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Series of Lie Groups

J. M. LANDSBERG & L. MANIVEL

1. Introduction

One way to define a collection of Lie algebras g(¢), parameterized by ¢ and each
equipped with a representation V(¢), as forming a “series” is to require (following
Deligne) that the tensor powers of V(¢) decompose into irreducible g(z)-modules
in a manner independent of ¢, with formulas for the dimensions of the irreducible
components of the form P(t)/Q(t) where P, Q are polynomials that decompose
into products of integral linear factors. We study such decomposition formulas in
this paper, which provides a companion to [15], where we study the corresponding
dimension formulas. We connect the formulas to the geometry of the closed orbits
X(t) C PV(¢) and their unirulings by homogeneous subvarieties. We relate the
linear unirulings to work of Kostant [12]. By studying such series, we determine
new modules that, appropriately viewed, are exceptional in the sense of Brion [2]
(see, e.g., Theorem 6.2).

The starting point of this paper was the work of Deligne et al. [4; 6; 7] contain-
ing uniform decomposition and dimension formulas for the tensor powers of the
adjoint representations of the exceptional simple Lie algebras up to g®°. Deligne’s
method for the decomposition formulas was based on comparing Casimir eigen-
values, and he offered a conjectural explanation for the formulas via a categor-
ical model based on bordisms between finite sets. Vogel [23] obtained similar
formulas for all simple Lie superalgebras based on his universal Lie algebra.
We show that all primitive factors in the decomposition formulas of Deligne and
Vogel can be accounted for using a pictorial procedure with Dynkin diagrams.
(The nonprimitive factors are those either inherited from lower degrees or aris-
ing from a bilinear form, so knowledge of the primitive factors gives the full de-
composition.) We also derive new decomposition formulas for other series of Lie
algebras.

In Section 2, we describe a pictorial procedure using Dynkin diagrams for deter-
mining the decomposition of V ®*, In Sections 3 and 4 we distinguish and interpret
the primitive components in the decomposition formulas of Deligne and Vogel.

The exceptional series of Lie algebras occurs as a line in Freudenthal’s magic
square (see e.g. [10] or the variant we use in [15]). The three other lines each
come with preferred representations. Dimension formulas for all representations
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supported on the cone in the weight lattice generated by the weights of the preferred
representations, similar to those of the exceptional series, were obtained in [15].

In Sections 5—7 we obtain the companion decomposition formulas. A nice prop-
erty shared by many of these preferred representations is that they are exceptional
in the sense of [2]; that is, their covariant algebras are polynomial algebras. We
prove that, in some cases where this is not naively true, it becomes so when we
take the symmetry group of the associated marked Dynkin diagram into account.

In the course of revising the exposition of this paper, we ran across the closely
related article by Deligne and Gross [8].

1.1. NoTATION AND CONVENTIONS. For a given complex simple Lie algebra g,
we fix a Cartan subalgebra and set of positive roots. The highest root of g (resp.,
the sum of the positive roots of g) will be denoted & (resp., 2p).

Let V =V, be be an irreducible representation of highest weight A of g. To V
we associate a marked Dynkin diagram D (g, A), where we identify the nodes of the
diagram with the fundamental weights wy, ..., w,, and if A = ajo| + - - - + a, 0,
then we mark the node corresponding to w; with a;. We freely interchange the
terminology “marked Dynkin diagram” and “irreducible representation”.

Let D(f) C D(g) be a subdiagram. We define the border set of D(f) in D(g) to
be the nodes of D(g)\ D(f) adjacent to the nodes of D(f). If D(g, 1) is a marked
diagram where all the nonzero markings lie on D(f), we say that A has support on
D(f) and let W, denote the corresponding f-module.

If P denotes a partition of size k, we let Sp (V') denote the corresponding Schur
power, which can be considered as a submodule of V®k

The Cartan product of two irreducible modules V,, and V, is denoted V,,V, :=
Vitv C V, ® V,. For a given irreducible g-module V,, we let 6y, = (A,A +2p)
denote the Casimir eigenvalue for V with the normalization (&, &) = 2.

We use the ordering of the roots as in [1].

2. Diagram Induction and Shadows

The following proposition is a pictorial version of the classical induction proce-
dure from parabolic subgroups.

PROPOSITION 2.1.  Let g be a complex simple Lie algebra with Dynkin diagram
D(g), let D(§) C D(g) be a subdiagram, and let A be a weight of § that we also
consider as a weight of g (as explained previously). We let V.=V, (resp. W =
W..) denote the corresponding g-module (resp. f-module). Let P be a partition of
size k, and let w1, ..., w, denote the fundamental weights of g.

1. If C C Sp(W) (i.e., if the Schur power Sp(W) contains a trivial representa-
tion), then the corresponding Schur power Sp(V') contains an irreducible repre-
sentation whose weight has support exactly the border set B; that is, the support
is contained in B and every weight of B appears with a nonzero multiplicity.

2. More generally, if W, C Sp(W) is an irreducible submodule we write n =
kX — r, where  is a sum of simple roots of the root system of f. Consider ¥ as a
sum of simple roots of the root system of g, re-express W as a sum of fundamental



Series of Lie Groups 455

weights of g,V = ajw+ -+ a,w,, andlet 1 = kA — (a0 + -+ - + a,w,) de-
note the corresponding weight of g. Then 1) is a sum of weights from the border set
of § and the weight 1 considered as weights of g, and V occurs as a submodule
of Sp(V).

3. If My, ..., A are weights of fand if Wy, ® --- ® Wy, contains a trival repre-
sentation, then (a) V), ® - -- ® V,, contains an irreducible representation whose
weight has support exactly B and (b) the analogue of part 2 holds for irreducible
submodules W, C W, , ® --- @ W,.

ExampPLE. Let(g,V,) = (¢7,V,,) and let (f, W,) = (06, W,,,). Then, since S*w
contains the trivial representation, we have V,,, C S?V,,,.

*—O0—O0—O0—~0—=8

!

ExampLE. Consider V =V, = AXC" as a g = sl,-module. There is a natural
quadratic form on the h = sl4,-module A?? C*". Thus for all p < n the trivial rep-
resentation in S?(A*’C*) induces a subspace of SV, namely Veok_ap+orsay» and
these give us the full decomposition

Sz(AkCn) = Sszk = Vo, + Vwk72+wk+2 + Vwk74+wk+4 +oeee

Similarly, there is a natural symplectic form on A*?*!C**2, and the correspond-
ing subdiagrams recover the complete decomposition:

AZ(Ak(Cn) = AZVwk = Vo 1+o T Vwk—3+wk+3 e

What follows is a proof of Proposition 2.1 in terms of vector bundles; although it
has the advantage of being geometrical, this proof does not determine the support.

2.1. DIAGRAM INDUCTION VIA VECTOR BUNDLES. We explain the case of induc-
ing a representation from a trival module C C W; ® W, (the other cases are similar)
following the notation introduced so far (here W; = W, etc. in that notation). Say
C induces a representation U C V| ® V. Let p be the parabolic subalgebra of g
whose semi-simple Levi factor is §. Pictorially, D(f) is the subdiagram of D(g)
obtained by deleting the nodes corresponding to p, with the convention that p is
generated by the root vectors corresponding to the Borel and opposites of the un-
deleted simple roots.

Consider the rational homogeneous variety G/P C PU that is obtained by tak-
ing the projectivized orbit of a highest weight vector. We interpret diagram induc-
tion in terms of homogeneous bundles on G/P. First of all, U = I'(L); that is, U
is the space of sections of a homogeneous line bundle L over G/P, and each V;
is I'(E;) for some homogeneous vector bundle £; — G/P. (L is the tautological
(hyperplane) line bundle on G/P.)

The homogenous vector bundles on G /P are in one-to-one correspondence with
P or p-modules. Let W; denote the irreducible p-module inducing E; (i.e., E; =
G xp W;). Write p = | @ 3 @ n with | semi-simple, n nilpotent, and 3 the center
of the reductive part f @ 3.
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Observe that n acts trivially on W; because W; is an irreducible p-module and 3
acts by some character. We have a nonzero multiplication map

m: T(Ey) ® T(Es) — [(E; ® E,).

The occurrence of C in W; ® W, as an f-module extends to a (nontrivial) p-
submodule, where | and n act trivially and the new character for 3 is the sum of
the characters for W; and W,. Thus we obtain a line subbundle L C E; ® E»> and
the desired inclusion U = I'(L) € m(T'(E;) ® T'(E»)).

