
u; is extendable to Q¢ so that u; € Né’Q(Qo). We claim that u; is Q-harmonic in
Q0\ B(y.r). Indeed, if ¢ € Ny ®(Q0\ B(y,r:)), then |, € Ny ®(£2) and hence

[ wwidp= [ d
Qo\B(y,ri) Q\B(y,ri)

<[ weCdu= [ e+ el0dn
Q\B(y,ri) Qo\B(y,ri)
Therefore, the singular function g (-, y) on €2 can be extended to be a singular func-
tion on all of Q¢ with singularity at y.

Now let M € 9.2 and let (y,) be an associated fundamental sequence in 2.
Since this sequence can have no accumulation point in €2 and since S/Z\o is com-
pact, it follows that this sequence has accumulation points in (2o \ €2) U 9.4/ €20.
If it has an accumulation point in €2 \ €2, then M is the normalized singular func-
tion on 2( with singularity at that accumulation point; hence the sequence (y,)
must converge to this unique accumulation point. Otherwise, all of the accumu-
lation points of the sequence lie in the set 32y and hence M € 9.),€2¢. We then
have 9.3/ C (29 \ Q) U 9.4 Q0.

To obtain equality, note that every point in €2 \ €2 corresponds to a unique Mar-
tin kernel function in 9.5, 2. Moreover, the restriction of every function in 9., €2¢
to Q lies in d.4 2. To see this, note that every point yg € 2 is a limit of a se-
quence of points from €2; hence every singular function in € with singularity at
y can be approximated to any desired accuracy by a singular function in €2 with a
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singularity in 2. This is because (by our previous discussion) (a) singular func-
tions in €2 with singularity in €2 are extendable to be a singular function in 2 with
singularity in €2, (b) the limit of such a sequence of singular functions is a singu-
lar function in €2 with singularity at y, and (c) only one such singular function
exists. Now a diagonalization argument yields that 9.y, 2¢ C 9.4 2. O
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