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Blow-up of Positive Solutions for a Family
of Nonlinear Parabolic Equations
in General Domain in RV

MAHMOUD HESAARAKI & ABBAS MOAMENI

1. Introduction

We consider the following nonlinear parabolic problem,

Uy — Au = F(u,vu), x€,t>0 (1.1)
u(t,x) =0, x €092, (1.2)
u(0,x) = uo(x), x €9, (1.3)

where 2 is a bounded (or unbounded) and sufficiently regular (say, uniformly
regular of class C?) open domain in R, F € C'(R x RV), and u, satisfies the
compatibility condition (i.e., ug(x) = 0 on 92). It is well known that the problem
(1.1)—(1.3) admits a unique classical solution u, of maximal existence time T* €
(0, 0o], when € is a bounded domain and uo(x) € C1{(Q) [14, Thm. 10, p. 206].
Moreover, if T* < oo, then u blows up in finite time in C ! norm; that is,
lim sup suplu(x,t)| + |[vu(x,t)| = +o0.
1=>T* xeQ

It is also known that if F(u,vu) = b|vul|? +au? (p > 1,q > 1, and a,b € R)
then (1.1)-(1.3) admits a unique, maximal-in-time solution u € C([0,T*);
WOI*S(Q)) for all sufficiently regular initial data. For example, uo € Wol’S(Q)
with s > N max(p,q) when 2 is an unbounded domain. Moreover, if T* < oo
then limr_>T*||u(t)||W01»00(Q) = 00Q.

The foregoing two regularity assumptions on ¢ will be maintained throughout
the paper.

The equation

u, — Au=|vul?, t>0,xe, p>1, (1.4)

serves as a typical model case in the theory of parabolic partial differential equa-
tions. In fact, it is the simplest example of parabolic PDE with a nonlinearity
depending on the first-order spatial derivatives of u, and it can be considered
as an analogue of the extensively studied equation with zero-order nonlinearity,
u, — Au = u|u|P~". This equation was studied by many authors in the past few
years [3; 4; 5; 6; 7; 8; 16; 17; 21; 22; 29].
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Assume that the initial data is given by uy = Ay, where ¥ # 0 is a positive
function on 2. The authors in [1] and [29] proved that the problem (1.2)—(1.4) for
p > 2 cannot admit a global solution whenever A is sufficiently large and 2 is a
bounded domain.

The first aim of the present paper is the study of the problem (1.2)—(1.4) for un-
bounded domains. In fact, for p > 2 and ug = Ay (¥ # 0 with A sufficiently
large), we shall prove that the finite-time blow-up occurs whenever Poincaré’s in-
equality is valid in WOI’I(Q); that is:

vl < CEDIVVllig Yve Wol’l(Q),

and there exist some positive functions ¢ € WOI’OO(SZ) such that, for § = ﬁ and

_ 1
1
/ ——dx < o0.
o ¢(x)°

=N
REMARK 1.1. Here we should mention that the foregoing conditions hold for
every bounded domain. In fact, if ¢ is the first eigenfunction of the —A operator
in H(l)(SZ), then ¢ € W>2(Q) N WO]’OO(Q) and we can choose ¢ such that ¢ > 0 in
2. Furthermore, the author in [29, Lemma 5.1] proved that

f ¢ “(x)dx = C(a,R2) <00 Vae(0,1).
Q

Moreover, these conditions may hold for some unbounded domains. For example,
if we take

Q={(x,y) | 1xl <1, |yl <3x* = 8x2+6}U{(x,y) | x| > 1, |y| < 1/x%)
CR?

and choose
(1/x* = [yDet= =D x| > 1,

¢(x,y) =
3t =8x2+6 -1y, Ix[ <1,

whenever p = 3, then the conditions hold for this unbounded domain.

In the case of F(u,wvu) = b|vul|? +auf (g > 1, p > 1), several authors have
studied the existence of nonglobal positive solutions and blow-up under certain
assumptions on p, g, N, a, b, and Q (see e.g. [2; 10; 11; 12; 13; 17; 18; 23; 24; 25;
26; 27; 28; 31]). The author in [29] and [28] recently introduced some open prob-
lems about boundedness of global solutions and blow-up in finite time for these
types of equations. The second aim of this article is to consider these problems.
In fact, we prove the following statements.