ExampLE. Consider (g,V) = (sl(W),V,, = A*W). Wehave U = V,,, 1., C
A%V, as mentioned before. Here G/P = Fy_ 4, the variety of partial flags
Ck! c CH! ¢ W, and E is the bundle whose fiber over (W;_;, Wiyy) is
det(W/Wii1) @ Wi/ Wi—i. (By our convention, we actually have I'(E) = V(:k s
not V,,,.) Then L = A’E has fiber det(W/W;. ;1) ® det(W/W;_;) and T'(A’E) =
VL:k—1+wk+1'

We will apply diagram induction to study AKV, SV, and SyV = Ker(S*’V @V —
S3V). We first review some notions of Tits.

2.2. Tits’s TRANSFORMS AND SHADOWS. For any simple Lie group G with a
fixed Borel subgroup, let S, S’ be two sets of positive roots of G and let Pg be the
parabolic subgroup generated by the Borel and the root subgroups generated by
—S. Consider the diagram

/ K
X = G/Ps X' = G/Pg:.

Let x’ € X’ and consider Y := ('~ !(x")) C X. Tits calls Y the shadow of x’ in
X. Then X is covered by such shadows Y. Tits shows in [21] that Y = H/R, where
D(H) = D(G)\(S\S’) and R C H is the parabolic subgroup corresponding to
S/\S.

2.3. SUBMODULES OF A¥V. We deduce the existence of submodules of A%V,
from marked subdiagrams of the marked Dynkin diagram D(g, A) that is isomor-
phic to D(ay_;, w;) via the trivial representation AFCF,

In [16] we showed that these subdiagrams describe linear unirulings of ra-
tional homogeneous varieties X = G/P C PV,. If the subdiagram is of type
D(ay—1,w1), we obtain a family of P*~Is on X that are linearly embedded and
hence a linear uniruling of X. In the simply laced case, all complete families of
linear unirulings are obtained that way.

To recover a component of AV, let Fy(X) C G(k,V) C P(A*V) be the Fano
variety of P*~!s in X sitting inside the Pliicker embedded Grassmannian. Our
uniruling defines a homogeneous component of F;(X), and hence, by taking the
linear span, an irreducible submodule of A*V. In Section 8 we determine the Cas-
imir eigenvalues of these spaces. It turns out that the linear span (F; (X)) of the
Fano variety is a Casimir eigenspace, with eigenvalue the largest possible.
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For k > 1, (F; (X)) is usually not irreducible. When it is reducible, one obtains
(pictorially!) distinct irreducible representations with the same Casimir eigenvalue.
This construction of representations in the same Casimir eigenspace appears to be
different from that in [11]. Some of the Casimir eigenspaces (IF; (X)) were found
in [24] via case-by-case checking. The authors were searching for such spaces
because a homogeneous space G/H with its standard homogeneous metric is Ein-
stein if and only if T;,;G/H is a Casimir eigenspace of H.

2.4. SUBMODULES OF S2V. We deduce the existence of submodules of S2V;
from marked subdiagrams that are isomorphic to D = D(0;,w;) or D(b;,w1),
thanks to the trivial representation given by the quadratic form.

In the case of such representations, the highest weight 7 of the induced rep-
resentation V, C S?V can be computed as follows (recall we already have its
support). Let W be the Weyl group of g and let the subgroup W(D) C W cor-
respond to the subdiagram D, so that W(D) is generated by the simple reflec-
tions corresponding to the nodes of D. Let Wi (D) C W(D) be the stabilizer of
A, and let W!(D) be the set of minimal length representatives of the cosets of
Wi(D) in W(D). Then W!(D) has a unique element w}) of maximal length, and
T =1+ wyh).

We will use the notation Vo = V; C S?V to denote a representation induced
from a subdiagram of quadric type. By Tits’s transforms, the closed G-orbit Xy C
PV, is a parameter space for a uniruling of the closed orbit X C PV by quadrics
(i.e., linear sections X N L that are quadric hypersurfaces in the projective space
L). We use the notation Q = X N L to denote these quadrics. In the language of
Section 2.2, these quadrics are the shadows of points in Xy on X.

PrOPOSITION 2.2.  Let V =V, be a fundamental representation of g such that
there is a subdiagram of quadric type b, or 0, and let Vo = V. denote the in-
duced submodule of S*V. Then the Casimir eigenvalues are related by Oy, =
20y + (A, A) — (dim Q + 2)(«,@)), where a denotes the simple root dual to A.

In particular, if g is simply laced and V = g is the adjoint representation, then
g = 2(05 — (dim Q — 1)(e, ).

Proof. We treat the case of 0;; the case of b; is similar. Label the nodes of D
as «y,...,a; and consider them as nodes of D(g) in what follows. Let o =
o+ 4o+ %(al_l + «;). Note that, with our normalizations, (o,2p) =
dim Q, (A,0) =1, and (0,0) = 1. We have T = 21 — 20, so
Oy, = 21 — 20,21 —20) + (21 —20,2p)
=2(0v + (A, 1) —4(r,0) +2(0,0) — (0,2p))
and the result follows. 0

Several such subdiagrams may exist, and each of them will provide us with a com-
ponent of S?V.

ExampLE. For every simple Lie algebra g whose adjoint representation is funda-
mental, S?g contains only g®, a trivial factor corresponding to the Killing form,
and factors of the form g¢ (of which there are at most three, or two up to a sym-
metry of the Dynkin diagram).
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ExampPLE. In the case of the subexceptional (see Section 5) and Scorza series
(Section 6), there is a unique Vp and S>V = V@ @ V.

ExampLE. Inthecaseof (E,,V,,) there are three distinct subdiagrams of quadric
type, but they furnish only a small part of S*V,,,.

Note that in this case a point of Xo C PVy C PS?V produces both a quadric hy-
persurface in PV * and a quadric section of X C PV.

There is another characterization of maximal quadrics on X = G/P C PV, at
least in the case of minuscule and adjoint representations. Let o (X) denote a
component of the set of points of PV \ X through which pass a family of secants
of X of maximal dimension. If p € o.(X) then its entry locus ¥, = {x € X |
dy € X — x, p € Xy} is a maximal quadric on X.

EXAMPLE. Letg =s0y andV =V, withl < k </—1. Here X = Gg(k,C*)
is the Grassmannian of Q-isotropic k-planes in W = C?/, where Q denotes the
quadratic form preserved by g. The two families of quadrics given by Tits fibra-
tions or diagram induction may be seen geometrically as follows: For the subdia-
gram corresponding to 50,24, choose E € Go(k — 1, W); then

g ={P €Gy(k,W), EC P C E*}~ Q%%

The second family comes from the a3 subdiagram. Pick E € Go(k — 2, W) and
F eGg(k+2,W). Then

ger ={PeGy(k,W), EC P C F}=~ Q>

We leave to the reader the pleasure of making the explicit correspondence with
the quadric hypersurfaces as before. The correspondance with o, (X) is straight-
forward: the line joining two distinct isotropic k-spaces U, U’ is contained in X if
and only if U and U’ meet in codimension 1 and U + U’ is isotropic. If this is not
the case, points on the secant line between U and U’ are contained in o, (X) if
either U or U’ meet in codimension 1 but U + U’ is not isotropic—in this case the
entry locus is gyny unless U, U’ meet in codimension 2 and U + U’ is isotropic,
in which case the entry locus is gy, v+v’-

2.5. LINEAR SYZYGIES AND SUBDIAGRAMS. Consider diagram induction when
f = a; with the trivial representation in W;, ® W;,. We obtain subrepresentations
of Vi, ® V;,, which we will denote (V;,V;,)aaa. Changing notation, write W, =
U, and W;, = W,;; then (U W) 444 has highest weight 7 = A + 4 — o where o =
o) + --- 4+ a; (here we have labeled the roots corresponding to the subdiagram
D(a;)). We can thus compute its Casimir as before.

Let V be a fundamental representation of a simple group G and let X C PV de-
note the closed orbit. Let S C S»;(V') denote the space of linear syzygies among
the generators of /(X), the ideal of X (which are of degree 2). We have S =
Sn(V)YN (I(X) ® V). (We should really consider X C PV ™ here, but our abuse
of notation is harmless.)

