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0. Introduction

H. Freudenthal constructed, in a series of his papers (see [10] and its references),
the exceptional Lie algebras of type Es, E7, Eg, and F4 by defining various pro-
jective varieties. The purpose of our work is to study projective geometry for his
varieties of certain type, which are called varieties of planes in the symplectic
geometry of Freudenthal (see [10, 4.11] and [23, 2.3]).

Let g be a graded, simple, finite-dimensional Lie algebra over the complex
number field C with grades between —2 and 2, dim g, = 1, and g; # 0, namely, a
graded Lie algebra of contacttype: g =g >Dg_1DgoD g1 D g, (see Section 1).
We set

Vi={xeqm\ (0} | (adx)’g_, =0},

and define an algebraic set V in [P(g;) to be the projectivization of V:
Vi=n(V),

where 7: g1\ {0} — P(g;) is the natural projection. Then we call V C P(g;)
(with the reduced structure) the Freudenthal variety associated to the graded Lie
algebra g of contact type, which is a natural generalization of Freudenthal’s vari-
eties mentioned previously. Note that V is not necessarily connected in this general
setting. Moreover, we here consider the projectivization of a closed set {x € g; |
(ad x)**'g_, = 0} and denote it by V;; we have

B=VoCViCV,CV;CVy=P,

where we set P := P(g;) for short. Clearly, V3 is a quartic hypersurface, V; is
an intersection of cubics, and V; = V is an intersection of quadrics (with a few
exceptions).

In the literature, several results have been known about the structure of g; as a
go-space—case by case for each exceptional Lie algebra of types Eg, E7, Eg, and
F,—from the viewpoint of the invariant theory of prehomogeneous vector spaces
(see [13; 15; 19; 22]). By virtue of those results, it can be shown, for example, that
the stratification of P given by the differences of the V; exactly corresponds to the
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orbit decomposition of the go-space g; for those exceptional Lie algebras, and also
that Freudenthal varieties V associated to the algebras of type Eg, E7, Eg, and Fy
are projectively equivalent to (respectively) the 27-dimensional E;-variety arising
from the 56-dimensional irreducible representation, the orthogonal Grassmann
variety of isotropic 6-planes in C'? (namely, the 15-dimensional spinor variety),
the Grassmann variety of 3-planes in C°, and the symplectic Grassmann variety of
isotropic 3-planes in C®—with dimP = 55, 31, 19, and 13, respectively (see Ap-
pendix); for those homogeneous projective varieties, we refer to [12, Sec. 23.3].

In this article we study the Freudenthal varieties V with the filtration {V}} of the
ambient space P from the viewpoint of projective geometry, not individually but
systematically in terms of abstract Lie algebras, without depending on the classi-
fication of simple Lie algebras or on the known results for each case of types Eg,
E7, E6, and F4.

Before stating the main result, we note that the Lie bracket g; x g; — g, =~
C defines a nondegenerate skew-symmetric form on g;, so that this form allows
us to identify g; with its dual space (and hence P with its dual space), and g; is
even-dimensional. Moreover, the quartic form on g; defining V3 has a differen-
tial that, via the symplectic form, defines a vector field on g;, and this vector field
defines a 1-dimensional distribution on [P away from the singular locus of V3 (see
Proposition Al). We denote by Lp the (closure of the) integral curve of this dis-
tribution passing through P € P\ Sing V3. On the other hand, we have a rational
map y: P --» P defined by x > (adx)3g_, with base locus Vs, which turns
out to be a Cremona transformation of P. It is deduced that y (V) = V3 \ V>,
y P\ V3) = P\ V3, y2=1o0nP\V;, and y is explicitly given by the partial
differentials of ¢ (see Proposition A2). Note that our y is a special case of the
Cremona transformations in [7, Thm. 2.8(ii)].

Our main results are summarized as follows (see Theorems A, B, C, D, and E
as well as Corollaries A2, B1, B3, and C).

THEOREM. Assume that V is irreducible. Then the following statements hold.

(1) V is a Legendrian subvariety of P (i.e., the projectivization of a Lagrangian
subvariety of g1) with dimV = n — 1, spans P, and is an orbit of the group
of inner automorphisms of g with Lie algebra g¢, and hence smooth, where
dim g, = 2n. In particular, the projective dual V* of V is equal to the union
of tangents to V via the symplectic form.

(2) V, is the singular locus of V3; for any P € P\V,, Lp is the line in P joining
P and y(P).

(a) If P € P\V3, then Lp is a unique secant line of V passing through P, there
is no tangent line to V passing through P, Lp NV consists of harmonic
conjugates with respect to P and y (P), and Lp \V C P\ V3. Moreover,
y preserves Lp, and the automorphism of Lp induced from y leaves each
point in Lp NV invariant and also permutes P and y (P).

(b) If P € V3\ V», then there is no secant line of V passing through P, Lp
is a unique tangent line to V passing through P, Lp NV = y(P), and
Lp\V C V3\V,. Moreover, Lp is contracted by y to the contact point
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y (P), and conversely the fibre of ¥ on Q € V consists of the points P €
V3\ Vs such that Q € Lp, or (equivalently) P lies on some tangent to V
at Q.
In particular, V is a variety with one apparent double point, and V5 is the
union of tangents to V.

(3) For any P € V5 \'V, the family of secants of V passing through P is of di-
mension at least 1, and all of those secants are isotropic with respect to the
symplectic form. In particular, V,\'V is covered by isotropic secants of V.

(4) Forany Q, R €V, the secant line joining Q and R is isotropic if and only if
the tangents to'V at Q and at R are disjoint.

(5) Forany P € V3\V, and Q €V, if the secant line joining Q and the contact
point y(P) of Lp is not isotropic, then there is a twisted cubic curve con-
tained in 'V to which Lp and Lg are tangent at y (P) and at Q (respectively),
where R is a point on some tangent to 'V at Q away from V,, determined by
P and Q.

(6) If Vo # V, then V is ruled—that is, covered by lines contained in V.

(7) For any P €V, the double projection from P gives a birational map from V
onto P!, and by the inverse map V is written as the closure of the image of
a cubic Veronese embedding of a certain affine space A"~ under some pro-
Jection to P.

We show also that the three conditions V = @, V3 = P, and V, = P are equivalent
to each other (Corollary Al) and that, if V' is neither empty nor irreducible, then g;
decomposes naturally into two irreducible go-submodules of dimension n and V
is the (disjoint) union of the projectivizations of those summands (Corollary B2).

The contents of this paper are organized as follows. In Section 1 we give some
preliminaries on graded Lie algebras of contact type, and we define a certain sym-
metric product g; X g; — go and a ternary product in g; induced from it in order
to avoid a raging flood of Lie brackets. In the literature, several authors (see [8; 9;
20; 28]) have introduced various ternary products in g; in the process of establish-
ing their theories of triple systems. However, those ternary products themselves
are essentially the same, as is easily seen. In this paper we use the one first in-
troduced by Yamaguti and Asano [27], since their product seems suitable for our
computation. In Section 2 we prove some basic results on g; with those products
and the symplectic form.

In Section 3 we discuss the line field with the Cremona transformation, study
the relationship between V and the family of lines Lp, and investigate the case
V = (. In Section 4 we establish the homogeneity of V and show that V is a La-
grangian subvariety of g; with respect to the symplectic form; the homogeneity of
V is deduced from that of PP \ V3 (see Claim in the proof of Theorem B and Re-
mark B1). Using those results, we study the irreducibility and the ruledness of V.
In Sections 5 and 6 we discuss isotropic secants of V and double projections of V,
respectively. We also give a geometric meaning of the ternary product we use.

In Section 7, we study the intersection of V and a certain linear subspace of di-
mension 3, which turns out to be the twisted cubic curve already mentioned. In
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the study of the ruledness and isotropic secants of V (as well as the twisted cubic
curves in V), a rational map ®p: P --» P defined by x > (adx) o (ada)’g_»
plays a key role, where P = m(a) is a point in V, \V or in V3\V; (see (the proof
of) Corollary B3 as well as Propositions C and E and Theorem E). For instance,
the point R in part (5) of the summary Theorem is written explicitly as ®p(Q).
We give in the Appendix a classification of Freudenthal varieties for the conve-
nience of the reader: the classification follows from known results and some direct
computations.