(i) If a > 0 and b > 0, we show that blow-up in finite time occurs for large
values of initial data in every regular domain in R¥.

(ii) Ifb > 0,a < 0, |a| < 1,and Q = (—1,1) is an interval in R, we show that
either blow-up occurs or global solutions are unbounded for large values of
initial data.
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(iii) Ifa > 0, b < 0, and €2 is bounded, we show that the solutions decay expo-
nentially whenever the initial data is small.

In Section 2 we establish the blow-up for the equation u, — Au = F(vu). In
Section 3, we study blow-up in finite time and global solutions for the equation
u, — Au = b|vyul|? + auf.

2. Blow-up for the Equation u;, — Au = F(vu)

In this section we consider the problem

u, — Au = F(yu), xe€, t>0,
(x,0) =uog(x), x€Q, (2.5)
u(x,t) =0, x€oaf2, t >0,

where Q is a (possibly unbounded) domain in RY. At first we assume that F(vu) =
|vu|?. In [29] it was shown that the nonnegative solutions of (1.2)—(1.4) for p >
2, blow up in finite time for large values of initial data whenever 2 is a bounded
domain in RY. We recall this theorem here.

THEOREM 2.1.  Let Q be a bounded domain with smooth boundary (say C*) and
let ¢1 > 0 be the first eigenfunction of the — A in H})(Q). Assume that p > 2 and
consider the problem (1.2)—(1.4). There exists Ko = Ko(2, p) > 0 such that, if
fQ uog(x)p1(x)dx > Ky, then gradient blow-up occurs.

We now extend this theorem for regular domains that are possibly unbounded.

THEOREM 2.2.  Let Q be a uniformly regular domain of class C* in RN with p >
2andug = M (Y £ 0, ¥ > 0), and consider the problem (1.2)—(1.4). Assume
that Poincaré’s inequality holds in WOI*I(Q) and there exists some positive func-
tion g € Wy () such that [(1/¢(x)°) dx < oo for § = ﬁ and 8 = ,%N Then
there exists a K = K(2, p, ¢) such that, if A > K, blow-up occurs.

Notice that these conditions on €2 hold for every bounded domain and may also
hold for some unbounded domain (see Remark 1.1).
For the proof of Theorem 2.2 we need the following lemma.

LEMMA 2.3. Let the conditions of Theorem 2.2 hold. Then:

(i) u() e Wol”'(Q) forallr > 1;
(ii) there exists a constant C = C(2, ¢, p) such that

p
(/ u¢>dx> < Cf|vu|”¢dx.
Q Q

Proof. (1) Since u(t) Wol”(Q) for r > pN [30, Props. Az & A4], it is sufficient
to show that u(¢) € WOI”(Q) for 1 < r < pN. By Holder’s inequality we have
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1/s 1/s'
/udx = f upf oV dx < (/ us¢dx> (/ (j)“’//‘Y dx) ,
Q Q Q Q

where 1/s 4+ 1/s" = 1. On the other hand, if s = pN + 1 then u € W,**(2); more-
over, ¢ € Wj>°(Q) and [, ¢ dx < 00, s0 Jqudx < oo. Consequently, u €
LY (Q) N LPN+1(Q). Hence u € L"(R) for 1 < r < pN. By using a similar argu-
ment, we can show that |[yu| € L"(2) for 1 < r < pN. Therefore, u(t) € WOI”(Q)
for1 <r < pN.

(ii) First of all, notice that

1/p ) 1/p’
f|vu|dx =[|vu|¢‘/”¢>—“f’dx < <f|w|”¢dx) (/ ¢—"/de)
Q Q Q
1/p
§C1</Ivu|”¢dx) ,

where p’ is the conjugate of p and C; = Ci(2, ¢, p). By using Poincaré’s in-
equality in Wol’l(Q), we have

/wdx < ||¢||oo/ wdx < ||¢>||oof|vu|dx
Q Q Q

1/p
§||¢||oocl</ﬂlvu|”¢dx> .
p
(/u¢dx> SC/IWI"Mx,
Q Q

where C = C(2, ¢, p). O

Hence

Now, we can prove Theorem 2.2.