PROPOSITION 2.3. Let V be a fundamental representation, let X C PV be the
closed orbit, and let U C I,(X) be an irreducible component of the space of
quadrics containing X. Then (VU)aqq C S.
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Unfortunately we have no general proof of this fact, but it can be checked case
by case.

In the cases of the Severi and subexceptional series (see Sections 3 and 6, re-
spectively) we have equality.

3. The Vogel Decompositions

Vogel [23] has proposed a universal Lie algebra g([c, 8, y]) that allows one to pa-
rameterize all complex simple Lie superalgebras by a projective plane (over some
extension of the rationals) quotiented by &3. Evaluating at particular points, one
recovers all complex simple Lie algebras (and Lie superalgebras). He has given di-
mension and decomposition formulas for the irreducible modules in g®2, g® that,
independent of the existence of the universal Lie algebra, yield decomposition and
dimension formulas for actual Lie algebras.

In order to connect Vogel’s formulas to geometry, we break the &3 symmetry.
One reason for this is because inside S¥ g there is a preferred factor, the Cartan
power g©. This factor has the geometric interpretation of I;(X,4)", the annhila-
tor of the degree-k component of the ideal of the closed orbit X,; C P(g). For
example, g@ C S2g could be Y3, ¥;, or ¥, for Vogel (following his notation). We
fix it to be Y,. This has the consequence of normalizing Vogel’s parameter « to
be —(a, @), since according to Vogel we have 2¢ = 6, and 2(0; — @) = 2040 =
204 +2(a,a).

In Section 2.3 we discussed the factor go C S*g. Consider the largest subdia-
gram of quadric type. We break the remaining Z, symmetry by requiring that this
space be Y,. We obtain the following geometric interpretation of Vogel’s param-
eter 8, which follows from [23] and Proposition 2.2.

ProposiTIiON 3.1.  With notation as before, we have § = dim Q, where Q is the
largest quadric contained in the adjoint variety X C Pg obtained as a shadow (as
in Section 2.4).

ExaMmpLE. In the adjoint representations of Fu, Eg, E7, and Es, there is a unique
quadric type subdiagram of the marked Dynkin diagram (respectively of types B3,
Dy, Ds, and D7) and thus g = 5, 6, 8, and 12, respectively.

ExampLE. If there is a second unextendable family of G-homogeneous quadrics
on the adjoint variety (as is the case for the orthogonal groups), then this supplies
a geometric interpretation of y; namely, y is the dimension of a quadric in this
second family. However, for adjoint representations, this occurs only for the or-
thogonal groups, and in this case we always have y = 4.

Vogel describes three colinear collections of Lie algebras (in the sense that some
choice of inverse images of the points associated with the Lie algebras are colin-
ear in the projective plane). The three Vogel lines are the exceptional, Osp, and
S1. To these we add another line, the subexceptional series (see Section 5), which
lies on the line 2a0 — B+ y = 0.
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With these normalizations, we have:

o B Y
exceptional -2 m+4+4 2m+4
Osp: SO(m), Sp(—m) -2 m—4 4
Sl: Sl(m) -2 2 m
subexceptional -2 m m+4

In the exceptional series, the values of m are —%, 0,1,2,4,8 for G,, D4, Fy, Eg,
E7, Eg. The subexceptional lineis Aj, A} X A} X Ay, C3, As, Dg, E7 with parame-
term = —%, 0,1,2,4,8. Although A} x A; x Aj is not simple, one can check that
the Vogel dimension and decomposition formulas still hold. The subexceptional
line (unlike the lines Osp, Sl, and exceptional) is generic to order 3 in the sense
that none of the spaces that appear in Vogel’s decomposition formulas are zero in
g®*% (k < 3) except for the space Vogel labels X7, which is zero for all simple Lie
algebras. So, by comparing Casimir eigenvalues we can obtain geometric inter-
pretations for all the Vogel spaces. These interpretations (when such spaces exist)
persist for other algebras not on the line.

Here are Vogel’s decompositions along with our interpretation of the spaces (on
the second line of each equation). Recall our convention that V,,V,, = V,,,.

Ag=X & X>
=gDgy;
S2g=Y, 0V, ®Y,® X,
=gY @ g0 D go ®Cs:
Ng=X; 0 X;d X, ® X, 0 S’g
=909, 5’
$’g=2X,©X,®BOB ®B ' @Y;0Y,0Y/
=20® 00 B ggo ® g ® 9 G g @Y
Sug=2X, 02X, 0V, Y, ®Y/ ®BO®B ®B ' @CdC & C”
=29029:®9” @ oo Do ® B D ggp ®ggo D g2
® (990)aad D (990 aad-

We have written g3 = X3 @ X} since it is a Casimir eigenspace. We have no
interpretation for X4 (because it does not exist for actual Lie algebras) nor for B
(because it does not exist for the exceptional series and it is —g, for the subexcep-
tional series). The other decompositions can be deduced from these; for example,
Xi®X;=gQANg—g®g=(Sug® Ng) — (29 ® Ag).

The only space not yet explained is g,p2. It comes from diagram induction ap-
plied to a subdiagram in the Severi series, the distinguished representations in the
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second row of Freudenthal’s magic chart (see Section 7), since there is an invari-
ant cubic on the representation W. The subdiagram for g,p> in the exceptional line
is obtained by deleting the nodes for g and g5.

3.1. CoMPARISON WITH FREUDENTHAL’S MAGIC SQUARE. Normalizing o =
—2, Vogel’s formula for dim g is

_ B+y-—-DRB+y —HRy +B—-4)
By '

The triality model enables one to deduce the following two-parameter formula
for the dimensions of the Lie algebras occurring in Freudenthal’s magic square
(see [15]).

dimg

ProOPOSITION 3.2, Let g(a, b) denote the Lie algebra that Freudenthal associates
to the pair (A,B) of real division algebras of dimensions a and b, and let p =
a+4andq =b+4. Then

(ab+4a+4b —4)(ab+2a+2b)

dimg(a,b) =3 @+ Hb+ ) )
di _ 3(pg —20)(pq —2p —2q)
img(p,q) = v .

The (a, b) parameterization is natural from the point of view of the composition
algebras, whereas the (p, g) parameterization is more natural from the point of
view of Tits’s fibrations. That the (p,q) parameterization might be simpler to
work with was brought to our attention by B. Westbury.

4. The Exceptional Series

Using either Freudenthal’s perspective of incidence geometry [10] or the triality
model [15], one has four distinguished representations in the exceptional series—
denoted X, X,, X3, Y, in [6]. We refer the reader to [4] for the notation and the
decomposition formulas.

The spaces Y5, G* H*, I* Y, all contain virtual representations (i.e., negatives
of actual representations) for the larger algebras in the series, so it is not possible
to assign direct geometric interpretations.

The primitive representations are as follows: X; = g, ¥ = gg, C* =
(912)Aaa = S1, and F* = (C*@)paaa S S>. Here S1, S, denote the first and sec-
ond linear syzygies among the quadrics in the ideal for the closed orbit X,; C Py,
where in general, for an algebraic variety X C PV defined by quadratic polynomi-
als IZ(X) C SZV*, we let S] = (V*®12(X))0521V* and Sz = (V*®Sl)052nv*
be the first and second linear syzygies.

The other representations can be deduced from the primitive ones through Car-
tan products: Y, = g®®, A = gV, C = gg», D = Y;g®, D* = Y;g, E = gC*,
F=gY;,G=g0% H= g(zz), I =gg3,and J = 2*(2).
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5. Subminuscule Representations

Recall that a g-module V is called of type 0 if there is a (Z/mZ)-grading (allow-
ing the possibility of Z-gradings as well) of a simple Lie algebra [ such that g is
the semi-simple part of [p and V = [ for some k. It is of type-I 6 if k = 1 and
the grading is a Z-grading. We define a further subclass, the subminuscule repre-
sentations, where the grading of [ is minuscule (i.e., three step). Geometrically,
the subminuscule representations are the representations of semi-simple Lie alge-
bras occurring as the isotropy representation on the tangent space of an irreducible
compact Hermitian symmetric space; the type-1 6 representations occur as the sub-
modules 71 C Tj,G/P, where P is a maximal parabolic and T is the (unique)
irreducible P-submodule of T;,;G/P (see [16]).

