Quasiconformal Extension and
Univalency Criteria
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1. Introduction and Main Results

Following Ahlfors [A2] and Anderson and Hinkkanen [AH], Harmelin [H]
recently obtained a univalency criterion for analytic functions f(z) in the
upper half-plane U. It says:

Suppose that f(z) is analytic and f'(z) #0 in U and satisfies the

f"z)
JS'(z)
where c is some given complex number with |c|<k. If k<1, then
f(z) is univalent in U and has a k-quasiconformal extension to the
whole plane. If k =1and |c| <1, then (1) implies that f(z) is univa-
lent in U.

D =<k for y=Imz>0,

2y c

By a k-quasiconformal mapping, where 0 < k < 1, we mean a quasiconformal
homeomorphism whose maximal dilatation does not exceed (1+k)/(1—k),
or, equivalently, whose complex dilatation p satisfies |u| < k.

Our initial observation is the following: Simply by applying Lehto’s stan-
dard argument to Harmelin’s criterion, the condition |c|< k can be droppad
from (1). Later we find that the above constant ¢ can be replaced by some
analytic functions related to f(z). So it is natural to ask the following ques-
tion: Do there exist analytic functions a(z) and c(z) related to f(z) such
that the inequality

) [(Z—2z)a(z)+c(z)|=k<1l for Imz>0

implies that f(z) is univalent in U and has a k-quasiconformal extension to
the whole plane?

In this paper, we will give a positive answer. In fact, with the help of sin-
gular integrals we have obtained the following results.

THEOREM. Let f(z) and a(z) be analytic functions in Uor B={z: |z| <1}
with f'(z)#0 for all z in U or B, and let ¢ be a nonzero complex constant.
Suppose that
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(3) (Z—2z)a(z)+cf'(z)e 1*@% _1|<k forall zeU
or that
@ |z(1=|z/)a(z)+(cf (z)e 1@ % _1)|z|*|<k forall zeB,

as appropriate. If k<1, then f(z) is univalent in its domain of definition
and has a k-quasiconformal extension to the whole plane. If k =1, then f(z)
is univalent in its domain.

Choosing some specific a(z) will lead to interesting univalency criteria. For
example, from (3) we have (Imz > 0)

1. |f(z)—1|<k when a(z)=0and c=1;

S"(z) S"(z)
S'(z) f(z)°
From (4), we have (|z|<1)

2. |2y +c—i'skwhen a(z) =

3. |f'(z)—1|= I—;—{F when a(z)=0and c=1;

z(l—lzlz)f—lgz—)+(c—1)|z|2 JS(z)

f(z) f'(z)’

REMARK 1. Criterion 1 is a refinement of the Noshiro~Warschawski uni-
valency criterion for analytic functions in convex domains [D, p. 47]. We
know that the function f(z) =z +ye™* (Jv|>1) is not univalent in U. How-
ever | f'(z)—1|=|vy|e™”. So the constant k in criterion 1 cannot be replaced
by any number bigger than 1.

4. <k when a(z) =

REMARK 2. Criterion 3 was obtained by Krzyz under the additional as-
sumption f’(0)=1 in [K]. The function f(z)=2z/(z>—7v), where |y|>1,
which is not univalent in B, shows that in criterion 3, applied to 1/f instead
of f, we cannot allow k to be larger than 1 if we wish to deduce that f is
univalent.

REMARK 3. If we choose a(z)=f"(z)/f’(z) and c(z) = —1in the proof of
Proposition 1 below, then (16) and (17) in Section 4 below read A, =a(h+1)
and F”(z)/F’(z) = a(z), respectively. Thus criterion 2 remains valid even if
¢ =0. The same is true for criterion 4, which was obtained by Ahlfors [A2]
with the condition that [c—1|<1.