Proof of Theorem 2.2. Let us first assume that ug € C2(2). By Propositions
Az and A4 in [30], it follows that for every finite r > pN we must have u €
C([0,T*), L"(R2)) and u(t) € W)"(Q) N W27(Q) for all € [0, T*).

Let Z(t) = fQu(t,x)(b(x) dx and T} = min(l, T7*/2). Using integration by
parts, we obtain

Z/(t)+/ vu.v¢dx=/|vu|”¢dx, te(0,Ty). (2.6)
Q Q

By considering Holder’s inequality and Young’s inequality for the second term on
the left-hand side, we can write

/ vu.yo dx
Q
< [ Il 1l dx
Q

IA

1/p 1/p’
( / |vulPd dx) ( / lvo|” ¢ PP dx> (Hélder’s inequality)
Q Q

IA

1 r . .
E/|vu|”¢dx+C1 /|v¢|”¢ PIP dx  (Young’s inequality). (2.7)
Q Q
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Let M = C; [,|v¢|” ¢ P/P dx. Then (2.6) and (2.7) imply that

Z'(t) > %/|vu|p¢dx —M, te,Ty). (2.8)

On the other hand, from Lemma 2.3(ii) we have

/|vu|p¢dx > C2</u¢dx>p 2.9
Q

for some positive constant C,. From (2.8) and (2.9) we obtain
Z'(t) = C3Z(t)’ — M, t€(0,Ty), (2.10)

for some positive constant C3. Now if Z(0) > M + (2M/C3)"/?, then it follows
from (2.10) that M < (C3/2)Z(¢t)? for every t € (0, T}). Therefore,

C
AOE 7320)", t€(0,T)),
SO

C, 1/(=p)
Z(t) > |:(1 - p)7t + Z(O)1P:| , tel0,Ty). (2.11)

Consequently, the right-hand side of (2.11) becomes infinite for some finite val-
ues of ¢. By taking a larger value for Z(0) if necessary, we must have 7} < 1 and
hence T* < 2. By using continuous dependence of the solutions to the initial data
in W(}’J(Q) [30, Prop. A;], we can show that this result is true for all large values of
the initial data ug € WOI”(Q), r > pN. The proof of Theorem 2.2 is complete. [J

Here, we assume that the domain 2 has a finite Lebesgue measure. In this par-
ticular case it is possible to prove that, if p > 2 and ||ug|| 2p-v/p-2 (2) is large
enough, then blow-up occurs.

THEOREM 2.4. Let Q be a domain with finite Lebesgue measure and smooth
boundary (say C?), and let Poincaré’s inequality hold in WOI*” (). Assume that
p > 2 and consider the problem (1.2)—(1.4). Then there exists K = K(2,p) > 0
such that, if ug(x) > 0 and fQ ué(p_l)/(p_z) dx > K, then blow-up occurs.
Proof. Similar to the proof of Theorem 2.2, we assume ug € C2 (). Multiplying
equation (1.4) by u?/(?=2) and integrating over Q yields

/u,up/(”_z)dx+/ vu.vu”/("_z)dx:/|vu|”up/(p_2)dx.
Q Q

Thus
p__zi/ L2(P=D/(p=2) dx+/|vu|2u2/(p’2) dx
2p—1di Jg A,

=/|vu|pu”/(”_2) dx. (2.12)

For the second term on the left-hand side, we have
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flvu|2u2/“”2) dx
Q

2/p
< (/Ivulpu”/(p_z) dx) mes(2)?"2/7  (Holder’s inequality)
Q

1
< §/|vu|”u”/(”_2) dx + Cymes(2) (Young’s inequality), (2.13)
Q

where mes(€2) denotes the Lebesgue measure of the domain 2. Therefore, from
(2.12) and (2.13) we obtain

