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On the Distribution of the Farey Sequence
with Odd Denominators
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1. Introduction and Statement of Results

Given a positive integer O, we denote by Fy the set of irreducible rational frac-
tions in (0, 1] whose denominators do not exceed Q. That is,

Fo=1{a/qg:1<a=<q =0, geda,q) =1}.

Problems concerning the distribution of Farey fractions were studied in the
1920s by Franel [6] and Landau [15] and more recently in [1; 2; 3; 4; 7; 8; 9; 10;
11; 13; 14].

It is well known that

No = #Fp = 6Q°/7* + 0(Qlog Q).

We denote by 5 the set of pairs (y, y") of consecutive elements in Fp.
In this paper we are concerned with the set

Fo.0dd = {a/q € Fyp : q odd}

of Farey fractions of order Q with odd denominators. For instance,
1 1 1112 13231435252345°¢6 7

fg_{ga 7’ 6’ 5’ 4? 77 3’ 8’ 5’ 77 2’ 7’ 5’ 8’ 37 7747 5’ 6’ 7? 87 }’
11 2123432546
fS,odd:{775,7,§,§77,7,§,§,77§,7, }
. , . . . P
The set of pairs (y, y’) of consecutive elements in Fg, odq is denoted by F5 44
It is not hard to prove (see [11]) that

No,odd = #Fp,0aa = 20%/7* + O(Q log Q). (1.1)

It is well known that A(y, ') :=a'q —aq’ = 1 whenevery = a/q < a'/q’ =
y' are consecutive elements in Fp. This certainly fails when y < y’ are con-
secutive in Fp odq- A first step in the study of the distribution of the values of
A(y, y') for pairs (y, y') of consecutive fractions in Fy oqqa Was undertaken by
Haynes in [11]. He proved that if one denotes

Ng,oda(k) = #{y <y’ successive in Fp oaa : Ay, y') = k},
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then the asymptotic frequency

NQ odd (k)

Podd(k) =
odd oo NQ odd

exists and is expressed as

4
odd(k) = ———— ke N*
Poadh) = Dk 1 2)

This can be written as
Area(Ty) if k>2,

1.2
I+ Area(T)) if k=1, (12

podd(k) = :
where (as in [3]) we denote T; = {(x yeT: [H—x] = k} fork e N*and T =
{(x,y)el[0,1]:x+y > 1}.

In this note we study, for fixed 4 > 1, the distribution of consecutive elements
Vi < Yig1 < -+ < Vitn in Fp oda and then compute the probability that such an
(h + 1)-tuple satisfies A(y;, Vit1) = A1, ooy AYivh-1, Yi+n) = Ap. More pre-
cisely, we prove that if one denotes

No odd(A1, ..., Ap) =#{i 1 y; < Yiq1 < --- < Vin consecutive in Fp dq

AWirj-uYir) =4A; (j=1,..., b},
then

. N, , dd(A1, ..., Ap)
Podd(A1, ..., Ap) = lim 2.0
Q-0 Ny, odd

exists for all # > 2, and we give an explicit formula for it.
To state the main result, we shall employ the area-preserving transformation 7
of T, introduced in [3] and defined by

1
T(x.y) = (y, [ ix}y —x). (1.3)

We denote
Tords =T NT T, NN T T
We notice that if y = a /q < y/ a'/q’ < y" = a”/q" are consecutive ele-
ments in Fp, then T( = (% ) Moreover, if we set k(x, y) = [HTX]
then the positive integer « (% %) = [ ; ] coincides with the index vy (y) of the

Farey fraction y in Fy considered in [9].
It will be worthwhile to consider the tree ¥, defined by the following properties:

(a) vertices are labeled by O and E;

(b) the starting vertex « is labeled by O;

(c) there is exactly one edge starting from an E vertex, and such an edge always
ends into an O vertex;

(d) there are exactly two edges starting from an O vertex, and they end (respec-
tively) into an E vertex and into an O vertex;
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S8
Ax=k1/kl \
E k1
k2/ Aqi=1
/
0 0
ko even ]”3/ k2 odd gl g(};l kg/ k1 even
02 / Ag=1 2=k2 / Ao=1
k3 E ko
1 k4 k3/
AQ—]Vf;/ /
O O k3 even O ko odd O
ka4 even / k3 od(l/ A(i:kd/ As=ks /
ks ]X O_dil ka4 k3 even k4 k3 odd k3 ko even
/ 3= / Az=1 / Az=1 / Az=1
ks E ka E ka4 E k3
Ag=ks | Az=ky | | |
kllﬁ k|5 k‘|5 1\‘,|4
(0] (0] 0] (0] (0] (0] 0] (@]

Figure 1 The tree ¥
(e) the number of O vertices (besides x) on any path that originates at % is equal
to h.