Finally we should mention that S. Mukai announced a theorem [21, (5.8)] on
cubic Veronese varieties without proofs. Our work was originated by looking for
proofs of the corresponding statements for Freudenthal varieties (Corollaries A2,
B1, and C and Theorem D). In fact, we see from his list [21, (5.10)] of cubic
Veronese varieties (and the list in our Appendix) that the notion of our Freuden-
thal varieties coincides with that of his cubic Veronese varieties. Our result gives
a partial explanation for this coincidence (see Theorem D).

1. Preliminaries

For a finite-dimensional, simple Lie algebra g of rank > 2, a graded decomposi-
tion of contact type is obtained as follows. Take a Cartan subalgebra h) of g and a
basis A of the root system R with respect to f, and fix an order on R defined by
A. Denote by p the highest root of g, let £, and E_ be highest and lowest weight
vectors (respectively), and set H := [E,, E_]. By multiplying suitable scalars,
one may assume that (E,, H, E_) form an s[,-triple; that is, those vectors have
the following standard relations:

[HE,]=2E., [HE.]=-2E_, [E., E_]=H.

Then, the eigenspace decomposition of g with respect to ad H gives g a graded
decomposition of contact type. In other words, if we set g, :={x eg | [H,x] =
Ax} for A € C, then it follows that g = g_> B g_1 ® go ® 91 P g2, dimg, = 1,
and g; # 0; in fact, g; = O if and only if g = sl,. In terms of root spaces of g, we
have

w=he P (g,

a€RT\(R,U{p})

gx1 =P 020 942 =92, =CEx,

aER,

where R is the set of positive roots and R, := {¢ € RT | p — « € R}. Indeed,
let 5, be the subalgebra of g spanned by £, H, and E_ that is isomorphic to s[5.
Then the irreducible decomposition of g as an sl,-module gives the decomposition
just displayed (see [26] for full details). Conversely, for a graded decomposition
g = Y g; of contact type, taking suitable bases E. for g, and E_ for g_, with
H :=[E., E_], one may assume that (E., H, E_) form an s[,-triple, as before.
Then, we see that £, and E_ are some highest and lowest weight vectors (re-
spectively) and that each g; is recovered as an (ad H )-eigenspace. Therefore, the
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graded decompositions of contact type are unique up to automorphism of g, so
the Freudenthal variety V is essentially unique and determined by g itself (see
Appendix).

Now we define a symmetric product X : g; X g; — go by the formula

—2a xb=[b,la,E_]1]+la,[b, E_]],
which induces a symmetric map L: g; x g; — Hom(gy, g;) and a ternary product
[-,-,-]: g1 X g1 X g1 — g1 by
la,b,c] = L(a,b)c =[a x b,c].

Note that the adjoint action of gy on g, is faithful because g is simple (see [26,
Lemma 3.2(1)]); we may assume go € Hom(gj, g;), so that we identify L(a, b)
with @ x b. We think of g; as an go-module via the adjoint action. For example,
we often write Dx instead of (ad D)x and [D, x] for D € gg and x € g;. As the
skew-symmetric form (-,-): g; x g; — C and the quartic form on g; defining V3
(mentioned in Introduction), we use the ones determined by

2(a,b)E, =[a,b], 2q(x)E, = (adx)*E_.

Note that the skew-symmetric form (-, -) is nondegenerate because g is simple (see
[26, Lemma 3.2(2)]).
With the notation used so far, it follows that

V=Vi=r({xeg\{0} | x xx =0},
Vo =m({x € g\ {0} | [xxx] = 0}),
Vi=nm({xeg\ {0} | (x,[xxx]) = 0}),

and g(x) = (x,[xxx]). Note that Vy = @ since [[x, E_]E.] = x for any x € g;;
indeed, it follows from the Jacobi identity that [[x, E_]1E,] = [[x, E+], E_] +
[x[E_,E,]] = [x,—H] = x since [x, E. ] € g3 = 0. On the other hand, it follows
from Lemma 1 that V # P.

LEMMA 1. Let goo be the subalgebra of g defined by
goo := Ker(ad E|go) = Ker(ad E_|go).

Then we have go = goo ® CH, and g is linearly spanned by the elements in g
of the form a x b with a,b € g,. In particular, goo # 0, and x x x # 0 for some
X €49i.

Proof. First of all, we have DE_ = 0 if and only if DE, = 0 for any D € go.
Indeed, we have DE 4 € [go, 9+2] € 942 = CE4,sothat DEL = A4 E, for some
Ay € C. Then

0=DH = D[E,,E_|=[DE,,E_1+[E+,DE_]1= A H + A_H,

so that A 4+ A_ = 0; hence the claim follows. The decomposition follows from
the short exact sequence
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adE4lgo
0—go—9go———>9g» —0,

which splits by ad E_|g,. We next have a x b € gq for any a, b € g;. Indeed, it
follows from the Jacobi identity that

—2[a x b, E_] = [[bla, E_]1E_]+ [[a[b, E_]]E_]
= ([[b, E_[a, E_1]1 + [b[la, E_1E_]])
+ ([la, E-1[b, E_]] + [a[[b, E_]1E_]])
= [blla, E_1E_]] + [al[b, E_]1E_]],

which is equal to zero since we have [[a, E_1E_],[[b, E_.]E_]€g_3 =0.
Now, it follows from the definition of (-, -) that 2{a, b)H = [[a,b]E_], so that

2(a xb+(a,b)H) = —[bla, E_1] — [alb, E_]] + [[a,b]E_] = —2[b[a, E_]]
by the Jacobi identity; that is, we obtain
[[a, E_1b] =a x b+ {(a,b)H. (1.1
On the other hand, since g is simple (see [26, Lemma 3.1]), we have
[[g1. E-1,91] = g0 = goo ® CH.

Thus g is spanned by the products a x b.

Finally, if x x x = O forany x € g, then 0 = (a + b) x (a + b) = 2a x b.
That is, a x b = 0 for any a, b € g, so that goo = 0 by our previous reasoning.
If goo = 0 then h = go = CH, hence rk g = 1. Therefore, it follows from our as-
sumption rk g > 2 that gop # 0, and that x x x # 0 for some x € g;. U

LEmMMA 2 (Asano [3]). Foranya,b,c € g, and D € gy, we have:
(1) (Da,b) + {a, Db) = 0;
(2) D(a xb) = Da x b+ a x Db;
(3) Dlabc] = [(Da)bc] + [a(Db)c] + [ab(Dc)].
Proof. (1) From the definition of gy and the Jacobi identity, we have
0 =2(a,b)DE, = Dla,b] = [Da,b] + [a, Db].
(2) Similarly, we obtain
—2D(a x b) = D[bla, E_]1]1+ Dlalb, E_]]
= [Db,la, E_1]1+ [b, Dla, E_]11+ [Da,[b, E_11 + [a, D[b, E_]]
= [Db,la, E_1] + [b[Da, E_1] + [Da,[b, E_]1] + [a[ Db, E_]]
= —2Da x b —2a x Db.
(3) It follows from (2) that
(D(a x b))c =[Da x b,c] + [a x Db,c] = [(Da)bc] + [a(Db)c].
On the other hand, it follows from the Jacobi identity that
(D(a x b))c =[Dc,a x b]+ D([a x b,c]) = —[ab(Dc)] + Dlabc].

Combining these formulas, we obtain the result. O
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We denote by G the group of inner automorphisms of g with Lie algebra ggp.
Then Lemma 2 tells us that the symplectic form (-, -), the symmetric product x,
and the ternary product [-, -, -] are equivariant with respect to the action of Gy, so
that each V; is stable under the action of G (i.e., a union of some orbits of G).
We should mention that the proofs here of (2) and (3) in Lemma 2 are due to the
referee and are much simpler than the proofs in [3].

LEmMA 3 (Asano [3]). We have [abc] — [acb] = {(a,c)b — {(a,b)c +2(b, c)a for
any a,b,c € g,.

Proof. Using (1.1) and the Jacobi identity yields
([abc] + (a,b)c) — (lacb] + (a, c)b) = [[la, E_]1b]c] — [[la, E-]c]b]
= [la, E_][D,c]]
=2(b,c)[la, E_1E+] =2(b,c)a. [

2. Basic Results

PROPOSITION 1. If x €V, then the following statements hold.
(1) [axx] = 3{a,x)x for any a € gi; in particular, if a x x = 0 then {(a,x) =0
(see [2]).
(2) Cx S goox.
Proof. (1) Because x €V, it follows from Lemma 3 that
[axx] = [xax] = [xxa] + {(x,x)a — (x,a)x + 2{a,x)x = 3{a, x)x.

(2) This follows from (1) since (-, -) is not identically zero. O
ProposITION 2. We have ([abc],d) = ([cda], b) for any a,b,c,d € g;.