_p-2 4 fu2<P*1>/<P*2>dx + Cymes(Q) > l/|w|1’up/<l’*2>. (2.14)
2(p—Ddt\ Ja 2 Je

On the other hand, Poincaré’s inequality yields

/|vu|Pup/(p—2) dx = /|vu(p—1>/(p—2)|p dx > Cz(Q,P)/ uP(P=0/(p=2) 4,
Q Q Q

But y
P
/uz(p—n/(p—z) dx < (/ L PP=D/(p=2) dx) mes()(P- 2/,
Q Q

Therefore,

p/2
/|VM|PMP/(P—2) dx > C3</ u2(P=0/(p=2) dx) , (2.15)
Q Q
where C3 = C3(2, p) isapositive constant. By setting Z (1) = [, u*?=D/(P=2 dx,
from (2.14) and (2.15) we obtain
Z'0)+M=CiZ)"? 1€(0,TY),

for some constants M and C4 = C4(£2, p). Hence, for large values of Z(0), we

must have
Z'(t) > CsZ(t)P?, te(0,T)),

where T} = min(l, 7*) and Cs = Cs(£2, p). Similar to the proof of Theorem 2.2,
it follows that T* < 1 for all large values of initial data in WOI’V(Q), r>pN. 0O

In the previous theorems we showed that blow-up occurs for large values of initial
data. However, if we add some positive constant to the right-hand side of (1.4),

say,
u; — Au=|yul? +1, x€,t>0, (2.16)

then, by the following theorem, blow-up may occur for all uy > 0, ug £ 0.

THEOREM 2.5. Let Q2 and ¢ be exactly the same as in Theorem 2.2 and let u be
the nonnegative classical solution of (2.16), (1.2)—(1.3). If ug > 0 (ug # 0), then
blow-up occurs for large values of .

Proof. Similar to the proof of Theorem 2.2, we arrive at

Z'(t) = CZ@)? +k/ o(x)dx — M, t€(0,T"),
Q
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where Z(t) = fQ ¢ (x)u(t,x)dx and C is a positive constant. Therefore, if A >
M/( [, ¢(x)dx) then

Z'(t) > C1Z(1)P, t€(,T").

Now, since Z(0) > 0, Z becomes infinite at a finite time, which implies that T* <
0. O

REMARK 2.6. Notice that, when €2 is a bounded domain, each solution of the
problem (1.2)—(1.4) satisfies a maximum principle. Thus, the L°>°(£2) norm of the
solution remains finite as long as the solution exists. Since the solution blows up
in finite time for p > 2, it follows that some of its derivatives must be singular for
a finite time. Moreover, as noted by many authors, if F' depends only on yyu then
it follows (from the maximum principle) that the maximum values of |7u| must
be attained on the parabolic boundary. Therefore, in this problem we have

lim sup sup |vu(t,x)| = oo.
=T x€dQ

REMARK 2.7. All of the results of this section remain valid if u is a classical so-
lution of u; — Au = F(vyu) and F(su) > b|vyul|? for p > 2 and b > 0.

3. Blow-up and Global Solutions for the
Case F(u,vu) = b|vu|? + au?

In this section we consider the problem
u; — Au = blyul|’ +au?, xe€Q, t >0,
u(x,0) = up(x), x e, 3.17)
u(x,t) =0, x€ed, t >0,

where p > 1, g > 1,a € R, b € R, and Q2 is a regular (and possibly un-
bounded) domain in R". For this problem we show that, under some assumptions
ona,b,p,q, 2 and the initial data, the solutions can be global or blow up in finite
time. In order to start our work, we recall some results about the special cases of
this problem that have been considered before.

For the equation with zero-order nonlinearity,

u, —Au=ul, g>1, (3.18)

it is well known that L blow-up occurs for large (nonnegative) initial data if 2
is bounded. It is therefore natural to ask what happens if the nonlinearity involves
both zero-order and first-order source terms, such as

u; — Au = |yul? + uf, (3.19)
or if the zero-order term is an absorption term, such as
u, — Au = |yul? — uf. (3.20)

More generally, one may consider the equation
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u, — Au = |yul’ +ax)ul, xeQ, t>0, 3.21)

where a € C*(Q),0 < o < 1.
The author in [29] provided answers to some of these questions for a bounded
domain by the following theorem.