See Figure 1.
We also consider the set £, of labeled paths

ki ko k3 kjw|
w:(*:O V] 1) - Vyw| ) k]‘GN*,

on the tree ‘T, that start at « and pass through /2 + 1 vertices labeled by O (including
x). Thatis, #{j : v; = O} = h. We set 0(0O) = odd and o(E) = even.

For each labeled path w € £, and each h-tuple A = (A, ..., Ap) € (N*)", we
define cop (w) and ca(w) by induction as follows:

k1

k
COE(*=07 2

E——

0)=k1, cOE(*zo < 0):@;

CA1<*=0k7]Ek720)=A1, CAI(*IO ul O)ZQ

For w = w'w” € £, with w’ € £, and w” = O k E-L Oorw’ =
0o—*_ O, we have

(cor(w'), k) if w'=0——E——0,

coe(w) = ) o, .
coe(w’) it w'=0 0;
(e, Apyy) if w"=0—-+*—E-"L—0,
C(Ar,..., apyn(W) = , . . k
calw”) if w =0 0.
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For instance, if w is the labeled path

ki ko k3 kg ks ke k7 kg

*=0 E (0] o E 0 o E o

in £5, then
coe(w) = (ki, k4, k7) and ¢y, a5(w) = (A1, Az, As).
We also denote by S, the set of labeled paths
kw
vo=a=0—y 2y
such that cpp(w) = ca(w) and such that k; is even whenever it occurs as
E b o E oras O b o O and (respectively) odd whenever it
kj kj

occursas E—— O ——Qoras O —— 0 ——E.

Having established this notation, we may state our main result.

THEOREM 1.1. Leth > 1, andlet A = (A, ..., Ay) € (N, Then

No, oad(A1, ..., Ap) log? Q
P0,0aa(A) 1= —2XE = poad(A) + Oy
Ny, oad 0
as Q — oo, where
poaa(B) = D Area(Ti,, .k )- (14)
weL,NGA

For h =1, this gives

>y Area(Ty,) + Area(Ty) = 3 +Area(T) if Aj=1,

Podd(A1) = | .
Dok, Area(Ta, N T7'Ty,) = Area(Ta,) if A} >2;

this is the aforementioned result of Haynes [11].
For h = 2, we obtain the following.

COROLLARY 1.2.  pg o0dd(A1, Ay) tends to poaa(A1, Az) for any Ay, Ay € N* as
Q — 0. Moreover, we have:

() poaa(l. 1) = Y Area(Ty,) + > Area(Ti,1) + Y Area(Tix,)

ki even k1 odd ko odd
+ E Area(Ti k,,1);
ko even

(ii) if Ay > 2, then

poa(l, Ag) = Y Area(Tiy a,) + »_ Area(Ti k. a,);

k1 odd ko even
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(iii) if Ay = 2, then
Poaa(A1, 1) = Y Area(Ta i) + Y Area(Ta, ky,1);

ko odd ko even

(iv) if min(A;, Ay) > 2, then

Podd(A1, Ar) = Z Area(Ta, iy, Ar)-

ko even

Actually, it follows from Lemma 3.4 and Remark 3.5 that all sums in (ii), (iii),
and (iv) are finite.

In this kind of situation, one can give a short-interval version of Theorem 1.1.
For each interval I C [0, 1] and for each A = (A, ..., Ap) € (N*)", let

Né’odd =#{yo < -+ < ¥ consecutive in Fp oda : Yo € I}
=21|1Q%/7* + 0(Qlog Q),

Né,odd(A) =#{i:y;€l, y; <VYiq1 <+ < Yipn consecutive in Fp odd
A(Viﬂ'—l, yi+j) = Aj (.] = 11 cees h)}
Then the following result holds.

THEOREM 1.3. Let h > 1, and assume that A = (A, ..., Ap) € (N*)" is such

that only finitely many nonvanishing terms appear on the right-hand side of (1.4).
Then, for any interval I C [0, 1], we have

Né,odd(A)

NI = podd(A) + O (Q7/7F%)
0,0dd

P0,0aa(B) 1=
for every ¢ > 0.