In [16] we showed that, for subminuscule representations, the only G orbits in
PV are the smooth points of the successive secant varieties of the closed orbit X =
G/P C PV and, moreover, that the union of the secant P¥~!s, denoted o (X), is
such that its ideal is generated in degree k + 1 with I; ;0% (X) = L(X)* D =
(I(X) @ S¥1v*) N S¥1v* where I,(X)*~D is called the (k — 1)th prolonga-
tion of I;(X). Another way to phrase this prolongation property is that the spaces
of generators are the successive Jacobian ideals of the highest-degree space of
generators. In practice these spaces are quite easy to compute. Comparing with
[2], we observe that the symmetric algebra is free and that the prolongations of
I, (X) furnish all the primitive factors for the symmetric algebra. Thus we obtain
the following theorem.

THEOREM 5.1.  Let V be a subminuscule representation of a semi-simple Lie al-
gebra g. With notation as before and our convention V,V, = V.., we have a
uniform formula for the decomposition of the symmetric algebra into irreducible
g-modules:

o0 o0
Pristv =[Ja - /R
k=1 j=2

The product on the right-hand side is finite.

Here the orbit closures exactly provide the primitive factors for the symmetric al-
gebra. In general, the orbit closures will provide some but not all primitive factors;
see our examples of the subexceptional and sub-Severi series in Sections 6 and 7.

REMARK. A version of this result was apparently known to Kostant as the “cas-
cade of orthogonal vectors”.

ExaMpLE: THE ScOrRzA SERIES. Zak established an upper bound on the codi-
mension of a smooth variety X" C P"* of a given secant defect. (The secant
defect is the difference between the expected dimension of the secant variety of
X (min{n + a,2n + 1}) and its actual dimension.) He then went on to classify
the varieties achieving this bound, which he calls the Scorza varieties. They are
all closed orbits G/P C PV and give rise to the following two-parameter (m, n)
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series: (SL,,V,,), (SL, x SL,,V,,, ® W,,), (SL2,,V,,), and (E¢,V,, ), where
m is respectively 1,2,4, 8 and where m = 8 only for the n = 3 case. This series
is the second row of the generalized Freudenthal magic square (see [13]). In this
case the symmetric algebra is generated by the “determinant” (see [14]), which
has degree n, and the spaces of k x k minors. Here I,(X )%~ has highest weights
2Wn—k» On— + Nn—i, and wy, oy (respectively). We remark that dim V(m,n) =

n(n—1)
n+m——.

6. The Subexceptional Series

This is the series coming from the third line of Freudenthal’s square:
Ay, Ay X Ap X Ay, C3, As, De, E7.

Letm = —%, 0,1,2,4,8, respectively. Freudenthal’s perspective [10] or the tri-
ality model [15] uncovers three preferred irreducible representations, denoted V,
Vo = g, and V; in the listings that follow and of dimensions 6m 48, W,
and 9(m + 1)(2m + 3), respectively.

Let I'y be the automorphism group of the Dynkin diagram, and let I C I’y be the
subgroup preserving the marked Dynkin diagram (I' = G; forg = A} x A} X Aj;
I' = G, for g = As and is trivial otherwise). With the help of the program
LiE [5], we obtained the following decomposition formulas into (g x I")-Casimir
eigenspaces. Letting Vy = C yields, up to at least degree 6:

APV = Vop@Vap o @--- @ Vo,
AP = Vo @ Ve @ B V.

Note that V, and Vj are irreducible.

This decomposition coincides with the decomposition into primitives for the
symplectic form. In general, the decomposition of a symplectic g module W into
primitives is not Casimir-irreducible. Consider the primitives in the Ag-module
A (AC0) = C® Vw5 ® Visrwg- The last two factors consitute the primitive
subspace but have different Casimir eigenvalues.

In the last four cases of the series, V is exceptional in the sense of [2]; that is,
the algebra C[V']* of invariant regular functions on V* under a maximal nilpo-
tent subalgebra u of g (i.e., the covariant algebra) is a polynomial algebra. Such
an invariant is a highest weight vector of some symmetric power of V, which al-
lows one to decompose S*V into irrreducible factors for all k. The results of [2]
imply, again with our convention V,V,, = V,_,, that:

@tkskv =1-tV)y'a-rPgpla-*v)y'a—tH a1 - vy
k>0
As with the subminuscule case, the spans of generators of ideals of each orbit
closure in PV give primitive factors in S°V. In contrast, there is one additional
primitive factor, Vo, C S*V, which is also the primitive part of A>V. The pres-
ence of the primitive V, factor may be understood as follows: the symplectic form
o on V enables an equivariant identification V =~ V*. Polarizing the invariant
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quartic form gives a map g: S*V — V* ~ V. Finally, we obtain a natural map
s: S*V — V, by letting s(v*) = v A ¢(v?) mod w. This map is nonzero and ex-
hibits V), as an irreducible component of S*V.

The remaining decompositions for V ®* in degrees 3 and 4 are:

SV =VaCaVgdVVy

SV =V, ®2VP @29 VC O gV? @ gVr ® g, ® VoV P
SV =Co®2V,®gV? o VvC o 0 g? e V?;

SV =20V @gdVCDgV g DL B VV;.

Note that the only primitives up to degree 3 are C, g, and the V}, and the only new
primitives in degree 4 are Q and L.
The Casimir eigenvalues for the modules involved in these formulas are all of

the form % (a,b € Z) and are linear functions of (A, L) = ﬁ Here are the
Casimir eigenvalues:
g kOm+9) +3% k) _ Okm+(0k—k*) _ 2km+ (K +k)
ve = 8m+8 » RS sm+s8 YT T 2mty
12m+9 3m 2m+1
T 8m+8 T 2m+2 M7 m+l

The dimensions of these modules are rational functions of m with simple denom-
inators; see [15] for the dimension formulas with the exception of

_32(m+ DQ2m+3)(3m + 4)

dim C ;
(m+4)(m+ 6)
. @B —m)(m+1DC2m+3)Bm+2)Bm +4)
dim Q = ,
(m+4)2(m+6)
. 9@ —m)(m +1)2m +3)Bm +2)(3m + 4)
dim L = .

(m+4)(m + 6)(m + 8)

There is a geometric interpretation for the primitives C and L in terms of syzy-
gies. We lack a geometric interpretation for Q because it is empty for e; and does
not appear in the minimal free resolutions.

PROPOSITION 6.1.  Let Sy denote the space of linear syzygies of order k in the
minimal resolution of a subexceptional variety, beginning with Sy = I,(X). Then

S():g, S]ZC, S2=L.

The decompositions of g®> and g®* are as with Vogel’s formulas. Except in the
case of e (where it is irreducible), gz decomposes into two irreducible represen-
tations that Vogel calls X3 and Xj. Their dimensions have algebraic expressions
that are not rational in m. (In Vogel’s formulas, the expressions are not rational
in o, B, y either.) From Deligne’s perspective, g3 should not be considered a pre-
ferred representation because its dimension formula contains a quadratic factor in
its numerator:
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_@m+3)(3m +4)(O9m + 16)(m + 1) (18m? + 43m + 4)

dimg3 (m +4)3

We also have:
gV =VaCaoVvy,
d? @V =vg?®VaagC,
VO @g=gVP e VvPoVvv,eCcv?i
ANV, =VP @gaVCogV,®gm®L&VVs,
ANV =vP ggogV, o Vv,
SZV(Z) =CoV,® g‘/(2) o) V(4) oy g(2) o V2(2)’
Va@VP =v,0VP @gaVCagV? eg,®g oV, Vv @,
Voeg=V,0oVP @gaVCogV,® g dL,
VOP@ag=V, VP aVCagv?,
V@V =CoVgaV;eVV,aV,
VARV =VgaVvv,eVv® e Vs,
CRV=V®gdVCDgpdL O,
VgV =V, eVP@gaVCagV® ®gVr @ g ®g?,
ViQV =V, ®VCOgVa®g®LOVV3 D Vi,
VLoV =V, eVPevCcagvPag,aVvie V,v? e vy,
VOV =vPaegv?aeV,v®eov®,
Sv,=vPeviegv?eg?@2v,@CaCV.

The highest weights of the modules involved in the formulas just listed are shown
in Table 1. In the column corresponding to A; x A; X A; we use p to denote the
two-dimensional irreducible representation of I' = Gj.

The first two cases of the series deserve special care since they are slightly de-
generate; we discuss them in Sections 6.1 and 6.2.