Proof. 1t follows from Lemma 3 that
([abcl,d) = (lacb],d) + (a,c)(b,d) — {(a,b){c,d) + 2(b,c){a,d),
([edal, by = ([cad],b) + (c,a){d,b) — (c,d){a,b) + 2(d,a){c, D),

so that ([abc],d) — ([cda], by = ([acb],d) — ([acd],b) = 0 by Lemma 2(1).

O
ProprosITION 3. Ifx €V and D, E € goo, then:

(1) Dx x x = 0[2];
(2) (Dx,x) =0;

(3) (Dx, Ex) = 0;

4) [(Dx)(Ex)x] = 0.

Proof. (1) It follows from x € V and Lemma 2(2) that
0=D(xxx)=Dx xx+xxDx=2Dx x x.
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(2) This follows from (1) and Proposition 1(1).

(3) It follows from Proposition 2 and (1) that ([abx], [cdx]) = ([x[cdx]a]l,b) =
0 for any a, b, c,d € gy, so that (Dx, Ex) = 0 by Lemma 1.

(4) It follows from Lemma 3 that

[(Dx)(Ex)x] = [(Dx)x(Ex)] + (Dx,x)Ex — (Dx, Ex)x 4+ 2(Ex,x)Dx,
which is equal to zero. Indeed, we have Dx x x = 0 by (1), (Dx,x) = (Ex,x) =
0 by (2), and (Dx, Ex) = 0 by (3). O

PRrOPOSITION 4. For any a € g,, we have:

(1) [aaa] x a = 0;

(2) laalaaal] = 3q(a)a;

3) [aaa] x [aaa] = —3q(a)a X a;
(4) [laaallaaallaaa]]l = —9q(a)?a;
(5) q(laaal) = 9q(a)’.

Proof. (1) It follows from Lemma 2(2) that
0=[a xa,a xa] =[aaa]l X a + a X [aaa] = 2[aaa] X a.
(2) It follows from Lemma 3 and (1) that
[aalaaal] = [alaaa]la] + 3{a,[aaal)a = 3q(a)a.
(3) It follows from Lemma 2(2) that
[a x a,|aaa] x a] = |aalaaa]] X a + [aaa] X [aaal].

Using (1) and (2), we obtain 0 = 3¢ (a)a x a + [aaa] X [aaal].
(4) It follows from (3) and (2) that

[[aaa]llaaallaaa]] = —3q(a)[aalaaa]l] = —9q(a)2a.
(5) This follows from (4). O

ProPOSITION 5. Ifb =a + x witha € g; and x €V, then:

() bxb=axa+2ax x;
(2) [bbb] = [aaa] 4 3laax] + 6(x,a)(a — x);
(3) q(b) = q(a) + 4(x,[aaal) + 12(x,a)>.

Proof. (1) This is clear from x € V.
(2) It follows from (1) that [bbb] = [aaa] + [aax] + 2[axa] 4 2[axx]. Since
[axx] = 3{(a, x)x by Proposition 1(1), by Lemma 3 we have
[bbb] = laaa] + [aax] + 2([aax] + {a,a)x — {(a,x)a + 2{x,a)a)
+2(3{a, x)x)
= [aaa] + 3[aax] + 6{x,a)a + 6{a, x)x.
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(3) It follows from (2) that
q(b) = (a,laaal) + (x,[aaal) + 3(a,[aax]) + 3(x, [aax])
+ 6(x,a){a + x,a — x)
= q(a) + 4(x,[aaa)) + 12(x,a)>,

since we have (a, [aax]) = —([aaa],x) by Lemma 2(1) and (x, [aax]) = O by
Proposition 3(2). O

PROPOSITION 6.  For any a € g1, we have:

(1) 3[aalaab]] = 8(b,[aaa])a + 8(a, b)[aaa] + (a, [aaa])b for any b € g;;
(2) ifg(a) # 0, then the linear map L(a,a) has full rank.

Proof. (1) It follows from Lemma 3 that
[aalaab]] = [aalaba]] + 3{(a, b)[aaa]. 2.1

It also follows from Lemma 3 that [aa[aba]] = [alabala] + 3{(a, [aba])a. Since
(a,[abal) = (b,[aaa]) by Proposition 2, we have

[aalabal] = [alabala] + 3(b,[aaa])a. 2.2)

On the other hand, it follows from Lemma 2(3) that [ab[aaa]] = 2[a[aba]la] +
[aalaba]], and by Lemma 3 and Proposition 4 (1) we have

[ablaaal] = {(a,[aaa])b — {(a,b)[aaa] + 2(b, [aaa])a.

Therefore,
2[alabala) + laalabal] = (a,aaa))b — {a, b)[aaa] + 2(b, [aaa])a. (2.3)
Thus, it follows from (2.2) and (2.3) that
3laalabal] = {(a,[aaal)b — {(a, b)[aaa] + 8(b, [aaa])a.

Combining this formula with (2.1), we obtain the required result.
(2) (Asano [5]) Note that g; = Ca @ Claaa] ® (Ca & Claaa])* if g(a) # 0.
Indeed, it follows from (a, [aaa]) # O that

Ca N Claaa]l = (Ca + Claaa]) N (Ca + Claaa])* = {0}
and from the nondegeneracy of (-, -) that
dim(Ca + Claaa]) + dim(Ca + (C[aaa])L = dim g;.
Now, it is clear from (1) that
L(a,a)*|ca+Claaal = 39 (@) catclacal:

2 q(a)
L(a,a)"|(catClaaant = Tl<<Ca+C[aaa]>i~

Therefore L(a,a)? has full rank if q(a) # 0, hence L(a,a) does also. O
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PROPOSITION 7. For any a € g; and x €V, we have:
(1) [aaa] x x 4+ 3[aax] x a + 6(x,a)a x a = 0;
(2) 3[aax] x [aax] + 8(x,[aaal)a x x — 8(x,a)[aaa]l x x = 0. In particu-
lar, if [aaa] = 0, then [aax] X [aax] = 0 and, moreover, Cx 4+ Claax] C
Y U {0}.
Proof. (1) If b = a + x, then
0 =[bbb] x b (. Proposition 4(1))
= ([aaa] + 3[aax] + 6(x,a)(a — x)) x (a + x) (" Proposition 5(2))
= [aaa] x x + 3[aax] x a + 6{x,a)a x a (." Propositions 4(1), 3(1)),

where in the last equality we have also used that x € V.
(2) It follows from Proposition 3(1) and Lemma 2(2) that

[aalaax]] x x + [aax] X [aax] = 0.
On the other hand, it follows from Proposition 6(1) that
3laalaax]] x x = 8(x,[aaal)a x x — 8{(x,a)[aaa] X x.

Thus we have the desired result. If [aaa] = 0 then [aax] X [aax] = 0, and it
follows from Proposition 3(1) that [aax] x x = 0, so the latter assertion follows
as well. O

3. A Line Field and a Cremona Transformation

ProPOSITION Al.

(1) The quartic form q on g, has a differential at a € g; as follows:
dq(a): t,gy — C; b+ 4(b,[aaal),

where t, @, is the Zariski tangent space to g, at a, which is naturally identified
with g1-

(2) In particular, the singular locus of Vj is equal to V.

(3) The vector field on g, corresponding to dq via the symplectic form (-,-) in-
duces a 1-dimensional distribution D on P away from Sing V3 = V, that is
given by

D: w(a) — (Ca + Claaa))/Ca,

where w(a) € P\ V, and we naturally identify the Zariski tangent space t,P
with the quotient space g;/Ca.

Proof. (1) By Lemma 3,
[baa] = laba] = [aab] — 3{a,b)a. 3.1
Since {(a, [aab]) = (b,[aaa]) by Lemma 2(1), it follows that
(a,[baal) = {(a,laba]) = (a,[aab]) = (b,[aaal). (3.2)
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Therefore, for A € C and b € gy,

%{CI(G + Ab) — q(a)} = (b,laaal) + {(a, [baa]) + {a,laba]) + (a, [aab])
IYED)
= 4(b,[aaa]) + A(--)
— 4(b, [aaa]), X — 0.

(2) The hypersurface V3 defined by ¢ = 0 is singular at 7 (a) if and only if
dq(a) = 0, which is equivalent to (b, [aaa]) = 0 for any b € g; by (1). That is,
[aaa] = 0 because (-, -) is nondegenerate.

(3) This is an immediate consequence of (1); indeed, the differential dg corre-
sponds via (-, -) to a vector field on g; given by a +— [aaa] up to scalar multiple.