The main techniques of a proof involve the basic properties of Farey fractions,
the transformation 7 from (1.3), and estimates of Weil type for Kloosterman sums
(see [5; 12; 16]).

2. Reduction of Ny oaa(A1,...,A)
We set throughout
Zy = {(a,b) € Z* : ged(a, b) = 1}
and, for any subset  of R? and for Q € N*, denote
92 = the boundary of €2, 0Q2 ={(0x, Qy) : (x,y) e Q};
M(Q) =#(QNZY,
Moaa(2) = #{(x, y) e 2N Z? : x odd},
Meven(R) = {(x,y) € RN Z : x even} = M(R) — Moaa(R);
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N(Q) = #(QNZ}),
Noaa(R) = #{(x, y) € QN Z, : x odd},
Neven(2) = N(R2) — Noaa(Q) = {(x, y) € QN Z3; : x even},
Nodd,0dd(R) = {(x, y) € QN Z}, : x 0dd, y odd},
Nodad,even(£2) = {(x, y) €N Zf,r : x odd, y even},
Neven, 0dd(R2) = {(x, y) € N Z3, : x even, y odd}.

If yiy = aiy/qiy < Vie+1 = Gig+1/Gig+1 < "+ < Yig+h = Gig+h/qig+n ar€ CON-
secutive in Fp, then (cf. [3])

<qi0+r Qio+r+1)=Tr<@ ‘Iio+1>
) 0’ 0

There is a one-to-one correspondence between Z%r N QTx,....k, and the set
F0.k1,....k, of consecutive elements yo < y; < --- < ¥, in Fp, with vg(yj_1) =
ki (j =1,...,r), that is given by

(qo, q1) = (Y0, V1s -5 Vi )s

where (yo, y1) is the unique pair in 75 with denominators go and ¢, and where
(¥} ¥j+1) is the unique pair in ;5 with denominators QTJ(%, %‘), j=1...r
This also shows that the set

dd, odd
Fy o = {(yo. ... ¥) € Fouia,...k, * q00dd, g1 odd/even}

has cardinality Nogd, odd/even(QTx,, ... k,)-

Suppose that y = a/q < a”/q"” = y" are two consecutive elements in Fg odd
and that A(y, y”) = a"q — aq” > 1. Since two fractions with even denomina-
tors cannot occur as consecutive elements in Fp, it follows that there is precisely
one fraction y' = a’/q’ in Fy such that y < y’ < y” are consecutive in F. One
readily finds (see e.g. [11, p. 4]) that

0+gq q ¢’
Aly,y") =vo(y) = [ =«|=, =) (2.1
¢ g 0’0
To summarize, suppose that y < y’ < y” < y” < y'V are consecutive in
Fp and that g is odd. Denote by g, ¢/, ..., g'" (respectively) the denominators of
v, v', ..., y!'V. Denote also

ki =ki(q.q") = K(TH(%, %)) j=L

Thenq” = kiq"' —q, q¢"" = kpq” — g, and so forth. The following situations may
occur.

(0) ¢’ is odd and thus A(y, y’) = 1. Next, it could be either that
(00) ¢g” is odd (if k; is even), in which case (y/,y") € F5 oda and
A(y,y") =1, or that
(OEO) q" is even (if k; is odd), in which case ¢”" = k,q” — ¢’ is odd,
V', y") € Fgoaa» and A(Y', ¥") = ka.
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(E) ¢’ is even and thus ¢” is odd, (y, y") € F ,q4» and Ay, y") = ki. Next,
we have either that
(EOO) ¢ is odd (if k, is odd), in which case (y”,y") € F5.0da and
A(y", y") =1, or that
(EOEO) ¢" is even (if k, is even), in which case ¢’V = k3q”" — q” will also
be odd, (y", y"") € 5 yaa» and A(y", y"V) = ks.

This suggests that one may express Ng oaa(Aj, ..., Ay) for any 4 > 1 by an in-
ductive procedure. Note first that

Zkl Nodd,odd(Q,ﬁq) + Zkz Nodd,even(QITl,kz)
Ng odd(Ar) = = Nodd,0dd(QT ) + Nodd,even(QTa,) it Aj=1,
Zkz Nodd,even(in,kz) = Nodd,even(Q,TA]) if Al = 2.