6.1. BiNary Cusics. In the A case, Vo, = g® and there is no factor 1 — t*V,
in the denominator. Moreover, V is not exceptional because there is a relation in
degree 6 between the fundamental covariants (see e.g. [9]). We have

Ditsty = 1—1°v®
'StV = 5 5 e
et A= tV)( = 29)(1 — £3V) (1 — %)

6.2. 2x2x2HYPERMATRICES. Write A1 x A; x A; = sl(A) xsl(B) xsl(C), with
A, B, C ~ C?% We introduce the symmetrization operator ¢ on formal power series
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Table 1
A AP? C; As Dy E;
Vv [3] [1,1,11 [0,0,1] [0,0,1,0,0] [0,0,0,0,0,1] [0,0,0,0,0,0,1]
V, [4] [2,2,0] [0,2,0] [O,1,0,1,0] [0,0,0,1,0,0] [0,0,0,0,0,1,0]
Vs [3,1,11 [1,2,0] [1,0,0,2,0] [0,0,1,0,1,0] [0,0,0,0,1,0,0]
Vv, —[4] [4,0,0] [0,3,0] [0,3,0,0,0] [0,1,0,0,2,0] [0,0,0,1,0,0,0]
[2,2,2] [3,0,1] T[1,1,0,1,1] [0,0,2,0,0,0]
Vs  —[3] [2,1,1] [2,0,1,0,2] [1,0,0,0,3,0] [0,1,1,0,0,0,0]
[5,0,0] [1,2,0,1,0] [0,1,1,0,1,0]
Ve -—[0] —[4,0,0] [4,1,0] [2,1,1,0,1] [0,0,0,0,4,0] [1,2,0,0,0,0,0]
-[2,2,2] [2,0,2] [0,2,0,2,0] [1,0,1,0,2,0] [0,0,2,0,0,0,0]
[3,0,0,0,3] [0,2,0,1,0,0]
g [2] [2,0,0] [2,0,0] [1,0,0,0,1] [0O,1,0,0,0,0] [1,0,0,0,0,0,0]
9 [2,2,0] [2,1,0] [O0,1,0,0,2] [1,0,1,0,0,0] [0,0,1,0,0,0,0]
g3 [2,2,21 [3,0,1] [3,0,1,0,0] [2,0,0,1,0,0] [0,0,0,1,0,0,0]
—[4,0,0] [0,3,0] [1,1,0,1,1] [0,0,2,0,0,0]
C [11 [,nL11®pe [1,1,0] [1,1,0,0,0] [1,0,0,0,1,0] [0,1,0,0,0,0,0]
0 [0,0,0]® p [0,1,0] [1,0,0,0,1] [2,0,0,0,0,0]
L [2,0,0] [1,0,1] [O,1,0,1,0] [0,0,0,0,2,0]

with coefficients in (A; x A; x A;)-modules that associates to S°A @ S’B ® S°C
its complete symmetrization. For example,

#(S’A®B) = S’AQB®S’AQCPHS’BRIABSBRCHS’CRADS’CRB
and ¢ (S°A) = S°A & S°B @ S°C.

THEOREM 6.2.  The covariant algebra C[A ® B ® C1™*©? is a polynomial alge-
bra. More precisely,
1

koky,
g%t >V= d)(l —tV)(A = 2g)(1 — 3V)(1 — t4) (1 — t4V,)’

whereV =AQB®C,g=S’A® S’B® S*’C,and V, = > (A® B®C)/C =
S’A® S’B @ S?B® S*C @ S*C ® S°A.

Here we use the convention g© = S%*A @ $2*B @ SC, and similarly for V{".
Thus, although A ® B ® C is not exceptional in the sense of [2], it does become
exceptional when we take into account the G3-symmetry. Note that the genera-
tors of the symmetric algebra have the same degrees as in the other cases of the
subexceptional series.
The theorem is a consequence of the following lemma.

LEMMA 6.3. Let u(n;a,b,c) denote the multiplicity of Sp—4,4A ® Sp—psB @
Sp—c,cC inside S"(A ® B ® C). Suppose that ¢ > a,b and 2¢ < n. Then
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wu(n;a,b,c)
0 if c>a+b,
=1 E(“5) +1 ifc<a+bandn>a+b+c,

E(%th=¢) — Er(“tden) 41 if c<a+bandn<a+b+ec.

Here E(x) denotes the largest integer smaller than or equal to x, and E*(x) de-
notes the smallest integer greater than or equal to x.

Recall that irreducible representations of &, are naturally indexed by partitions
of n. We let [1] denote the representation associated to a partition A, following the
notation of [18].

By Schur duality, p(n; a, b, c) can be interpreted (in terms of representations
of symmetric groups) as the dimension of the space of &,-invariants in the triple
tensor product [n —a,a] @ [n — b, b] ® [n — ¢, c] or the multiplicity of [n — a, a]
inside [n — b,b] ® [n — ¢, c]. The behavior of the multiplicity of [n + A] inside
[n4+ n]®[n+v] as a function of n was investigated in [3; 18], where it was proved
to be nondecreasing and (for n sufficiently large) constant.

Proof of Lemma 6.3. We use a Cauchy formula (see [17]) for the symmetric pow-
ers of a tensor product:

Pi'siaeBeC)= P 1"S0sA® Sup(B®C).
k=0 a>b>0

Since A is two-dimensional, S, A = S a=bA as sl,-modules. Moreover, we can
write S, ,(B®C) = S“(BRC)®S"(BRC) - S*"'(BR®C)®S" (B (),
so we first compute

P “"’S.sARSBRC)®S" (B C)

a>b>0

= @ 1B b 1sA® SepB® S, 5B ® SusC®S, sC.

a=p,y>4
at+p>y+é

The last equality follows from Cauchy formula. Now the Clebsh—Gordon formula
implies that Sy s B® S, sB = S* PB®S"°B = Do<t<a—p.y—s So—pFry=i=2kp
Define the formal series P, , ,,(¢) by the identity

P S0 ARSBRC)R S (BRC)
a>b>0
= P Puw®SA®S'B®S"C,
u,v,w>0
and observe that the coefficient of ¢" inside P, , ,,(f) is equal to the number of
solutions of the system of equations in nonnegative integers:

n=a+p+y+34,
u=a+p—y-—34,
v=a+y—p—56-—2k,
w=oa+y—p—56—2l,
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withoe+8 >y +dand 0 < k,l <o — B,y — §. From these equations we first
deduce that u + v = 200 — 26 — 2k and u + w = 2« — 28 — 2/, which imply
that u, v, w have the same parity. Let 2r = u 4+ v and 25 = u + w, so that k =
oa—8—randl =a — 35 —s. Suppose that u > v > w, so that in particular r >
s. Then

Pu,v,u)(t) — Z tol+/3+)/+3 — Z t20t+2ﬂ7u

Y+s>a=>8+r a>s+r
5+5>p>0 8+s2p20
a+B=y+8+u B+s=8+u
v u+v—w 2w+2
_ My e ! (1 — 12042
__ 42 —_+2)2 EPY AN
1—1¢ iorar A8 1 —=1t%)?0A =14
B+s=8+u

A similar computation shows that

P “*SusA® ST (BRC)®ST(BRC)
a>b>0
= P Guunsa®5BS"C,

u,v,w>0

tu+1;—w+2(1712w+2)
(1=12)2(1—1%)

PrsiaeBec)= P

k>0 u,v,w>0

where Q. () = foru > v > w. Thus

tu+v+w72m(1 _ t2m+2)

SYA® S'B® SYC,
TS wIL®

with the notation m = min(u, v, w). The lemma is now just a transcription of this
formula. U

The lemma can be rewritten in the form
1
1-tA®BRC)1—-1rP*AQBRC)1—1%

@tkSk(A ®B®C) =

k=0

1 1 1
—1
x <1—t4s2A®s23 (1—t232A t 1258 )

1 1 1
-1
+ 1—-1*S?BQ® S2C (1 —128?B + 1—1282C )

1 1 1
-1
+ 1—14S2C ® S?A (1 —1282C + 1—128%A )

1 1 1
— — — 1},
1—1282A  1—12S?2B 1—1282C + )
and Theorem 6.2 follows.

6.3. ISOTROPY REPRESENTATIONS OF ORTHOGONAL ADJOINT VARIETIES. The set
of semi-simple parts of the isotropy groups for all fundamental adjoint varieties
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consists of the subexceptional series plus sl, x s0, actingon V = A® B =
C? ® C". This new case is quite similar to the previous ones, as shown in our next
result.