O
PROPOSITION A2. Let
y:P--—P
be a rational map induced from the cubic, a — [aaa]. Then:

(1) y™'(V) =V3\Va;

2) y{(P\V3) =P\ V3

(3) y2 =10onP\ Vs, hence y gives an automorphism of P \ Vs;
(4) vy is explicitly given by the partial differentials of q.

In particular, y is a Cremona transformation of P(g;) with order 2 if V, # P.

Proof. The assertions (1), (2), and (3) follow (respectively) from part (3), (5), and
(4) of Proposition 4. Assertion (4) follows from Proposition A(1). O

A secant line of V is by definition a line in [P that passes through at least two dis-
tinct points of V yet is not contained in V. We note that, for a line L in P, if the
scheme-theoretic intersection L N V has length more than 2 then L C V; indeed,
V is an intersection of quadric hypersurfaces.

THEOREM A. Let Lp be the closure of the integral curve of D through P € P\ V,,
where D is the 1-dimensional distribution on P \V; induced from the quartic form
q. Then the following statements hold.
(1) Forany P € P\V,, Lp is the line in P joining P and y (P).
(2) If P € P\ Vs, then:
(a) Lpisasecantline of V,and Lp NV consists of harmonic conjugates with
respect to P and y (P);
(b) Lp\V S P\Vs;
(c) Lp is a unique secant line of 'V passing through P;
(d) there is no tangent line to V passing through P;
() y(Lp\V) = Lp\V, and the automorphism of Lp induced from y leaves
each point in Lp NV invariant and also permutes P and y (P).
3) If P € V3\V,, then:
(a) Lp is atangentlinetoV,and Lp NV = {y(P)};
(b) Lp\V C V3\Vy;
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(c) there is no secant line of 'V passing through P;

(d) Lp is a unique tangent line to V passing through P;

@ y(Lp\V) =y(P),and y7'(Q) ={P eV3\V2 | Q€ Lp} = TpV \ V2
for any Q € V, where TyV is the embedded tangent space to'V at Q.

Proof. (1) If b = Aa + pulaaa] with a € g; and A, u € C, then it follows from
part (1) and (3) of Proposition 4 that

bxb=0—-3u’q)a x a, (3.3)
and, moreover, from Proposition 4(2) that
[bbb] = (02 — 3uu*q(a))(Bug(a)a + Alaaal). (3.4)

Therefore, if b € Ca + Claaa] then [bbb] € Ca + Claaa]. On the other hand, if
[aaa] # 0 then dim(Ca + Claaa]) = 2. Indeed, if [aaa] = Aa for some A € C,
then (Aa) x a = [aaa] x a = 0 by Proposition 4(1), sothat . = Qora xa =
0; in any case, [aaa] = 0. Thus, if P = m(a) € P\ V,, then for any 7 (b) €
P(Ca + Claaa]) \V, we have

Ca + Claaa] = Cb + C[bbb]
(which is of dimension 2) and also
tziyP(Ca + Claaal) = (Ca + Claaa])/Cb
= (Cb + C[bbb])/Cb = D(7 (b))

in t; )P = g1/Cb. Therefore, Lp = P(Ca + Claaa]) =~ Pl

(2a & 3a) We see from (1) that if P = m(a) € P\ V, then one may take
(A : u) as homogeneous coordinates of 7 (b) in Ly (,. It follows from (3.3) that
the scheme-theoretic intersection Lp NV is a closed subscheme of Lp defined by
A2 —3u’q(a) = 0,sothat Lp NV = {(+y/3¢(a) : 1)}. The results follow from
this observation. In fact, P ¢ V3 if and only if Lp NV consists of two distinct
points (i.e., iff Lp is a secant line of V'); otherwise, Lp NV has intersection mul-
tiplicity 2 at y (P), so that Lp is tangent to V at y (P). For P ¢ V3, with respect to
the homogeneous coordinates given by (A’ : u') := (A : 3q(a)u) we have P =
(1:0),y(P)=(0:1),and Lp NV = {(1 : £1)}, so that the cross-ratio of those
points is —1.

(2b & 3b) Assume that Q = w(b) € Lp \V with P = m(a) ¢ V,; as a result,
A? —3u’q(a) # 0 by (3.3), where b = La + plaaal. Since

q(b) = (\* = 3u’q(a))*q(a)

by (3.4), we see that P ¢ V; if and only if Q ¢ V3, so that (2b) follows. Moreover,
if P e V3\V, then Q € V3\V; by (3.4), so (3b) follows.

(2c & 3c) For P = w(a) e P\ V,,if a = x + y for some x,y € V), then it
follows from Proposition 5(2) that 0 # [aaa] = —6(x, y)(x — y) and from Propo-
sition 5(3) that g(a) = 12(x, y)2 # 0. In particular, P ¢ V3, and this proves (3c).
Combining these formulas, we obtain
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Therefore, {x, y} is uniquely determined by a, and so a secant line of V passing
through P = m(a) € P\ V3 is unique.

(2d & 3d) It suffices to show that, if L is atangent line to V at Q passing through
P €P\V,,then L = Lp. Indeed, this implies P € V3 by the preceding proof of
(2a & 3a).

Here we note that, for Q = 7 (x) €V,

TV = P(t,V).

where TpV is the embedded tangent space to V at Q, t,) is the Zariski tangent
space to V at x, and we identify #,g; with g;. Indeed, TypV is equal to the projec-
tivization of T,V and T,V is the translation x + £,V of #,)V by adding x, which is
equal to ¢,V since V U {0} is a cone with vertex the origin of g; (here 7,V is the
embedded tangent space to V at x).

Since P = m(a) € L € TV, it follows that a € ¢,V; hence there is a curve
&: A — V such that £(0) = x and

o1
lim —{£(2) —£(0)) =a,
where A := {L € C | |A| < ¢} with a sufficiently small ¢ > 0. For A € A\ {0}, set

P(A) :=m(ER) —§0), QM) :=n(ER), LA):=PCsR)+CE0).

Then lim, ¢ P(A) = P, lim; o Q(A) = Q, and limy_,o L(A) = L. Since P ¢
V,, we may assume (taking ¢ smaller if necessary) that P(A) ¢ V, for any A €
A\ {0}. Moreover, since P(}) lies on a secant line L(}X) of V, by (3c) we have
P(X) ¢ V5. It then follows from (2c) that L(A) = Lp(;, for any A € A\ {0}, so we
obtain L = Lp by taking A — 0.

(2e) By part (1) and (3) of Proposition 4 together with (3.4),

[bbb] x [bbb] = —3q(a)(A* — 3u*q(a))’a x a

for b = La + plaaal; therefore, y (Lp \V) € Lp \V. On the other hand, it fol-
lows from (2b) that Lp \V = Lp \ V3. Thus we have Lp \V = y*(Lp \V) C
y(Lp\V) C Lp\V by Proposition A2(3), so that y(Lp \V) = Lp \ V. Further-
more, with respect to the homogeneous coordinates (1’ : ') in the proof of (2a &
3a), it follows from (3.4) that the automorphism of Lp induced from y is given by
W ) = (i )). Hence the result follows.

(3e) We already know that Yy H(V) = V3\V, by Proposition A2(1), and it fol-
lows from (3.4) that y (Lp \V) = y(P), where we note that Lp \V = Lp \ V5.
Now, if P € y~'(Q) then, according to (3a), Lp is tangent to V at y (P) = Q and
so P € Lp C TyV. Conversely, if P € TpV \ V, then, by the uniqueness (3d), Q
coincides with the contact point of the unique tangent Lp, which by (3a) is y (P);
if Q € Lp with P € V3\V,,then Q € Lp NV = {y(P)}, again by (3a). In either
case, it follows that Q = y (P). O
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COROLLARY Al. The three conditions V. = 0, V3 = P, and V, = P are equiv-
alent.

Proof. 1t follows from part (2a) of Theorem A that if V = (J then P\ V; = 0,
that is, V3 = P. It suffices to show that V5 = P implies V, = P and that V, = P
implies V = (. The following argument is due to Asano [4].

Assume that V3 = P, that is, ¢ = 0. Then, for any a,b € g; and A, u € C,

0=gqg(Ma+ ub)
= Mq(a) + X’u((b, [aaal) + (a,[baal) + (a,[abal) + (a, [aab]))
+ 222+ g ().
Since this holds for arbitrary A, u € C, it follows that
(b,laaal) + (a, [baa]) + (a,labal) + (a,[aab]) = 0.