THEOREM 3.1. Assume that p > 2 and p > q > 1. Let u > 0 be the solution
of (3.21), (1.2)—(1.3) where uy = My (Y > 0, ¥ #£ 0). Then there exists Ay =
Ao(p,q,a,2,v) > 0 such that, for all . > Ay, gradient blow-up occurs.

Moreover, it was shown in [29] that the conclusion of Theorem 3.1 remains valid
when ¢ = p and ||a||« is sufficiently small (depending on p, 2, and ¥).
In this section, we have the following results related to the problem (3.17).

(i) If a > 0 and b > 0, we show that blow-up occurs for large values of initial
data in every regular domain in R,

(ii) If b > 0,a < 0, |a| < 1,and Q = (—1,1) is an interval in R, we show that
either blow-up occurs or global solutions are unbounded for large values of
initial data.

(iii) If a > 0, b < 0, and 2 is bounded, we show that the solutions decay expo-
nentially whenever the initial data is small.

Here is our first result.

THEOREM 3.2. Let Q be an open (bounded or unbounded) domain in RN with
smooth boundary, and leta > 0,b > 0, and p,q > 1. If u is the nonnegative so-
lution of the problem (3.17) with ug = Ay (Y > 0, Y £ 0) then there exists a
Ao = Ao(p,q,a,b, 2, ¥) such that, for all A > Ay, blow-up occurs.

Proof. Similar to the proof of Theorem 2.2, here we assume that ug € C C3 (€2). Let
Qo € Q be a bounded domain such that y» % 0 on g, and let ¢; > 0 be the
first eigenfunction of the —A operator in H}(20). Multiplying (3.17) by ¢ = ¢
(0 > p’,1/p 4+ 1/p’ = 1) and then integrating over Q, implies that

/ u,¢dx+f vu.yodx = b |vu|p¢dx+a/ ulgdx. (3.22)
Qq Qq Qo Qq

For the second term on the left-hand side, we have

/ vu.y¢ dx
Qo

< / |vulg'?¢p="7|v¢| dx
Qo

1/p 1/p
< < [vu|’¢ dx) < |v¢|p/¢_p//p dx) (Holder’s inequality)
Qo Q0

< b( |vu|”¢p dx) +C | |vel”'¢ PP dx. (Young’s inequality).
o o (3.23)
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Now, let Z(t) = fﬂo u(t,x)¢ dx. From (3.22), (3.23), and Jenson’s inequality
we obtain

ZO)+C | 1vel?'d " dx > aZ (1) . (3.24)
Qo

Since o > p’, we must have f90|v¢>|”’¢_”7” dx < 00. Let

M=C | |vgl”¢~"" dx;
Qo
then (3.24) becomes
Z't)+M=>aZ@). (3.25)

Similar to the proof of Theorem 2.2, it follows that T* < oo for all large val-
ues of initial data in Wol"'(Q), r > N max(p,q). This completes the proof of
Theorem 3.2. UJ

In the following theorem we obtain a more interesting result by taking Q = R”,
a>0,and b > 0.

THEOREM 3.3. Let Q = RY and a,b > 0. Let u > 0 be a solution of the prob-
lem 1Ty withug >0 mo#0). If 1l <g <14+2/Nand1 < p <1+1/(N+1),
then u is nonglobal.

Proof. Suppose that T* = 0o and ¢ € C°(RT x RY) is a function satisfying

/ /|g,|q;—q’/qudz<oo, / /|vg|"’g—l”/ﬂdxdt<oo, (3.26)
0 RN 0 RN

where 1/p+1/p’ = 1/q +1/q’ = 1. Multiplying (3.17) by ¢ (¢, x) and integrating
over Q = R* x RV gives

/ u, ¢ dx dt + / vu.v¢ dx dt = b/|vu|p{ dx dt + a/ uicdxde. (3.27)
0 0 0 0
Integrating by parts yields