PROPOSITION 6.4.

@t"skv

k>0

1 1 1
_ —1).
(1 — lV)(l — le[l,l]B)(l — I‘SV)(] — l4) <1 — IZS[Q]A + 1— I4S[2]B )

Thus the covariant algebra C[V ]* is not a polynomial algebra as in the subexcep-
tional cases, although it has generators of exactly the same degrees. The fact that
we no longer obtain a polynomial algebra seems related to (a) the nonsimplicity of
g = S?A @ Sp;.1B and (b) the fact that V, = S B @ S?A ® Sy B partly comes
from g, since its second factor is just the tensor product of the two components of
g. Unlike the subexceptional case, the orbit closures here are not nested.

Proof of Proposition 6.4. The Cauchy formula gives

S“A®B) = @ SimA® SimB.
I>m>0
I+m=k
Here the Schur power S; ,, B is not irreducible as a so,,-module (its decomposition
into irreducibles can be found in [17]) and is given by

I,m
SimB = @ €2a,26).(p.g)Sp-a1 B>

a>b>0

p=q=0
where Sy, ;1B denotes the irreducible so,-module indexed by the two-part parti-
tion (p,q) and where the Littlewood-Richardson coefficient c(l’zrg,z,]),( g 18 the
multiplicity of the GL.(C)-module S; ,, C inside the tensor product S74,2,C®S), , C,
where C is some vector space having dimension at least 2. By the Littlewood—
Richardson rule, this multiplicity equals the number of triples of nonnegative in-
tegers o, B,y suchthat 0 < 8 <2a —2band 0 < y < «, wherel = 2a + «,
m=2b+B+y,p=oa+ f,and g = y. Letting a = b + ¢, we obtain

@ tkSkV — @ t4b+2¢-+a+ﬁ+yszc+a7ﬂ7yA ® S[a+ﬁ,y]B-

k=0 b,c,a,,y=0
0<B<2c¢,0<y<a

We let « = y + &, and for a we distinguish two cases: either 8 = 2p is even and
weleta=p+o,orf=2p+1lisoddand weleta = p + o + 1. Then

1
Drstv = 1— z4< D T 5205A @ Siyrsrap B
k>0

p,0,y,620

4p+204+2y+5+3
+ @ t° 4 Sza+s+1A®S[y+a+2p+1,y]B>,
0,0,y,620
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giving the rational expressions

@rkskv

k>0
_ 1+1°A® B
T (—tH(1—tA®B)(1— 128, A) (1 — 128y B)(1 — t4S B)
_ 1-1585,A® Sy B
T (1—-tA®B)1—tH)(1—13A® B)(1 —12S,A)(1 — 28,1 B) (1 — t4S12 B)

1 1 1
_ —1).
(1—tA® B)(1—1*)(1—1?A® B)(1— 125, B) (1—t252A + 1—t4Sp, B )
O

7. The Severi Series

Zak proved Hartshorne’s conjecture that a smooth subvariety X" C P4 not con-
tained in a hyperplane cannot have a degenerate secant variety if a < 7 + 2 and
then classified the boundary case. The answer gives rise to the series correspond-
ing to the second line in Freudenthal’s square:

Ay, Ay x Ay, As, Eg,

which we parameterize by m = 1,2, 4, 8. We could add the finite group &3 with
m = 0. (If m = 0 then the V defined below has the correct dimension, but g does
not.)

Freudenthal’s incidence geometries [10] or the triality model [15] distinguishes
two isomorphic representations of dimension 3m + 3. We choose one; call it V
and call its dual V* In fact V* = Vj = I,(X) with respect to our previous nota-
tion, where X C PV denotes the unique closed orbit. Though not singled out by
the triality model, g does occur as g = (VV™*)444 (i.e., as a space of linear syzy-
gies). Its dimension is dim g = w

Let I'y be the automorphism group of the Dynkin diagram, and let I' C Iy be
the subgroup preserving the marked Dynkin diagram (I is trivial except for g =
Ay X Ay, for which ' = &,). We obtain the following decomposition formulas
into (g x I')-Casimir eigenspaces:

ANV =V, 2<k<6;
gV =VaeVv;evgeJ;
SV =g®VV*®VV,;
SV =VaeV;,evevievgo Vv v,o VPV,
SRV =VeVvPevOvievie v,
SV oV @eVgdJ eV V,.

The Severi series is subminuscule, so Theorem 5.1 applies. There are only three
orbits:
Pstv=a-w)ya-rvyla-H)

k>0
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Table 2

A, AS? As Es

v [2,0] [0,1]1,0] [0,1,0,0,0] [1,0,0,0,0,0]
g [1,11 [1,1]0,0] [1,0,0,0,1] 10,1,0,0,0,0]
V., (2,11 [1,0/2,0] [1,0,1,0,0] [0,0,1,0,0,0]
Vs [3,0] [0,0]3,0] [0,0,2,0,0] [0,0,0,1,0,0]
[0,3] [2,0,0,1,0]
[1,1]1,1]
Ve [1,2] [2,0/0,2] [3,0,0,0,1] [0,1,0,0,1,0]
[1,0/1,2] [1,0,1,1,0]
Vs [0,2] [2,0]0,2] [4,0,0,0,0] [0,2,0,0,0,1]
[1,0/1,2] [2,0,1,0,1] 10,0,0,0,2,0]
[2,1]0,1] [0,1,0,2,0]
Ve 10,01 [0,0/3,0]1 [1,1,0,1,1] [0,3,0,0,0,0]
[0,3]0,0] [3,0,1,0,0] [0,1,0,0,1,1]
[1,1]1,1] [0,0,0,3,0]
J [0,1] [1,0]0,1] [2,0,0,0,0]

The Casimir eigenvalues for these modules are all of the form ”’g;b (a,b e Z)
and are linear functions of (A, 1) as before. The dimensions of these modules are
rational functions of m with simple denominators. The formulas can be found in
[15] except for V; (which is obvious), g (given already), and

_3m+1)@—m)Bm +2)
T 2m+H(m+6)

As explained in Section 2, g C S is a subspace of the space of linear syzygies
of X C PV. In fact, more is true.

dim J

PROPOSITION 7.1.  Let S; denote the chain of linear syzygies in the minimal res-
olution of a Severi variety, beginning with Sy = I,(X). Then

S():V*, S1=g, 522.].
The highest weights of the modules involved in the decomposition formulas are
given in Table 2. Note that, for A?z, each time a representation occurs its mirror

occurs as well, which we supress in the list. In particular, the adjoint representa-
tion is not irreducible.

8. The Severi-Section Series

This is the series of the first line in Freudenthal’s square:
Ay, Ay, C3, Fy.

Againlet m = 1,2,4, 8, respectively. This series does not correspond to a line
in Vogel’s plane, but B = Aj, A, C3 are on a line with parameters of (7m — 8§,
—2m,4) for m = 1,2,4. In particular, the sum of these coefficients is Sm — 4,
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Table 3

Al A2 C} F4

[4] [1,1] [0,1,0] [0,0,0,1]
g [2] [1,1] [2,0,0] [1,0,0,0]
V., [6] [3,0] [1,0,1] [0,0,1,0]

which is precisely the denominator in the Casimir eigenvalues (see below). There
is a distinguished g-module V of dimension 3m + 2.
We have a uniform decomposition

AV =gaV,,

where the presence of both factors is easily understood: the first because g preserves
a quadratic form on V and thus lies in so(V ); the second by diagram induction.

Let I'y be the automorphism group of the Dynkin diagram, and let I' C Iy be
the subgroup preserving the marked Dynkin diagram (T is trivial except for g =
A, for which I' = G;). We obtain the following decomposition formulas into
irreducible (g x I')-modules.

ProrosiTION 8.1.  Let ¢, =1 form =1and ¢,, =0 form = 2,4,8. Then

fok 1—6,tV®
Z’ sty = . . . —
= (1—tV)(A = 12)(1 = £2V)(1 — £3)(1 — £3V,)

All the generators except V; and the quadratic form are generators of ideals of or-
bits. The presence of V, can be understood as follows: The polarization of the
cubic invariant gives a map r: S’V — V* ~ V (and hence a map s: S3V —
V) by letting s(v®) = p(v,r(v)), where we identify V =~ V* using the qua-
dratic form.