Then, by (3.2), 4(b, [aaa]) = 0 for any a, b € g, so that [aaa] = O for any a € g;
since (-, -) is nondegenerate; that is, V, = P.

Next assume that V, = P. A similar argument to the foregoing shows that
[baa] + [aba] + [aab] = 0. Using (3.1), we have

3laab] = 6{a, b)a.

Therefore, if a x a = 0 then (a,b)a = 0 for any b € g, so a = 0 since (-, -) is
nondegenerate. Thus, we have V = @, that is, V = (4. This completes the proof
of the equivalence. U

REMARK A. It can be shown that V = @ if and only if the Lie algebra g is of
type C (see Appendix). In fact, using a theorem of Asano [29, Thm. 1.6; 4], one
can show that if ¢ = O then g ~ sp,,», where dim g; = 2n. The converse is
checked by an explicit computation.

Recall that a projective variety V C P is called a variety with one apparent double
point if, for a general point P € P, there exists a unique secant line of V passing
through P (see [24, IX]).

COROLLARY A2. If V # (), then V is a variety with one apparent double point.
In particular, V is nondegenerate in P.

Proof. Set U := P\ V3. It follows from Corollary Al that, if V # @, then U # ¢
and hence U is dense in P. According to Theorem A(2), U is covered by unique
secants Lp (P € U) of V. This completes the proof. UJ

4. The Homogeneity

THEOREM B.  Let G be the group of inner automorphisms of g with Lie algebra
900, where goo is the subalgebra of g defined by goo := Ker(ad E|go). Then:
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(1) Goo acts transitively on each irreducible component of V. In particular, we
have t,V = goox for any x € V, where t,V is the Zariski tangent space to V
at x.

(2) goox = (goox)™ with 2dim ggox = dim g, forany x € V, and g1 = goox ®
ooy for any x,y € V with (x,y) # 0.

Proof. (1) Let G be the group of inner automorphisms of g with Lie algebra gy,
and setU = {s € g1 | q(s) # 0}. We first prove the following claim.

CLAM. Gy acts transitively on U.

Proof. We may assume that I/ # (. Since U is irreducible and stable under the
action of Gy, it suffices to show that

gos = g1

for any s € U. Take an arbitrary a € g;. By Proposition 6(2), there exists a
b € g, such that a = L(s,s)b. On the other hand, it follows from Lemma 3 that
L(s,s)b = [sbs]+3(s,b)s = (s xb+3(s,b)H)s € gos. Thus, we have a € ggs.

O
Now, it follows from gy = ggo & CH (Lemma 1) that Gy = G - C*. Taking ac-
count of Proposition 1(2), we see that it suffices to show that G acts transitively
on each of the irreducible components of V.

Take an arbitrary x € V. There exists a y € V such that (x, y) # 0, since V is
nondegenerate (Corollary A2). It suffices to show that there exists a g € G such
that gx = x’ for any x’ in a Zariski open neighborhood V' \ y= of x in V; indeed,
this implies the required transitivity because any two nonempty, Zariski open sub-
sets of an irreducible space have a nonempty intersection. Since x + y € U and
x’ + y € U by Proposition 5(3), it follows from our Claim that there exists a g €
Gy such that x' +y = g(x + y) = gx + gy. Here we have gx, gy €V, since V is
Gy-stable. It thus follows from Theorem A(2) that

{gx, gy} = {x,y}.

If gx = x/, then there is nothing to prove; otherwise, we have gx = y and gy =
x’, so that g2x = x’. This completes the proof of part (1).
(2) We note that
dimggox < 1 dimg; .1)

holds for any x € V. Indeed, it follows from Proposition 3(3) that goox < (goox)*
and from the nondegeneracy of (-, -) that dim(ggyx)* = dim g; — dim ggo x.
Now, we show that
g1 = gooXx + gooy 4.2)

for any x,y € V with (x, y) # 0. Take an arbitrary a € g;. We sets := x + y; it
follows from Proposition 5(3) that s € U, as before. According to Proposition 6(2),
there exists a b € g; such that a = L(s, s)b. On the other hand, since x,y € V, it
follows from Lemma 3 that
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L(s,s)b = [xyb] + [yxb]
= [xby] + (x,b)y — (x,y)b + 2(y, b)x
+ [ybx] + (y,b)x — (y,x)b + 2(x, D)y
= ([byx]+3(y,b)x) + ([bxy] + 3(x,D)y),
which is contained in goox + gooy by Proposition 1(2). Thus we have

aegoXx + gooy-

Combining (4.1) and (4.2), we obtain that ggox N gooy = O for any y € V with
(x,y) # 0. We note that, for any x € V, there exists y € V such that (x,y) # 0
since V is nondegenerate (Corollary A2). Hence the equality holds in (4.1), and
the required results follow. UJ

REMARK B1. Since we have Gy = G - C*, it follows from the Claim that G
acts transitively on P \ V3 = m({/). More precisely, we have gogs = [sss]* for
any s € U. Indeed, for any s € gy, it follows from Lemma 1, Proposition 2, and
Proposition 4(1) that ggos < [sss]t by ([abs], [sss]) = ([s[sss]al,b) = 0, and
goos + Cs = gos. If g(s) # 0, then gos = g; by the Claim and [sss]+ has codi-
mension 1 in g;; hence the assertion follows.

REMARK B2. One can deduce Theorem B(1) from the linear section theorem
[17, Thm. B] by using a generalization of a theorem of Richardson [27, Lemma,
p. 469], as well as from Theorem B(2) by using the finiteness theorem for the num-
ber of nilpotent orbits [27, Prop. 2, p. 469]. Note that both of those proofs depend
essentially on the argument in [27, Lemma, p. 469]. On the other hand, by using
Theorem A(2), one can deduce (2) from (1) in Theorem B as follows.

Proof of (1) = (2) in Theorem B. Similarly to the foregoing proof of part (2), it
suffices to show (4.2) for any x,y € V with (x, y) # 0. Take an arbitrary a € g,
and consider a line in g; such that

0:C—g;; A (x+y) +2ra.

Since 0(0) = x 4+ y € U by Proposition 5(3), for a sufficiently small ¢ > 0 we
have o(1) € U for any A € A, where A := {A € C | |A| < ¢}. Then it follows from
Theorem A(2) that there exist (analytic) curves &, 7: A — V such that £(0) = x,
n(0) =y, and

o) =§R) +nR)
for any A € A. Then

d d
=— A) = — A+ — M) EL LY.
a=- x:oa() i A:OE()+d)‘ A=077()GXV+ Nz

According to (1) we have #,V = goox and 1,V = gooy, S0 a € gooX + gooy- O

Recall that the rangent variety of V, denoted by Tan V, is the union of embedded
tangent spaces to V, and that the projective dual of V, denoted by V*, is the set of
hyperplanes tangent to V (see e.g. [11, Sec. 3]).
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COROLLARY Bl. Assume that V # (. Then:

(1) Gy acts transitively on each irreducible component of V; and V is smooth
and equidimensional of dimension n — 1, where dim g; = 2n.

(2) Denote by L* the set of hyperplanes containing a linear subspace L C P.
Then (ToV )* = TyV for any Q €V and so

TanV = V7,

where we identify P with its dual space PV := P(g}) via the symplectic form

(’>

Proof. (1) This is an immediate consequence of Theorem B. Note that dimV =
n — 1 does not follow directly from Corollary A2, since V is not necessarily
irreducible.

(2) We have V* =, <y (TpV)*, and it follows from Theorem B that

ToV =P(1V) = P(goox) = P((g00x)™) = P(Ker(g} — (goox)*)) = (TgV)*
forany Q = w(x) € V, so that V* = Tan V. O

COROLLARY B2. If V is neither empty nor irreducible, then there exist irreduc-
ible goo-modules s, and s, of dimension n such that g, = s, ® s,, and we have

V =P(s)) UP(s2),

where dim g; = 2n.

Proof. Let{Z;}1<i<k be the set of irreducible components of V with k > 2, and let
5; be the linear subspace of g; spanned by 7 ~'Z;. It follows from Corollary B1(1)
that each Z; is an orbit of Gy, so that s; is Gp-stable. Moreover, by virtue of an ar-
gument in Zak [30, pp. 49-50], we see that s; is an irreducible Gyy-module. Since
P(s;) has a unique closed orbit of G (see e.g. [26, Ch. 1, Sec. 4.6.1, Lemma]),
we see that 5; N's; = 0if i # j. Taking into account the nondegeneracy of V
(Corollary A2), we obtain

91=5@ - Dsi.