—f u, dxdt+/ vu.v¢ dx dt
o 0

=b/|vu|”§dxdt+a/ ule dxdt—l—/ uo(x)c(x,0)dx. (3.28)
0 Q0 RN

For the first and second terms on the left-hand side of (3.28), we have

Q

< / ulg,|¢M9g ™ dx dt
o

1/q S 1/q'
(/ uilc dxdt) (/mqu/‘f dxdt)
0 0

‘5’ / ulc dx dt + C / 16,17¢797 dx dr  (Young’s inequality)  (3.29)
Q0 o

IA

IA
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and

/ vu.v¢ dx dt

0

< /|vu|c‘/”|vc|§*‘/’”dxdr
9

1/p ) , 1/p’
< (/Ivul”; dxdt) <[|v;|P;P/dedt>
0 Q

b ! !
< 5 /|vu|p§ dxdt + C2/|v§|” 7P dxdt  (Young’s inequality),
¢ ¢ (3.30)

where C; and C, are positive constants. Therefore, by (3.28)—(3.30) and using the
fact that uy > 0, we obtain

b a
—/|vu|p§‘dxdt+—/ ul¢ dx dt
2 Jo 2Jo
e / 16,172 dx di + C / VEP e P dxdr. (3.31)
0 0

Now, let ¢ € C®°(R™) be a decreasing function with 0 < ¢ < 1, r|¢p'(r)| < c
(c is a positive constant) for every r > 0, and

50) { 1 for r <1, 3.32)
r) = .
0 for r > 2.
Let )
t+
C(t,x)=¢”< R|2X| >, R>0, 0>1.

Using the change of variables 7 = ¢t/R? and y = x/R, we obtain
/|;,|q/§*q’/‘1 dx dt < cR"", /|vg|P’;*P’/ﬂ dx dt < cR", (3.33)
o o

where y; = —2¢’ + 2+ N and y, = —p’ + 2 + N. On the other hand, we know
thatl < g <14+2/Nand1l < p <14+1/(N+1),s0y; <0andy, < 0. Now,
if R — o0 in (3.31), then from (3.32) and (3.33) we obtain

b
—/|w|l’dxdt+‘—’fuqudr=o. (3.34)
2 Jo 2 Jo

Thus u = 0, which is a contradiction. O

For the case b > 0 and a < O the following theorem shows that the global solu-
tions are unbounded whenever € is a bounded interval in R'.

THEOREM 3.4. Let Q = (—1,1) be an interval inR'. Let g = p, b =1,and a <
O with |a| small. If u > 0 is the solution of the problem (3.17) withuy = Ay (Y >
0, v #£0)and p > 2, then there exists a Ao = Mo(p,a, 2, V¥) > 0 such that, for
all A > Ay, either blow-up occurs or T* = 0o and u is unbounded.



Blow-up of Solutions for a Family of Equations in RY 385

Proof. Suppose that T* = oo and u > 0 is global and uniformly bounded. Let

@(x) = /1 — |x|. Multiplying (3.17) by pe~" and integrating over @ = R* x
yields

/e_tlvulpwdldX—ka/ e 'ul o dt dx
01 Qi

:/ e_’bmpdtdx—f e 'ANu)pdtdx. (3.35)
[9]]

For the second term on the right-hand side of (3.35), v&i have
—/ e "(Awpdtdx = / e”'(vu).(vo) dt dx. (3.36)
Integrating by partsQ,lfor the first term on tlii right-hand side of (3.35) we obtain
/ e updtdx = / e updtdx — / uo(x)p(x) dx. (3.37)
01 Q1 Q

Therefore, by (3.35)—(3.37) we have

/e”|vu|”godtdx+af e 'uPodtdx
01 01

:/ e"mpdtdx—/ uo(x)(p(x)dx+/ e '(vu).(vo)dtdx. (3.38)
(o)} Q (o)1
On the other hand,
f e~ '(vu).(vo) dt dx
[

Sf \vullvele'Po Ve P~V dr dx
01

1/p ) ) 1/p’
< (/ e_’|vu|p<pdtdx> </ el PP |ye|P dtdx)
01 Q1

(Holder’s inequality)