For m = 4 or 8, the representation V is again exceptional in the sense of [2],
whose results imply the proposition in those cases. For m = 1 the invariant algebra
C[V]8 is free, but there exists a (unique) relation in degree 6 between the funda-
mental covariants in C[V ]*. This is the classical case of quartic binary forms (see
[9] and references therein for covariants of binary forms).

The Casimir eigenvalues for these modules are all of the form ZZJ_’Z (a,beZ)
and are linear functions of (A, X). We have

_ 3m(Bm +2)
- m+4
highest weights are given in Table 3.

dim . = (Mt DCm - d0m 4 1),
’ i 2(m +4) ’

dim

8.1. THE ADJOINT REPRESENTATION OF sl3. The case m = 2 deserves some ex-
planation, since V) is irreducible as a (g x I")-module yet has two components as a
g-module: V, = V3,, @ V3,,, and the nontrivial element of I' = Z /27 permutes
the two components. The expression for V; should be understood as
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> kst

k>0

1 1 1
_ —1).
A= tV)A—12)(1 — 2V )(1 — £3) <1 — 13V34, + 1= 13V34, )

Note that (1—13V3,) '+ (1=13V3,,) =1 = 1+Y" o t*(Vakew, @ V3ka,), s0 that
the preceeding identity means that sl3 is exceptional in the sense that C[sl3]**!
is a polynomial algebra, although C[sl[3]" is not.

We briefly explain how one obtains the generating function g, (¢) for the sym-
metric powers of s(3. If U denotes the natural three-dimensional module, first note
that U* @ U = sl3 @ C and so g.(,(t) = (1 — t)gu+eu (). Again the symmetric
powers of a tensor product are given by the Cauchy formula:

SKU*®U) = Z Satbvrebre,cU ® Satpiebre, U™
a+2b+3c=k

But as sl3-modules, So+p+c,b+c,cU* = Satp,5U* = Satp,4U, and we have

! 2b

8si3(1) = =73 Z 1S ,aU @ SatppU.
a,b>0

Now we use the Littlewood—Richardson rule to compute these scalar products (we

refer the reader to [19] for the statement and for terminology we use in the se-

quel). Following this rule, the irreducible components of S,y .U ® S,4p,»U are

encoded by skew tableaux of the following type:

1[1]1]1]
11]1]2]2]2
1[2]2]2

We have a + b empty boxes on the first line, b on the second line. We add «;
boxes numbered 1 on the ith line (i = 1,2, 3) with total number a + b, and we add
B; boxes numbered 2 on the jth line (j = 2, 3) with total number a.

Moreover, there are two types of constraints. First we must get a semi-standard
skew tableau, which means that below a box numbered 1 there can be no box also
numbered 1, and below a box numbered 2 there can be no box at all. Therefore,

ar<a, ar+pPr<a-+a;, az=<b, a3+ pf3=<b+as.

Second, the word one obtains by reading the numbered boxes right to left and top
to bottom must be Yamanouchi (or a lattice word), which means that

B2 <a; and B+ B3 < a+a;.
When these conditions are fulfilled, we have
SatbrarbrartprastpsU C SUT @ U).

Recalling that a = o) + o + o3 and b = B, + B3, it is easy to see that this set
of inequalities actually reduces to

Br=<ai, oy <Pr+P3 Pr+283 < ar+2as.
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The first of these implies that we can write & = B, + u for some nonnegative
integer u. Then we have two cases.

If ap > B3, we let oy = B3 + v for some nonnegative integer v. Then the third
inequality is automatically true and the second one reduces to 8, > v, so that
B> = v + w for some nonnegative integer w. The s[3-module we obtain this way

is 52u+3u+2w+a3+ﬁ3,u+3v+w+a3+ﬂ3,a3+ﬁ3U = S2u+3u+2w,u+3v+w U, and the overall
contribution of this case is

Z t2”+3“+w+20‘3+ﬂ352u+3u+2w,u+3v+wU
u,v,w,a3, B3>0 1
(1 = 283U) (1 = 3S5U) (1 — tSuU) (1 = 2)(1 = 13)

Ifa; < B3, weletar = B3 — v for some nonnegative integer v; then the second
inequality is automatically true and the third one reduces to # > 2v, so that u =
2v + w for some nonnegative integer w. The sl;-module we obtain this way is

S4v+2w+a2+a3+Zﬂz,v+w+(x2+a3+ﬂ2,v+a2+(x3U = S3v+2w+2ﬁ2,w+/32Uv and the overall
contribution of this case is

Z Prredetetpag o wrsU
v,w,a2,03,82>0 1
(1 =13830)(1 = 12850 U) (1 = t2)(1 = 1)(1 — tSyU)’

Finally, we counted the case oy = B3 twice, whose contribution is easily calcu-
lated to be

}: Qutar+2a3+
T ﬂ2S2u+2ﬂ2,u+ﬂ2U

u,02,03,2>0

1
S (A =225U0)0 =01 =) (A = SyU)’
Putting together these three contributions, we easily obtain the expression we
claimed for the generating series gq(,(1).

9. The Highest Possible Casimir Eigenspace of AKV

Let V be a fundamental representation of a simple Lie algebra g with highest
weight A and Casimir eigenvalue 6y . Let o denote the simple root whose coroot
is Killing-dual to A. Define V;, € A*V to be the (possibly empty) subspace with
Casimir eigenvalue

Oy, == kOy + k(k — D[(A, 1) — (o, @)].

We expect that Vi, when nonempty, is the highest Casimir eigenspace in A¥V. We
will show that this is the case when V is minuscule; it is true when V' is adjoint by
[12], and we extend the claim to other fundamental representations in low degrees
in Proposition 9.3. Let k( denote the largest k for which V; is nonempty.

REMARK. In [12], a beautiful characterization of V; is given for the case when
V = g is the adoint representation: the components of g, correspond to abelian
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ideals of a fixed Borel b. Our answer in the general case is not as elegant, and it
would be nice to have a simpler characterization.

For the adjoint representations, kg is explicitly known. Also note that 65, = k,
as our formula predicts.

In the standard representations of classical series and the Severi series, we have
Vi = AV in low degrees. In the subexceptional series, in low degrees V; is the
primitive subspace for the symplectic form w; that is, A*V = V; @ (w A A*2V).
For the exceptional series, at least in low degrees, gy is the primitive part of Afg.
For example, A>g = g ® g, but the inclusion g — A?g is just the Lie bracket and
so the only primitive piece is g5.

Let W, denote the Casimir eigenspace of A¥V of maximal eigenvalue. The dis-
cussion of [12] implies that W, is decomposably generated—that is, its highest
weight vectors are all of the form v; A - - - A vy for some weight vectors vy, ..., Vg
of V. (Kostant considered only the case where V = g is the adjoint represen-
tation, but his arguments apply to any irreducible module.) Note that the set of
vectors vy,..., v is B-stable and, conversely, a B-stable set of vectors wedged
together furnishes a highest weight vector. Here B denotes the Borel compatible
with our choices.

We will call a B-stable set of weight vectors complete. We will also call the cor-
responding set of weights complete. A subset S of the weights of V is complete if
and only if, for all x € S and each § that is a sum of positive roots, if © + B is a
weight of V then p + 8 € S. Thus the problem of characterizing W is to charac-
terize which complete subsets of weights (possibly with multiplicities, bounded
by their multiplicities in V') determine a maximal Casimir eigenvalue.

Let H; be an orthonormal basis of the Cartan subalgebra of g and X a genera-
tor of the root space gg. Let ® denote the Casimir operator. We have (see [14])

OWi A Avg)

= ZHiHi(Ul A "'/\Uk)+ZXﬁX—ﬂ(vl A s A Ug)

BeA
=kOyvi A - /\vk—i—ZZZvl/\ SANHpp Ao NHpUpA - A
i<j
+ZZ VIA- - AXgUui Ao - AX_gUj A A g
pen iz Koo X-

In order to state the main result of this section, we define the diameter of a
subset S of the weights of V to be the minimal number § such that ||x — u'||> <
8(a, ) forall u, u' € S. The diameter of V is obtained for u = A and &’ = wo(1),
where wg denotes the longest element of the Weyl group. Thus, we easily com-
pute that 6 = i for the ith fundamental representation of A;; 6 = 2 for the natural
representations of C;; § = [ for the spin representation of B;; § = [I/2] for a spin
representation of D;; and § = 2, 3 respectively for the minuscule representations
of E¢ and E;. Note that when § = 2, any decomposably generated component of
AV has maximal Casimir eigenvalue.
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PROPOSITION 9.1.  Let V be a minuscule representation. Then the irreducible
components of A*V have Casimir eigenvalue less than or equal to 0y, . Those with
Casimir eigenvalue equal to Oy, are in correspondence with complete cardinality-k
subsets S of the set of weights of V of diameter at most 2. In the case of the mi-
nuscule representation of B;, we require additionally that the difference between
two elements of S cannot be a root strictly longer than «;.