REMARK 4. In order to generalize the criterion of Anderson and Hink-
kanen [AH], one would need to consider the following problem which re-
mains open: Find a relation between analytic functions a(z), c(z), and f(z)
such that the inequality
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6)) (z—z)%a(z)+c(z)|<k<1l for Imz>0

implies that f(z) is univalent in U and has a k-quasiconformal extension io
the whole plane.

2. Proof of Theorem
The proof is based on the following propositions.

PROPOSITION 1. Suppose that a(z) and c(z) are analytic in U and satisfy

(6) (Z—z2)a(z)+c(z)|<k<l, zeU.
Set
_]o Jor ze U,
™ w2) _{(z—f)a(2)+c(2) Jor ze L={z:Imz<0}.

Let F(z) be any k-quasiconformal homeomorphism of C with dilatation

u(z). Then
F(z) _ ¢'(2)
®) Flo O o

Jor ze U.

PROPOSITION 2. Suppose that a(z) and c(z) are analytic in B and satisfy

|z(1—|z|})a(z) +c(2)|z|?|<k<1, zeB.
Set

0 Jor zeB,

w(z) = ——_%[(Z-—é)a(‘i‘)*‘c(il?>] Jor ze A={z:|z|>1].
Z Z V4 AL

Let F(z) be any k-quasiconformal homeomorphism of C with dilatation
u(z). Then
F"(z) c’'(z)

o) YO s

for zeB.

We postpone the proof of the propositions.
Now suppose that f(z) satisfies (3). Set

c(z)=cf'(z)e ta@rdz 1

First we assume k < 1. Then a(z) and c(z) satisfy (6). Let F(z) be a k-quasi-
conformal homeomorphism of C with dilatation of form (7). Then, from
Proposition 1,
F"(z) _ c'(z) — S"(z)
F'(z) c(z)+1  f'(z)

So there exist some complex constants o, 8 with o % 0 such that

a(z)+ Jor zeU.



166 DELIN TAN

&) J(z)=aF(z)+8 for zeU.

It is clear that (9) is a quasiconformal extension formula for f(z).
Next we consider the case k=1. For n=1,2, 3,..., define

(2) = for ze U,
#lZ) =0 i )iz —2)a(R)+c(z)) for zeL;

then |p,(z)|<n/(n+1). Let F,(z) be a k-quasiconformal homeomorphism
of C with dilatation u,(z) that agrees with f(z) at three points of U, where
J(z) attains distinct values. Then {F, (z)} is a normal family in U. We may
choose a subsequence {Fnk(z)} locally uniformly converging to an analytic
univalent function F(z) in U. So

F"(z) .. F;(2)
= lim for ze U.
F'(2)  fow Fp(2)
But
c’'(z)
F” 1 !
”’(Z)= n a(z)+ nt —a(z)+ c'(z) as n—-»o for zeU.
Fi(z) n+l n c(2)+1 c(z)+1

n+1

Again, we obtain (9) which implies that f(z) is univalent in U.
Similarly, if f(z) satisfies (4) we can apply Proposition 2 to prove the
theorem.

3. Lemmas

To prove the propositions we need some lemmas.
For positive numbers r and e, set

Z,=—Ii\r:+1, D(r)={z:|z—2z,|<r}, B(t,e)={z:|z—t|<e}.

Note that when z € dD(r),
r2 r?
Z=%+ , di=———=dz.
" Z—2Z; (z_zr)z

Let A(z) be a continuous function in L, and define

h(z) _ i h(z) _
ANdZ= 1 dzNnd
HL (z—1)? dzndz r.,;TqOHD(r)\B(r,a (z—n2 N
and
h h
H M2 gendz=  lim H M2 enaz.
L Z2— roo,e—0 9 JD(N\B(t,e) T—1

LEMMA 1. Let a(z) be analytic in U. Then

(10) 1 H‘L a(z) dz/\df:{a(t) Jor te U,

27i (z—1)2 0 for telL.
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Proof. When te U,