1
< Ef e”"|vulPodt dx
0

+C/ ef’wfpl/p|v<p|p/ dtdx (Young’s inequality) (3.39)
01
and

/ e 'updtdx
[

= | up /PP et o=t gy dx
01

1/p 1/p’
< </ e 'uPpdt dx) (/ pe ' dt dx)
Qi 01

< % / e 'uPodtdx + C(a) (Young’s inequality), (3.40)
Q1
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where C(a) is a positive constant. Hence, from (3.38)—(3.40) we get

1 3
—/ e"lvu|”<pdtdx+—a
Qi 2

5 e_tu”(pdtdx—{—/ uo(x)(x) dx

Q1 Q

< C/ e o PP |ye|” dt dx + C(a). (3.41)
0

Thus, if
/ uo(x)e(x)dx > C/ el PP |70|P dt dx + C(a)
Q (0]
then
/ e \vul’odtdx <3la| | e 'uPodtdx. (3.42)
Qi Q1

On the other hand, integrating by parts yields

1
/ uf(x,H)v1—xdx
0

2p (! 9 2
=22 e (= )Y dx — ZuP0,1)
3 0 0x 3

IA

2 ! _ 2
?p up_l(vl—x)(p ])/plvu|(vl—x)l/pdx—514”(0,1)
0

IA

2p 1 (p=D/p 1 1/p 2
?< u”«/l—xdx) (/ |vu|p\/1—xdx> —gu”(O,t).
0 0

By using the same argument, we get
0
/ u?(x, )1+ xdx
-1
2p 0 (p=D/p 0 Up 9
§?<f up«/1+xdx> (/ |vu|p\/1+xdx> +§up(0,t).
_ -1

1
From the foregoing inequalities we now obtain

4 p
/upgodx < (—p> /|vu|p<pdx. (3.43)
Q 3 Q

Multiplying (3.43) by e~ and integrating over [0, 00) with respect to ¢ yields

~ ap\' [
e 'uPpdtdx < | — e lvulPodtdx. (3.44)
Qi 3 [

Now, let |a| be small enough that 0 < 3|a|(47p)p < 1. Then from (3.42) and
(3.44) we have

1
e "uPpdtdx < —f e 'uPpdtdx. (3.45)
01 2 01

On the other hand, u is uniformly bounded and so 0 < [, o e 'uPodtdx < oo.
Therefore, le e 'uP@dt dx = 0, which implies that u = 0 on  which is a con-

tradiction. This completes the proof. O
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ReEMARK 3.5. The conclusion of Theorem 3.4 remains valid if ¢ > p and the
remaining conditions hold.

Now we consider the equation
u, — Au=—pulvul! +uf, xeQ, t>0, (3.46)

where i > 0 1is a constant. In the following theorem we show that the solutions of
(3.46), (3.2)—(3.3), for small values of initial data, cannot blow up in finite time
whenever Q is a bounded domain in R”.

THEOREM 3.6. Let Q2 be a bounded domain. If ug > 0 and if u is the solution
of (3.46), (1.2)—(1.3), then there exists an ¢ > O such that, if |ug|c1(g) < &, then
u is a global solution and decays exponentially.

Proof. Let Q bein By = {x : |x| < R} for some R > 0. We denote by A; > 0
the lowest eigenvalue of —A in H)(Bg) and by ¢, the associated eigenfunction
such that

0<¢@; <1 on Bg.

Now observe that, for the function W(x,t) = ge *1/Pgp,(x) with ¢ > 0 suffi-
ciently small, we have

W, = AW = WP + p|g W = Jehigpi(x)e MW — ePe 12, (1)
+ulvW|? >0, (x,1)eQx(0,00).

Moreover for (x,t) € 922 x (0,00) we have W > 0.
From [30, Lemma B ] it follows that, for uy with

0 <up(x) < eming;(x),
Q

we must have
0 <u(x,t) < W(x,1) < Ce M2,

where C is a positive constant. By Proposition 2.1 in [30], we must have u as a
global solution. This completes the proof. UJ
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