On the other hand, we have dims; > dim 7 ~'Z; = n by Theorem B(2). Hence it
follows that g, = 51 @ s, withk =2 and Z; = P(s;). O

REMARK B3. Itis known that V is irreducible unless g is of type A or C (see Ap-
pendix). In fact, if g = so0,, then V is a Segre embedding of P! x Q in P?"~9,
where Q is a quadric hypersurface in P"~3; if g is of type G, then V is a cubic
Veronese embedding of P! in P? (for other exceptional Lie algebras g, see the In-
troduction). Conversely, it follows from a direct computation that we are in the
case just described if g = sl withn > 1.

CorOLLARY B3. IfV # @and V, # V,then V is ruled—that is, covered by lines
contained in V.
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Proof. We may assume that V is irreducible, for otherwise the claim is obvious
from Corollary B2. For P = 7w (u) € P, let

@PZP——-)P

be a rational map induced from L(u,u) and set Bp := P(Ker L(u,u)), the base
locus of ®p. It suffices to show that

V & BpU®p(V\ Bp)
for any P = w(u) € Vo, \ V. Indeed, if Q € V \ (Bp U ®p(V \ Bp)) then Q #
@, (Q), and it follows from Proposition 7(2) that the line joining Q and ®p(Q)
is contained in V. Taking account of the homogeneity of V (Corollary B1(1)), we
see that this holds for any Q € V.

Now, since ([uual,u) = —{(a, [uuu]) = 0 for any a € g; by Lemma 2(1), if we
set P+ :=P(u") then

®p(V \ Bp) S P(L(u,u)g)) S P,

so that Bp U ®p(V \ Bp) € Bp U PL. On the other hand, we have V. & Bp U P+

since V is irreducible and nondegenerate (Corollary A2). Thus the claim follows.
O

REMARK B4. It can be shown that V = V; if and only if g is of type G».

5. Isotropic Secants

ProposITION C.  For P = n(u) €P, let ®p: P --» P be a rational map induced
from L(u,u) with base locus Bp = P(Ker L(u,u)). If V is irreducible and P €
Vo \V, then dim ®p(V \ Bp) > 1; hence dim ®p(P\ Bp) > 1 and codim Bp > 2.

Proof. We have Bp # P since P ¢ V. Suppose dim ®(V \ Bp) = 0, and set
Q = Op(V \ Bp) e P.

Since ®p(R) = Q forany R € V \ Bp, by Proposition 7(2) V contains the line
joining Q and R for any R € V \ Bp with Q # R. Since V is irreducible, V must
be a cone with vertex Q. Since V is smooth by Corollary BI(1), it follows that
V is a linear variety, so that V = P by its nondegeneracy (Corollary A2). Yet by
Lemma 1 V # P, a contradiction, so dim ®»(V \ Bp) > 0. O

REMARK Cl. The irreducibility condition for V is essential in Proposition C. In
fact, there is an example of u satisfying this assumption such that rk L(u,u) = 1
when g = sl,,, where V is not irreducible (see Remark B3).

REMARK C2. It follows easily from Proposition 6 that dim ®p(P \ Bp) > 1if
P ¢V, and codim ®p (P \ Bp) > 1if P € V3, though we do not use these facts in
this paper.

Recall that the secant locus X p as well as the tangent locus ®p of V with respect
to a given point P € P are defined by
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Yy :={QeV |IReV\{Q}, PcQ*R}, Zp:=1X},
Op :={QeV | PeTyV},

where we denote by Q * R the line in IP joining Q and R and by T;V the embedded
tangent space to V at Q in P (see e.g. [11]).

THEOREM C. Assume that V is irreducible. Then:

(1) Forany x,y €V, (x,y) = 0if and only if goox N gooy # 0. In particular, a
secant line joining Q, R € V is isotropic with respect to the symplectic form if
and only if ToV N TRV # @.

(2) V,\V is covered by isotropic secants of V. More precisely, for any u € g1, we
have that [uuu] = 0 and u x u # 0 if and only ifu = x + y for some x,y €
V such that {x,y) = 0and x x y # 0.

3) If P eV, \V, then

®p(V\Bp) CXp, @p(VNP\Bp)C Op,

where ®p: P --» P is the rational map induced from L(u,u) with base locus
Bp = P(Ker L(u,u)) and P+ =Pu™r) with P = 7 (u).
(4) We have dimXp > 1 forany P € Vo \ V.

Proof. (1) We show that if (x, y) = 0 for some x,y € V, then goox N gooy # 0;
the converse has already been proved in Theorem B(2).

Wesetu :=x+y, P :=m(u), and L := P(Cx + Cy), the line joining 7 (x)
and 7 (y). If P € V then x x y = 0, so that L C V. Therefore, L C TpV N TrV
with Q = w(x) and R = 7 (y); thatis, 0 £ Cx +Cy C goox Ngooy, as required.
Thus we may assume that P ¢ V and x x y # 0.

Now assume (x, y) = 0. It follows from Proposition 5(2) that P € V; and from
Lemma 3 and Proposition 1(2) that

gooy 3 [axy] + (a,x)y = [ayx] + (a,y)x € goox

for any a € g;. Suppose that ggox N gooy = 0. It follows that [axy] + (a,x)y =
[ayx] + {a, y)x = 0. Therefore, by Lemma 3,

L(u,u)a = 2[xya] = 2([axy] + (x,a)y — (x, y)a + 2(y,a)x)
=4(x,a)y +4(y,a)x € Cx + Cy,

sothat L(u,u)(g;) € Cx+Cy,hence ®p(V\Bp) € ®p(P\Bp) C L. Moreover,
®p(V\ Bp)isdensein L; indeed, we have dim ®p(V \ Bp) > 1 by Proposition C,
where we note that P € V,\V. On the other hand, it follows from Proposition 7(2)
that ®p(V \ Bp) € V. Hence P € L C V, and this is a contradiction. Thus we
have goox N gooy # 0.

(2) The “if” part follows from part (1) and (2) of Proposition 5. For the “only
if”, let u € g; satisfy [uuu] = 0 and u x u # 0. There exists a v € V such that
(4, v) # 0, since V is nondegenerate (Corollary A2). If z = Au + pluuv] with
A, u € C, then it follows from Proposition 7 that
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Zxz=MNuxu+ 2 puluuv] x u + ,uz[uuv] X [uuv]
=2\ +4ulu,v)u X u.
Since (A + 4uu,v)) = 0 for (A, n) = (A, —1/4(u, v)), (0,1/4(u, v)), if we set

1 1
{x,y}:= {u — m[uuv], m[wuv]}

then x, y € V with u = x + y. Note that, by Proposition 7(1), [uuv] # 0 because
u xu #0and (u,v) #O0.
(3) We see from the proof of part (2) that ®p is defined on V \ P+ and that

dp(V\ PH)C zp

forany P = w(u) € Vo \ V. Since V is irreducible, we obtain ®p(V \ Bp) C Xp
as required.

Next, for the tangent locus it suffices to show that, for any v € V), if (u,v) =
0 and [uuv] # 0 then u € goo[uuv]. For any a,b € g; and v € V), it follows from
Proposition 2 and Proposition 7(1) that

(labluuv]],u) = ([[uuv]ual, b) = 2(u, v){[uual,b) = 0.

Therefore, (goo[uuv],u) = 0 by Lemma 1 and hence u € ggo[uuv] by Theo-
rem B(2).
(4) The assertion follows directly from Proposition C and (3). UJ

REMARK C3. Theirreducibility condition for V is essential in the proof of part (1);
in fact, it is easily seen that the conclusion does not hold when g = sl,,.

CorOLLARY C. If V is irreducible, then V3 = TanV.

Proof. Tt follows from Theorem A(2d) that V3 D Tan V and from Theorem A(3a)
and Theorem C(3) that V3 C Tan V. O

6. Double Projections

PRrOPOSITION D.  Forany x,y €V, let W,,: g1 — g1 be a linear map defined by
Vyy(a) = [axy] + (a,x)y.

(1) If (x,y) # 0, then Ker ¥V, = goox and V,,(g1) = gooy. In particular, a ra-
tional map Wpg : P --» P induced from V., is a double projection from P
with image TpV (i.e., a projection with center TpV onto ToV') and so defines
a morphism

\IIPQZ ]P)\ TPV d TQV,

where TpV is the embedded tangent space to V at P with P = m(x) and
Q =n(y).