One may also express Ng, oad(A1, Az) as

> &y even Nodd,0dd (QTk) + D4, oaa Nodd, 0dd (Q Tk 1)

+ ks odd Nodd,even(QT1 x,)

+ 2"ty even Nodd,even(QT1k,1) if Aj=Ay=1,
> &y odd Nodd,0dd (Q Ty, a,)

+ 2 ks even Nodd,even(Q 71,45, 2,) if Ayj=1and A, > 2,
ks 0dd Nodd, even(Q T, k,)

+ 2 ks even Nodd,even(QTa, 5,1) if Aj>2and A, =1,
2> even Vodd,even(QTA, k2, 82) if A, Ay >2.
For h > 2, we may express pg, odd (A1, ..., Ay) as in the following proposition.

PROPOSITION 2.1.  Assume thath > 2 and A = (A, ..., Ay) € (N¥)". Then

P0.0aa(A) = D Noadown(QTh, .k )- 22)

N,
Q,0dd weLpNGa

3. Estimating Nyqq, 0da (£2) and Noyqq, even (2)

For a bounded region €2 in R? with rectifiable boundary and for a function f de-
fined on 2, we set

S =), f@b, S= Y  f@b),

(a,b)eQNZ? (a,b)eQNZ3,
Stoddfeven(@) = Y f@.b).  Siogeen= . [fla.b),
(a,b)eQnz? (a,b)eQnzi,

aodd/even aodd/even



564 F. P. Boca, C. CoBELI, & A. ZAHARESCU

S;’,odd,odd/even(g) = Z f(a, b),

(a,b)eQNZ3,
aodd, b odd/even

0 a
”Df”LOC(SZ): Sup ( _f(xa)))‘"i“—f(x,)’)D
(x,y)eQ ox 8y

LeEmMA 3.1. Let R, R, > 0, and let R > min(Ry, Ry). Then, for any region
Q C [0, Ry] x [0, R,] and any function f that is C' on Q, we have

. , 4
i) Sfoaa@® = — f f Fx,y) dx dy + O(As g o).
o
.. , 2
(i) % odd, odd feven(§2) = = f(x,y)dxdy + O(Ag g o).
o
, 2
(ii1) SF,even, 0da (§2) = ) f(x,y)dxdy + O(Agr ),
o
where
A 1Nl
fre="p— | Df || Lo () Area(£2) log R

+ I f L) (R + length(3$2) log R).

Proof. (1) It is well known (see e.g. [3, Lemma 1]) that
Sr(2) = // f(x,y)dxdy + O(By o),
Q

where
By o = || Df ||L= (@) Area(82) + || f iz (1 + length (9€2)).

Denoting Q" = {(x/2, y) : (x, y) € 2}, we have that Sy cyen(§2)—and eventu-
ally Sy, 044(§2)—can be expressed as

> seab = [[ raxyaay+ oga)
J,

(a,b)eQ’'NZ2
1
= E//. f(x,y)dxdy + O(Byq). 3.1
Q

We now proceed to estimate S ,44(£2), which is written as

Z fla,b) — Z f(a,b) — Z fla,b)y—---

(a,b)e2 (a,b)e2/3 (a,b)e2/5

aodd aodd aodd
=) um Y flanb). (32
I<n<R (a,b)eQ/n

nodd aodd
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The inner sum in (3.2) is expressed by means of (3.1) as

% / f(nx,ny)dxdy

Q/n
D? 00 Area(Q) length (02

Changing (nx, ny) to (x, y) in the double integral and summing over n, we infer
from (3.2) and (3.3) that

1
Sttt =75 2 % / / f(x,y)dx dy + O(| Df |~ Area(2) log R)
Q

1<n<R
nodd

+ O(Il fllLo(@)(R + length(3Q) log R)).
The equality (i) now follows from
u(n) 8 1
=—+0|—=).
> u - So(%)
1=n<R
nodd

The equality (ii) follows by combining (i) with
S;,odd,even(Q) = Z f(a, 2b)’

(a,b)eQ"NZ,
aodd
where we set Q" = {(x, y/2) : (x, y) € 2}, and then using

1
/ff(x,Zy)dxdy:zf f(x,y)dxdy.
Q" Q

The equality (iii) now follows from symmetry. O
We need the following improvement of Lemma 1 in [11].

COROLLARY 3.2. Let Ry, R, > 0, and let R > min(Ry, R;). Then, for any re-
gion Q2 C [0, R;] x [0, R,] with rectifiable boundary, we have

(i) Noaa(Q2) =4 Area(Q)/7? + O(Cr,0).