Proof. Let U denote a component of A*V of maximal Casimir eigenvalue, and let
V] A - -+ A vg be a highest weight vector. Let ; denote the weight of v;, and sup-
pose that V is endowed with an invariant Hermitian product (-, -) such that the v;
are part of a unitary basis. Then the eigenvalue of the Casimir operator on U is

Oy = (@(vl/\~-~/\vk),v1/\~-~/\vk)
(X,gv[ N Xflgvj, v; N vj)
= k6 iy i .
BN TIDEDIND X5 Xy
i#] BEA i#]

Weight vectors of distinct weights are orthogonal, so (a) (Xgv; A X_gv;,v; A v})
can be nonzero only if ; = u; — B and (b) there exist scalars s and ¢ such that
Xgv; = sv; and X_gv; = tv;. Assuming this, we compute

stv; = SX_ﬁUj = X_,gX,gv,- = [X_ﬁ,Xﬁ]Ui + XﬁX_ﬁv,v.

The latter term is zero since, V being minuscule, X Eﬁvj = 0 [1, p. 128]. More-
over, we may suppose that [X_g, Xg] = Hp is the coroot of § [1, p. 82] and note
that in this case 2(Xg, X_g) = —(Hp, Hp); thus we have

<X3Ul' AR /\X,,gvj,v,- /\Uj) .

wi(Hp) = (i, B) = (i j — 1i)-

(Xp, X_p) (Hpg, Hp)
Hence
Oy =kby + Z(Muﬂj) + Z (Wispj — i)
i#] Hj—pi€A
=kOv+ D o)+ Y (a2 — ).
Hi— Wi EA Hji— i €A

Note that, since V is minuscule, the weights u; are all conjugate under the Weyl
group; in particular, they have the same norm as A. We shall need the following
observation.

LEMMA 9.2. Fori # j, either | — > = (@, ) and p; — p; € A, or
lies = il = 2(er, ) and i — iy ¢ A.

Proof. We may suppose that u; = A, since the Weyl group acts transitively on the
weights of V. Since 2 is the highest weight of V, we can write pu; = A — )", ngay
for some nonnegative integers n, where the o, are the simple roots. Because X is
fundamental, it is orthogonal to every simple root except « = «; (say) and we get
(is ) = A, ) —ny(, 0p) = (A, A)—ny (e, 00)/2, hence || —pill* = ny(a, ).

Suppose that n; = 1. The highest weight of V after A is A — «. Since every non-
zero weight of V is obtained by a sequence of simple reflections in A, there is a se-
quence v; (1 <i < k—+1) of weights of V suchthat: vg = A; v = s,(A) = A — «;
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v; = u; for some ¢; and vy = sg, (vx) for some simple root B, which is differ-
ent from « if k£ # 0 because n; = 1. But then sg, (A — Vi) = A — Viy1, SO L — vy
is a root if and only if A — v44 is also a root. Since A — v| = « is indeed a root,
we conclude that p; — p; = A — v, is aroot. This argument is reversible, proving
the lemma if we remember the formula ||u; — ,uj||2 =n;(a,a). O

To conclude the proof of Proposition 9.1 we need only (a) choose, for each pair
Wi, 4j, an element w of the Weyl group such that w(u;) = A and (b) define the in-
teger n; ; to be the coefficient of A — w( ;) on the simple root . Then (., ;) =
(A,A) —n; j(a,a)/2 and we obtain the formula

v =kby + D (1) —nij@a)/2)+ Y (4 —ni ).
Hi— i ¢ A Hji—Wi€EA
The n; ; are all positive, and they are at least equal to 2 in the first sum. We con-
clude that (©(vy A -+ A vg),v1 A -+ A vg) will be maximal when n; ; is always
equal to 2 in the first sum, meaning that two weights whose difference is not a root
have the square of their distance equal to 2(«, o) and always equal to 1 in the sec-
ond sum (which means that their difference is a root not longer than «). Then we
have 6y = kOy + k(k — 1)((,,A) — (o, @)), and the proposition is proved. O

It is clear from Proposition 9.1 that, in general, Vj is nonzero when k is not too big,
but the maximal integer k for which this is true is not so easy to compute. At least
we can say that ko can be quite large. Indeed, for the ith fundamental representa-
tion of Ay, the set of weights u; y = w; —¢;+e 1 < j <1i,i <k <I+1)form,
with w;, a set of weights with the required properties, so that kg > i({l + 1 —i).
We suspect that kg = i(I +1—i) + 1 in that case, but we have not proved it. Note
also that the number of irreducible components in V; can be arbitrarily large, as
easily follows from the proposition.

A nice consequence of the fact that Proposition 9.1 holds for the fundamental
representations of A; is that we can extend its validity, as follows.

PrROPOSITION 9.3.  Let V be a fundamental representation of the simple Lie alge-
bra g. Suppose that the corresponding node of the Dynkin diagram of g is on an
Aj-chain in D(g), at distance at least k; from an extremity of the diagram. Then,
for k < ki + 2, it follows that 0y, is the largest Casimir eigenvalue of A*V, and
the irreducible components of Vi can be described in exactly the same way as in
Proposition 9.1.

Proof. Anirreducible component of A¥V with maximal Casimir eigenvalue is de-
composably generated, and hence it is generated by the wedge product of weight
vectors whose set of weights form a complete subset of the set of weights of V.
Moreover, there are at most k distinct weights in this set (possibly fewer if V has
weights with multiplicity > 1). But for k < k| + 2, every weight of a complete
k-set of weights of V is of the form A — 6, where 6 is a sum of simple roots cor-
responding to nodes on the A;-chain only and such that A — 6 is also a weight
of the corresponding fundamental representation of A;. Indeed, we know that the
weights of V are the weights of the convex hull of the translates of A by the Weyl
group, which are congruent to A modulo the root lattice.



478 J. M. LANDSBERG & L. MANIVEL

We can obtain the translates of A by applying successively the simple reflec-
tions of the Weyl group so that the distance to A increases (if we measure that
distance by the sum of the coefficients of the difference, expressed in terms of
simple roots). At the beginning of this process, the simple reflections involved
are those associated to nodes of the A;-chain only, and the weights one obtains
are formally the same as for the corresponding fundamental representation of A;.
More precisely, this is the case until we do not apply more than k; 4 1 simple re-
flections. Moreover, we obtain no new weight by considering the convex hull of
those, and we conclude that the weights of V, at a distance at most k; 4+ 1 from
A, are formally the same as those of the corresponding representation of A; and
with the same multiplicity (of 1). The scalar products of two such weights can be
computed in terms of (A, A), (o, ), and a part of the Cartan matrix that involves
only the A;-chain; the computation thus is formally the same as in the weight lat-
tice of A;, so the computation of the Casimir eigenvalue of a k-set of weights will
again be formally identical. Finally, since we need only consider the same k-sets
of weights and same Casimir eigenvalues as in the A;-case, the conclusions of the
Proposition 9.1 for the fundamental representations of A; directly apply to V, fin-
ishing the proof of Proposition 9.3. O

Returning to geometry, we arrive at the following statement, which could also be
deduced from [13].

COROLLARY 9.4. Let V be a fundamental representation of g, and let X C PV
be the closed orbit. If the Fano variety Fi(X) of all P*~Vin X is nonempty then its
linear span (Fy (X)) is contained in Vi, and in this case Vy, is the highest Casimir
eigenspace.

Proof. We know from [16] that the closed orbits in F; (X)) are in correspondance
with marked subdiagrams of type (a;_;, w;). By Proposition 9.3, such subdia-
grams detect components of V; C AFV. O

We can be more precise for k = 2.

COROLLARY 9.5. Let V be a fundamental representation of g. Then V, is irre-
ducible and coincides with (F1(X)), the linear span in A*V of the set of lines
contained in the closed orbit of PV.
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