(2) Moreover, for any R €V, the four points R, [POR], Ypr(Q), and Wor(P) are
collinear, and [ PQRY] is the harmonic conjugate of R with respect to Vpg(Q)
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and Wor(P), where we set [POR] := m([xyz]) with R = 7 (z). In particu-
lar, this holds for general P, Q, R € V and yields a geometric interpretation
of our ternary product.

Proof. (1) It follows from part (1) and (2) of Proposition 3 that Ker W,, 2 goox
and from Proposition 1(2) that W,,(g;1) € gooy. On the other hand, we have the
formula

\Ijxy - \ijx = 2(x, y)lgp

which is nothing but Lemma 3. If (x, y) # O then we have the direct sum decom-
position g; = gooy ® goox (Theorem B(2)). We thus see that W,, and V¥, are
surjective onto gooy and onto ggox (respectively) and hence the assertion follows.

(2) We note that [xyz] # 0. Indeed, since g (x + y) = 12(x, )2 £0 by Propo-
sition 5(3), it follows from Proposition 6(2) that 2L(x,y) = L(x + y,x + y) is
injective. Now the assertion follows directly from the definition of the maps Wp(.
In fact, we have

Wi () = [yxz] + (y,x)z = [xyz] — {x,¥)z,
W, (x) = [xyz] + (x,y)z,

so that Wpr(Q) and Wpr(P) lie on the line joining R and [ POR], and those four
points form a harmonic quadruple. UJ

REMARK D1. Interms of the Lie bracket, by (1.1) we have W, (¢) = [bla[c, E_]1]].

THEOREM D. Forany P, Q €V, if the secant line joining P and Q is not isotropic

(i.e., if TpV N TyV = 0) then the following statements hold.

(1) V\ P+ = (Wpolvzpv) ' (TgV \ P).

(2) The double projection Wpg gives an isomorphism V \ P+ — ToV \ P*. In
fact, a rational map Tgp: TV --+ V induced from a map T'y,: gooy —
V U {0} defined by

Ty (1) = (x, [tt1])x + 3(x, 1)[12x] 4+ 12(x, 1)t

gives the inverse of Wpgl|y\ p1, where P = 7(x) and Q = 7 (y).
(3) The base locus of Tpp is ToV N PNV,

In particular: if 'V is irreducible, then Wpg gives a birational map from V to TypV,
and V is the closure of the image of a composition of a cubic Veronese embedding
of the affine space TpV \ P+ with some projection to P.

Proof. (1) By Proposition 2 and Proposition 1(1), for any x, y € V with (x, y) # 0
we have (W, (a), x) = 2(a,x)(x,y), so that a € x* if and only if W,,(a) € x*.
Therefore,

Wl gooy \ ¥ ) =g\ x

hence \IJ;é(TQV \ Pt) = P\ PL. Observe here that TpV < P~ by Proposi-
tion 3(2) and that, by Theorem C(1), (x, y) # Oif and only if TpV N TV = ¥ with
P =m(x)and Q = m(y). Restricting Wpp to V \ TpV, we obtain the result.
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(2) We first show that Wpy is unramified on V'\ P L. Forany z € V with (x,z) # 0
we have goox Ngooz = 0, so it follows from Proposition D(1) that W, induces an
isomorphism gopz — gooy. Thus Wpg is unramified at 77 (z).

We next show that Wpg|y\ po is injective. Assume that W, (a) = W,,(b) with
a,b eV \ x1; it then follows from Proposition D(1) that

a—beKerV,, = ggx.

Therefore, by (1), (2), and (4) of Proposition 3, (¢ — b,x) =0, (a —b) x x =0,
and
[(@ = b)(a—b)x] =0.

In particular, we see that L(a — b,a — b) is not injective (since x # 0) and so
q(a — b) = 0 by Proposition 6(2); hence (a, b) = 0 by Proposition 5(3). On the
other hand, since a, b € V we have [(a — b)(a — b)x] = —2[abx], and
l[abx] = [axb] + {(a,x)b — {(a,b)x +2(b,x)a (. Lemma 3)
= [bxb] + (a,x)b+2(b,x)a (. axx=>bxx, {a,b) =0)
= 3(x,b)b + (a,x)b + 2(b,x)a (" Proposition 1(1))
=2a,x)(a—b) (. {a,x)=(b,x)).
Therefore, since (a, x) # 0 we have a = b as required.

We next show that I'y,(t) € V U {0} for any ¢ € gooy. It follows from Proposi-
tion 3(1) that

Tye(t) x Ty (1) = 24(x, 1) (x, [t1t])x x t + 9(x,1)*[ttx] x [ttx]
+72(x, 1)t x [ttx] + 144(x,1)% x t
= 3(x,1)>(3lrtx] x [ttx] + 8(x, [ttt])x x 1)
+ 24(x, )33t x [rtx] + 6(x, 1)t x 1),

which is equal to zero by Proposition 7. Thus we have I'), () x I').(#) = 0.
Since (x, [ttt])x + 3{x,t)[ttx] € goox = Ker ¥,, and since, by Proposition
D(1), 12(x,1)*t € gooy = Ker W, it follows from Lemma 3 that

Wy 0 Dyat) = Wy + 200, 1) 1g ) (12(x, 1) 1) = 24(x, y) {x,1)*1
for any ¢ € ggoy, so that
“IJPQ o} FQP = lTQV\Pl’

Therefore, Wpg |y p1 is surjective onto TpV \ P+ and hence an isomorphism, and
Top on TpV \ P+ gives the inverse of Wpp.
(3) If I'y () = O with £ € gooy \ {0}, then

(x, [t1e])x + 3(x, 1)[ttx] = 12(x,1)%t = 0

by the direct sum decomposition g; = goox @D gooX, so that (x,7) = 0 because
t # 0and (x, [ttt]) = Obecause x # 0. If [tt7] # O then w([¢¢¢]) = 7w (y) by The-
orem A(3), so (x,[ttt]) would not be zero (by our assumption (x, y) # 0), and
this is a contradiction. Thus we have [¢t¢] = 0. O
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REMARK D2. The morphism Wpp: V \ TpV — T,V is not necessarily surjec-
tive. In fact, for any P €V, if g is of type G, then: P+ is the osculating plane to
the twisted cubic V € P3at P; VN P+ = {P}; and Wpo(V\TpV) = TpV \ Pt
forany Q e V with P # Q.

REMARK D3.  We have proved in the foregoing that W,,: V\ x* — gooy \ x 1 is
an isomorphism.

Added in proof. We give here another expression of the inverse map of the dou-
ble projection Wpg in Section 6 (see Theorem D). We first note that there is an
isomorphism of affine spaces,

L gooy Nnxt — ToV \ pt
defined by t(a) := m(a + y). Indeed, the inverse is given by
(x, )
(x,1)
for m(r) € TpV \ P*, where TpV = P(gooy) and P+ = P(x*). Now let
0: gooy Nxt — V be the composition of ¢ with the rational map [pp: ToV --»

V in Theorem D(2). Then p is the inverse of Wpy via ¢, and it follows from part (1)
and (4) of Proposition 3 that
(x,laaal)

Pl = ”( 22" " Ay

In particular, the Freudenthal variety V is equal to the closure of the image of the
affine space gooy N x* under the cubic Veronese embedding p.

TN () =

t —

laax] 4+ a + y).

7. Twisted Cubic Curves

ProPOSITION E.  Forany P € V3\V, and Q €V, if the secant line joining Q and

the contact point y (P) of Lp is not isotropic, then:

(1) Q€ Loy and ®3(Q) =y(P)eLp = L2 (g with both ®p(Q), P(0) €
V3 \Vz; and

(2) Lp N Lo,y =9, 50 Q, Pp(Q), dDI%(Q), and CD;’,(Q) are linearly indepen-
dent in P.

Proof. (1) Taket € gy and x € Vsuchthat () = Pand n(x) = Q,andset D :=
L(t,t) € goo; we have CD,’?,(Q) = m(D*x), and (x, [t1t]) # 0 by our assumption
that the secant line joining y (P) = mw([¢#¢]) and Q is not isotropic. According to
Theorem A(3), the unique tangent line Lp to V passing through P has a unique
contact point y (P). On the other hand, since g(¢) = 0, it follows from Proposi-
tion 6(1) and Proposition 4(2) that

3D%x = —8(x,t)[trt] + 8(x, [t11])1,
3D3x = 8(x, [rte])[rt1],
D*x = 0.
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Therefore, @;(Q) = m([ttt]) = y(P) and QDI%(Q) € Lp, so @%(Q) e T,pV.
Here we note that D3x # 0, since 3(x, D3x) = 8(x, [t¢t])*> # 0.
Now, similarly to the proof of Proposition 3(1), it follows from Lemma 2(2) that

0 = D(Dx x x) = D*x x x + Dx x Dx,

so that [(Dx)(Dx)(Dx)] = —[x(D?x)(Dx)]. By Lemma 3, part (1) and (2) of
Proposition 3, and Lemma 2(1),

[x(D*x)(Dx)] = —(x, D*x)Dx + 2(D*x, Dx)x
= (Dx, Dx)Dx — 2(D*x, x)x = —2(D3x,x)x # 0.