(i) Newn(R) = 2 Area(R2)/7* + O(Cr,0),
(iii) Nodd even(2) = 2 Area(Q)/7% + O(C o),

(iV) Nodd,0dd(R2) = 2 Area(Q)/7% + O(Cg.q), and

v) Neven,odd(g) = 2Area(Q)/7T2 + O(CR,Q),
where

Cr,o = Area(2)/R + R + length(9€2) log R.

The following lemma is contained in [3]. We include the proof for the reader’s
convenience.

LEmMMA 3.3.  Forany integersky, ..., k, > 1, the set Ty, ... k, is a convex polygon.

.....
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Proof. Iffor (x, y) € R? wedefine Lo(x, y)=x,Li(x,y)=y,andL;(x,y) =
kiLi(x,y) — Li_i(x,y) for i > 1, then Ty, .  is defined by the following
inequalities:

.....

1> Lo(x,y), Li(x,y),...., Lry1(x,y) > 0,
LO(-X’ )’) +Ll(x7 )’), Ll(-xv J’) +L2(-x5 y)v e Lr(xa J’) +Lr+l(x’ )’) > L

Because Lo, Ly, ..., L,y are linear functions, the set Ty, . i, is the intersection
of finitely many convex polygons. UJ

LEmMMA 3.4. (i) Letr > 1. Then, for any m > c, = 4r 4+ 2, we have that all sets
T, (i =0,1,...,r) are convex. Moreover,

T'T,cTi, UT'TmcT
i=2

and, forall (x,y) €T, andie€{l,2,...,r},
T (x, y)=(x—iy,x — (@ —1y).
(ii) For any m > c,,

TT.cTi. JT'TwcT
i=2

and, forall (x,y) €Tpandi€{2,...,r},
Tix,y)=((m+2—-i)y—x,(m+1—1i)y—x).
(iii) Let j €{l,...,r}. Then

1
k,) <<r T

length (377~ Ty, .
J

uniformly inky, ..., kj_1, kjy1, ..., k, as kj — oo.

Proof. (i) In the beginning we follow closely the proof of Lemma 5 in [3]. The
inverse of the transformation 7 is given by

T7'(x,y)= ([ll_y]x—y,x), (x,y)eT. 3.4)

Since 0 <1 —y < x, we also have [177)] = 0 and thus, for all (x, y) €T,
1+y

L+ [ ]x = -
K(T_l(x,)’))=|: - Y]=[1+y}+[1 y]z[H_y] G-
x x x X

Consider next a fixed element (x, y) € 7,, with m > ¢,. Since m > 5, we have

m—1

m4+1

m§i<m~|—l and x >

This leads to
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-1
l+y 1+1+7x x+m+1 aatm+l w43
< < = <2,
x T x mx . m=l m—1-
m—+1

1<

showing that k(T N(x,y) =1 and—using also (3.4)—that
T7'(x,y) =@ -y, xeT. (3:6)

Next, the inequality m > ¢, gives

22r —1) m—4 m—3 2(m-—1)
1+ <1+ <1+ = : G
m m+1 m+1
Hence the inequalities x > Z—;} and y < %, fulfilled by (x, y) € T,, (see [3, Fig-

ure 1]), imply in conjunction with (3.7) that 2x > 1 + (2i — 1)y for all (x, y) €
Tnandi €{2,...,r}, or equivalently that

1
—_.Fy <2, ie{2,...,r}.
x—(@—-1y
At the same time, it is clear that % > 1, so that
1 —(@-2 1
M =1+ ¢ =2, ie{2,...,r}. (3.9
x—@G—1y x—@G—1Dy

For i = 2, equalities (3.5), (3.7), and (3.8) give

(T () = [1 f);] —2,

X
T72(x,y) = Qx —y) —x,x —y) = (x = 2y,x — y);
thus, by (3.5) and by (3.8) with i = 3 we have

(T (x.y) = [1”—”} _2,
x —2y

T’3(x, V) =Q2x—-2y) —x+y,x —2y) = (x — 3y, x —2y).
Arguing by induction, it follows at once that, for all i € {2, ..., r},

l+x—(i—2)y]_2
x—@G—-y | 7

T (x,y) = (x —iy,x — (i — Dy).

k(T (x,y) = [

—i : . . 2i 2(i—1)
As a consequence, 7 ' 7T, is the quadrangle with vertices at (l - 1— T)

2i 23D 234D 2i 234D 2i :
(1- i L T ). (1= mi2 o L= m+2)’ and (I — e m+l)' This quad-
rangle is obviously contained in 7.