Hence [(Dx)(Dx)(Dx)] # 0 and ®p(Q) € TpV \ V. It then follows from Theo-
rem A(3) that Q € L, (). Moreover, it follows that

9D%x x D*x = 64(x, [t1t])*t x t # 0,

so ®2(Q) ¢ V. Thus, by Theorem A(3) we have ®3(Q) € Lp \V C T, p)V \ V2
and hence y (P) € Lq,IzJ(Q) = Lp.

(2) Since Lp - Ty(p)v, Lq)P(Q) - TQV, and Ty(p)v N TQV =0 (because
(x,[ttt]) # 0), it follows that Lp N L, gy = @. The linear independence of the
four points is thus a consequence of part (1). O

THEOREM E. For any P € V3\V, and Q € V such that the secant line joining

Q and the contact point y (P) of Lp is not isotropic (i.e., ToV N T, (py)V = 1), let

Ppg be the linear subspace of dimension 3 in P spanned by Q, ®p(Q), @%(Q)

(or, equivalently, P), and CD?,(Q) = y(P)—that is, spanned by Lp and L, ),

the unique tangent lines to V passing through P and ®p(Q).

(1) The intersection V NPpq is a twisted cubic curve in Ppg >~ P3 given explicitly
by the image of Lp under the cubic map I',(pyg:

VN ]PPQ = Fy(p)Q(Lp).

(2) The twisted cubic curve in this Ppy has the following properties:
(a) Lp and Lo, (o) are the tangent lines at y (P) and Q (respectively); and
(b) y(P)t N Ppy and otn Ppg are (respectively) the osculating planes at
vy (P) and Q, which are spanned by Lp and ®p(Q) and by Lo, ) and
<I>12, (Q), respectively.

Proof. Taket € g; and x € V such that 7(¢) = P and n(x) = Q, and set D :=
L(t,t) € goo as before. Since D*x = 0 (see the proof of Proposition E), using
Lemma 2(2) repeatedly yields from D*(x x x) = 0 that

D3x x x +3D%x x Dx =0,
4D x Dx +3D*x x D*x =0,
D3x x D*x =0,

D3x x D3x = 0.
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If z = Agx + AiDx + Ay D?%x + A3D3x with A; € C, then it follows from the
foregoing equalities that

7% z= (A —2xory)Dx x Dx
+2(AA2 — 3hor3)Dx x D%x
+ 1223 = 3MA3)D?x x D’x.
Here Dx x Dx, Dx x D2x, and D%*x x D2x are linearly independent. Indeed,
let A\Dx x Dx + uDx x D?x + vD?x x D?x = 0 for some A, i, v € C. Then,

applying D? to this formula, we obtain A = 0 because (a) it follows from our as-
sumption (x, [¢¢¢]) # O that

D*(Dx x Dx) =2D(Dx x D*x) = 1D*x x D*x #0

and (b) other terms are killed by D?. Therefore, uDx x D?x 4+ vD%x x D’x =
0. Again applying D to this formula, we similarly obtain = 0 and hence v = 0.
Thus, it follows that the intersection V N Ppy has defining equations

A3 —2hora = AAy — 3hoA3 = 243 — 3hA3 =0,

which is a twisted cubic curve in Ppp with the required properties, as is easily
shown.

We next demonstrate that V N Ppg = ' (pyo(Lp). If u = AD%x + D3x with
A, € C, then

T(p3ne @) = 3(x, D’x)*(22°x + 6X°uDx + 9Ap’D*x 4+ 9D x)
with 7 (D3x) = q)f,(Q) = y(P). Indeed, it follows that {x,u) = w(x, D3x) and

64 8
uxu=r1D>x x D’x = 3(x, [t11])%t x t = §A2<x,D3x)D,

so 3[uux] = 8A%(x, D3x)Dx, 3[uuu] = 813(x, D3x)D3x, and 3(x, [uuul]) =
823(x, D3x)% Since I'y(pyo(R) € V for any R = n(u) € P(CD*x + CD?*x) =
Lp by Theorem D, we have

Lypyo(Lp) SV N Ppg,

where Ppg = P(Cx 4+ CDx + CD?x + CD?x). Since both Iy pyo(Lp) and
V N Ppg are irreducible and closed subsets of [P and of the same dimension, it
follows that Fy(p)Q(LP) =Vn ]PPQ. [

REMARK El.  The morphism I' (pyp : Lp — Ppg is given by
i) > 2336320 9au? 1 9u?)
in terms of homogeneous coordinates with respect to the basis {D?x, D3x} for Lp

and {x, Dx, D?x, D3x} for Ppg.

REMARK E2. Set E := L(Dx,Dx) and F := [D, E] with D := L(t,t) as be-
fore, and denote by goopo the subalgebra of ggo generated by D, E, and F. Then
it follows that
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Table A1 Adjoint Varieties and Freudenthal Varieties

g X CP(g) 900 V C P(g))
sl, (P xPmhN (1) CP™? gl @sl, ,  PmiuPmd C panes
50, Gorlhog,(z; m) C P(Z)il sly @ 50,,_4 P! x me6 C p2m=9
2m+1
sy waP2t o p() P2 p C P23
¢ E¢(w2)* € P77 sl G(3,6) C P¥
€7 E7(w1)* C PP 5012 S5 = Gorthog (6,12) € P>~
eg Eg(wg)” € P ey E;(wg) € P
fa Fy(w)® < P 5P Giympt.(3,6) € P8
92 Gi(wy)’ € PP sl, v; P! € P?

Notation: We denote by “N (1)” the cutting by a general hyperplane and by v, the
Veronese embedding of degree d. We denote by G(r, m) a Grassmann variety of -
planes in C”, and by Gonog. (7, #1) and Gymp. (1, m) an orthogonal and a symplectic
(respectively) Grassmann variety of isotropic r-planes in C™. A simple exceptional
Lie algebra of Dynkin type G is denoted by g (as in [12]); a simple algebraic group of
type G is denoted simply by G; and for a dominant integral weight w of G, the mini-
mal closed orbit of G in P(V,,) is denoted by G (w), where V,, is the irreducible repre-
sentation space of G with highest weight w. For example, g, in the list is the simple
Lie algebra of type G, and G, (w>) is the minimal closed orbit of an algebraic group
of type G, in P(V,,,), where w; is the second fundamental dominant weight in the
standard notation of Bourbaki [6, Ch. 4-6].

[F, D] = 3(D’x,x)D,  [F,E]=—3(D,x)E,

so that ggopp is isomorphic to the Lie algebra sl,. Denoting by gipp the sub-
space of g; spanned by x, Dx, D2x, and D3x, we see that gipo 1s an irreducible
goorp-module of dimension 4 with

F(D*x) = (2k — 3)3(D’x,x)D*x,

and the twisted cubic curve V N Ppy = T, (p)o(Lp) is a unique closed orbit in
Ppo = P(g1po) under the natural action of the group of inner automorphisms of
goo with Lie algebra goopg.

Thus, for any P € V3\V, and Q € V with T,,(p)V N TpV = §, a subalgebra
gooro Of goo isomorphic to sl and an irreducible goopp-submodule gipp of g;
with dimension 4 are associated to P and Q. If g is of type G, then goopp and
g1po are (respectively) equal to goo and g; themselves.

Appendix: A Classification of Freudenthal Varieties

In Table Al we give a classification of Freudenthal varieties V in terms of the
root data of g. It would be interesting to compare V with the adjoint variety as-
sociated to g, since those varieties are closely related to each other. In fact, for a
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simple graded Lie algebra g = Y g; of contact type, denote by V the Freudenthal
variety associated to g (as before) and denote by X the orbit of the inner automor-
phism group of g through 7 (E) in P(g), which is the minimal closed orbit in
P(g), called the adjoint variety associated to g (see [16]). Then, according to [17,
Thm. B], we have V = X N P(g).
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