(ii) Let (x, y) € T,. Then T'(x, y) = (y, my — x) and so

1
K(T(x,y)) = |:my+y ] > 1.

— X
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2 1
<m+landy < = < 3,

ml:r_vx < 2, and so we obtain k (T (x, ¥))

Since m <

b it follows that 2m — 1)y >

14+(2m+2)y—2 > 14+2x. This leads to
1. Therefore,

T?(x,y) = (my — x, (m — 1)y — x).

On the other hand, y < HTX < = whence

5 < l+(m+2—-i)y—x _q 1+y
| m+l1—iy—x | (m+1—i)y—x
The inequality m > 4r + 2 leads to m — 2r > (2r + 1)x, which is equivalent

to(m+1D)(A+2x) <2m+1—-2r)(1 + x). Since 1 +x < (m + 1)y, we infer
that 1 +2x < 2m+1—2r)y < 2m + 1 — 2i)y. That s,

vy
(m+1—-i)y—x
By (3.9) and (3.10), we gather that
l+(m+2—-i)y—x
[ (m+1—-i)y—x

i|, i>1 (39

<2, ie{l,...,r} (3.10)

]zz, fe ) (3.11)

Now we infer inductively that T'(x, y) € 7> and that
Tix,y)=((m+2—i)y—x,(m+1—i)y—x), ie{2, ...,r}

(iii) We use the fact that if €2; and €2, are convex polygons with Q; C Q,,
then length(9€21) < length(92;). For k; > ¢, this yields, in conjunction with (i)
and (ii),

length(3T/'7T;,

.....

1
k) =< length(877{_/.) <, T

J

uniformly in ki, ..., kj_1, ki1, ..., k.. O
REMARK 3.5. Suppose that (x, y) € 7,, with m > 3. Then 1*7)‘ <m+landy <
2 hence H,—‘V < 2m  2jm_ md2 0 thus

m my—x 1—-y 1-2/m m—2

UTTwcTi. T(LUT)CTiUT:, and TT:CTIUTLUT3UT.

m=>6
If(x,y)e7'2,theny>H{zg—i—%z%—i—é:%andso
TT, Cc hUT,UTs.

On the other hand, if (x,y) € 7,, (m > 2) then it follows from the proof of
Lemma 3.4(i) that « (T "'(x, y)) < m+3  Therefore,

m—1"

UTTch, T(TiUT) CTiUT,, and TTh C hUT,UT;UTs.

m>5

Owing to the presence of the term R in Cg, o, we need one more fact, which was
noticed already (in a different form) in [4].
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LEMMA 3.6. Letk € N* and let D be a subset of T. Then the following equalities
hold.

(i) Fork even:

Nodd,even(Q(Tk N D)) = Neven,0ad(QT (T N D)),

Neven,0dd (Q(Tk N D)) = Nodd,even(QT (Tx N D)),

Nodd,0dd (Q (T N D)) = Nodd,0dd (QT (Tx N D)).
(ii) Fork odd:

Nodd,even(Q(ﬁ N D)) = Neven,odd(QT(ﬁ N D))»
Neven,odd(Q(ﬁ N D)) = Nodd,odd(QT(n N D)),
Nodd,odd(Q(ﬁ N D)) = Nodd,even(QT(,ﬁc N D))

Proof. We denote by Ty the linear transformation defined on R? by Ty (x,
(v, ky — x). Assume that k is even and let (a, b) € Q(T; N D). Then T(

(5% =

OT(TxND) ={(b,kb—a) : (a,b) € QT N OD} = T1(Q(Tx N D)).
Moreover, since the matrix that defines 7} is unimodular, the elements of le)r N
O (T ND) are in 1-1 correspondence with the elements of Z%r NT(Q(TrND)) =
Zf,r N Q(T (T, N D)). Besides, we see that a is odd and b is even if and only if b
is even and kb — a is odd, implying that

#{(a,b) € Z%r N QT ND) : aodd, beven}
=#{(c,d) € Z3, N QT(Te N D) : ceven, d odd}.

A
0 0=

The other five equalities follow in a similar way. O

Proof of Theorem 1.1. We wish to apply Corollary 3.2 to Q = Q7
first that, since T is area-preserving, we have

.....

.....

J

We claim that (for every j € {1,...,r}) all the numbers Nogd,0da(Q7x,,... .k, )>
Nodd,even(QIY;q ..... k,)v and Neven,odd(Qﬁl ..... kr) can be eXPfeSSGd as

2 2
i Area(Ty,,.. k) + O, g log O (3.12)
m? o ki
uniformly in ki, ..., kj_1, Kj1, ..., k, as Q — oo.
If j = 2, we apply Lemma 3.6 successively j — 1 times: to k; and D =
T ' T ky; 0k and D = TTo, N T ' Ty, 4,5 -..; and to kj_; and D =

TI"*Thy, ks VT ' T,. ..k, This yields

.....

Nodd,odd(QTky....1) = Niy.o, (QT " Tay 1)
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for some pair (81,82) € {(odd, odd), (odd, even), (even, odd)} that depends on
ki, ..., kj-1. We may now apply Corollary 3.2 to Q@ = QT/7'T;, . c
0Ty C [0 Q1x10,2Q/k;], with R < Q/k;, Area(£2) < Area(QTk ) K Qz/kg,
and (according to Lemma 3.4) length(0Q2) <, Q/k;. Therefore, we gather that
Nodd,odd(Qﬁl _____ &,) is indeed given by (3.12). The same estimates are proved for

Nodad,even(QTk,,....k,) and Neven,0dd (QTx,,....k,) in a similar fashion.

We may now complete the proof of Theorem 1.1. If k; > c,, then we infer
from Lemma 3.4(i) that Ty, . x, =P unlessk; = --- = kj_» = kjjo = -+ =
k, =2 and kj_; = kj;; = 1. On the other hand, we see from [4, Rem. 2.3] that
OTx,....k, N Z* = ¥ unless max(ky, ..., k,) < 2Q.

As aresult, the only nonzero terms that may appear in the sum from (2.2) arise
from paths w having all labels k; < 20 and at most one > ¢;—;. Taking now

also into account (3.12), the sum Zweshn% Nodd, 0w (O Tk, kjw—1) €an be ex-

,,,,,

pressed as
202 20 0log 0
— > Area(Ti,... k) + On ZT
weLaNGa k=1
2Q2 i
> Area(Ti,.... k) + On(Qlog” Q). (3.13)
7[ we LNGSA

The statement in Theorem 1.1 now follows from Proposition 2.1, (3.13), and
equation (1.1). O

4. Consecutive Farey Fractions with Odd Denominators
in Short Intervals

For each interval I C [0, 1] and each subset Q@ € R?, we set
Q' ={a,b)eQNZ bel,),

where b denotes the unique number in {1, ..., a — 1} for which bb =1 (moda).
If I = [«, B], then we also set I, = [a(l — B), a(l — a)].
For any function f defined on €2, denote

I _
Sf,odd,odd/even(Q) - Z f(a, b)
(a,b)eQNZ,
aodd, b odd/even
bel,

The following analogue of Proposition 2.1 holds and is similarly proved.

PROPOSITION 4.1.  Leth > 1, and let A = (A, ..., Ay) € (N*)". Then, for any
interval I C [0, 1],

Né70dd(A) = Z Nodd,o(vl)((Q,ﬁq ..... k‘w‘,l)l)‘

we L NG

ProrosiTioN 4.2.  Assume that Q2 C [0, R;] x [0, R, ] is a convex region and that
fisa C! function on Q. Then S; odd, odd/even(§2) is given by
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1115} 0dd.0ddjeven () + Oc (1| f Il @y (R2 log Ry + my R/*Y(Ry + R»))

for every e > 0, where my is an upper limit for the number of intervals of mono-
tonicity of the functions y — f(x, y).

Proof. The proof is similar to that of Lemma 8 in [3]. As in [3, (65)], we write

S_){,odd,odd/even(g) =81+ Sz, “.1)
where
1
Si= Y, fabny -
(a,b)eQnZ, xel,
aodd, b odd/even
1
= ) f@b-(Ll+ o)
(a,b)eQNZ,
aodd, bodd/even
= 118} oad. oddeven(2) + O f | L (@) R2 log Ry) 4.2)
and
a—1
(b —x)
= L renT > (C0)
(a,b)eQNZ3, xela

aodd, b odd/even

Asin [3, (67)], we write

Z Z < Z ( )) S} odd/even, 1, (I, @), 4.3)

aeprl(Q) =1 “xel,
aodd

where I, = {b : (a, b) € 2} is an interval for every «a in the projection pr;(£2) of
2 on the first coordinate. Here, for any interval J we denote

Ib
Spoaajeen by = Y fla,be( — (44)
belJ
bodd/even
ged(a,b)=1
and B
Spil,ay="Y_ fla,b) L
I, a) = a, e P .
belJ
ged(a,b)=1

By [3, Lemma 9] we have

IS, a)| K¢ R f 5l 4.5)

where

Ro. finae = mell fllze@(Jla™? +a'?+) ged(l, a) />
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Writing now

2l¢ -
St even,g(l, a) = E fla,2c)el — | = Sp,, 1221, a),
a
cel/2
ged(a,c)=1

where f>(x, y) = f(x,2y), and then using (4.5) and Sy, oq4,s (1, a) = Sy, (I, a) —
Sf, even,l(ly a), we infer that

max(|Sf,even,J(lv a)l, |Sf,odd,J(la a)|) <L, RQ,f,J,l,a,S~ (4.6)
As in [3, (67)—(69)], we infer—from (4.3), (4.4), (4.6), the fact that the inner

sum in (4.3) is a geometric progression << (%, ﬁ), and |I)| < R,—that

Rl a—1
1 a
[S2] < E - E 7|Sﬁodd/even,1;(l,a)|
=1

a=1
e mell iz R TR+ Ry). 4.7
The desired conclusion now follows from (4.1), (4.2), and (4.7). O

COROLLARY 4.3.
Nodd,odd/even((Qﬁl,..‘,k,)l) = |I|Nodd,0dd/even(Q77q,...,k,) + 08(Q3/2+£)‘
Theorem 1.3 is now a consequence of Proposition 4.1 and Corollary 4.3.

ACKNOWLEDGMENTS. We are grateful to the referee for careful reading of the
manuscript and pertinent suggestions that led to the improvement of this paper.

References

[1] V. Augustin, F. P. Boca, C. Cobeli, and A. Zaharescu, The h-spacing distribution
between Farey points, Math. Proc. Cambridge Philos. Soc. 131 (2001), 23-38.
[2] F. P. Boca, C. Cobeli, and A. Zaharescu, Distribution of lattice points visible from
the origin, Comm. Math. Phys. 213 (2000), 433—470.
, A conjecture of R. R. Hall on Farey points, J. Reine Angew. Math. 535
(2001), 207-236.
[4] F. P. Boca, R. N. Gologan, and A. Zaharescu, On the index of Farey sequences,
Quart. J. Math. Oxford Ser. (2) 53 (2002), 377-391.
[5] T. Esterman, On Kloosterman’s sums, Mathematika 8 (1961), 83-86.
[6] J. Franel, Les suites de Farey et le probleme de nombres premiers, Gottinger Nachr.
(1924), 198-201.
[7] R.R. Hall, A note on Farey series, J. London Math. Soc. (2) 2 (1970), 139-148.
[8] , On consecutive Farey arcs 11, Acta Arith. 66 (1994), 1-9.
[9] R.R. Hall and P. Shiu, The index of a Farey sequence, Michigan Math. J. 51 (2003),
209-223.
[10] R. R. Hall and G. Tenenbaum, On consecutive Farey arcs, Acta Arith. 44 (1984),
397-405.
[11] A. Haynes, A note on Farey fractions with odd denominators, J. Number Theory 98
(2003), 89-104.

(3]




On the Distribution of the Farey Sequence with Odd Denominators 573

[12] C. Hooley, An asymptotic formula in the theory of numbers, Proc. London Math.
Soc. (3) 7 (1957), 396-413.

[13] M. N. Huxley, The distribution of Farey points I, Acta Arith. 18 (1971), 281-287.

[14] M. N. Huxley and A. Zhigljavsky, On the distribution of Farey fractions and
hyperbolic lattice points, Period. Math. Hungar. 42 (2001), 191-198.

[15] E. Landau, Bemerkungen zu der vorstehenden Abhandlung von Herrn Franel,
Gottinger Nachr. (1924), 202-206.

[16] A. Weil, On some exponential sums, Proc. Nat. Acad. Sci. U.S.A. 34 (1948),

204-207.

F. P. Boca C. Cobeli
Institute of Mathematics Institute of Mathematics

of the Romanian Academy of the Romanian Academy
P.O. Box 1-764 P.O. Box 1-764
Bucharest 70700 Bucharest 70700
Romania Romania
Current address cristian.cobeli @imar.ro

Department of Mathematics
University of Illinois
Urbana, IL 61801

fboca@math.uiuc.edu

A. Zaharescu
Institute of Mathematics
of the Romanian Academy
P.O. Box 1-764
Bucharest 70700
Romania

Current address
Department of Mathematics
University of Illinois
Urbana, IL 61801

zaharesc @math.uiuc.edu