L i1 92 _ ndz

27 (r) (z—1)>
1 a(z) ,_
=—— —d
27l SBD(r)Z—t 2
_1 5 ag+rifz=z) _r*t
27i JaD(r) z—t (z—2z,)2
2 2
_ r r
=—alZ + .
(r f"Z,-) (t—z,)2
a(it r2+1—-1> r? Salr) as r o
= — . — 00,
t4+i\r2+1 ) (t+i\r2+1)2
Whenrfel,
1 a(z) _
—— dzAd
ZWfSSD(r)\B(t,e) (z—1)?2 anaz
1 a(z) _ 1 a(z) ,_
=—— dz+— ——dz=1;+1,.
ZWiSaD(r)z—t S S]z—z|=ez—-t L=aTh
Then
2
{ a<2’+z:z ) 5
L= L _dz=0
Y 27 Jaber) z—t (z—z,)? ¢
and
a(f) dz  a'(f) z—f
=20 | NGNSy
27 2ni lz—t]=e 2—¢  2mi Slz-—tl:ez—‘t <
+0(|z—t]?)—>0 as e—0. 0

In the proof of the next two lemmas, we will use the following fact, which
is a consequence of Cauchy’s integral theorem: Ler D be a Jordan domain
containing . Suppose that a(z) is analytic in D and has a zero of at least
second order at . Then, for te D,

(11 LD a(z) log(z—t) dz = 2i f’ a(z) dz,

where (!, means any simple path from o to t and dD is negatively oriented
with respect to D.

LEMMA 2. Let a(z) be analytic in U. Then, for t e U,

1 a(z) __ (!
(12) P S L —— dundz= Lw,- a(z) dz,

provided that the first integral exists.
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Proof. If fe D(r) then

1 a@) o ae 1 _ _
dzndZ= log(z—t)d
2mi 551)0) z—t 27i SBD(,) a(z)log(z—1t) dz

1 r’ r’
= ——— Z l —1 '__d
27i Sap(r)a(zr+z—z,> 0g(z—1) (z2—2,)2 ¢

y 2 2
—\ alzZ + . dz
L (’ z—z,) (2—2,)?

- r2 —z 2
= 7 ) ag (r=z,+ 4 )

z 2—2z,

—>St a($)ds as rooo, 0
+ o001

LEMMA 3. Lefa(z) be analytic in U. Then, for telL,

provided that the first integral exists.

Proof. Assume that B(¢,e¢) C D(r). Then

1 a(z) __ 1 _ _
—_— ——dzAd7Z = 1 —t)%d
27i Hu(r)\g(r &) T—1 2ni SBD(r) a(z) oglz ’ z
1
- 7)1 —t2dz=1I—-1,.
2wi Lz—tl=e a(z) oglz ' =470

Write 7=z, +r?/(f—%,). Then for z € dD(r),

loglz——tlz—log +log(z,—t)+log(z—t)

I'

So
2 2

1 r - r
I =———.§ alz + log(z—t)-—dz
1 2mi Jab(r) (’ z-—z,-) g( ) (z2—2z,)?

A 2 2 4
——S alz,.+ .(z—-z,)z <

24—z, 2
= [ M oy ax (r=z,+ 4 )

—+St a(§)df as r—oo.
+ o0l

Obviously, I, -0 as e - 0. |
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The same method will yield the following lemma.

LEMMA 4. Let a(z) be analytic in B. Then

1 a(l/7) _ a(t) for teB,
e ————dzAdZ =

27i HA T2z —1)2 NOE {0 for teA,
and

1 a(l/z) __[fbazydz for teB,
_2—7&5&3 Z2(z—1) dzhdz= Yia(z)dz for teA.

4. Proofs of the Propositions

To prove Proposition 1 we first assume that, for a suitable p > 2 to be speci-
fied below,

p(z) e LP(C).
For g(z) e L?(C), operators P, T and Tu are defined in [Al]:
1 1 1
Pg(t)=— - - A
80 =5 ||, 8@ (717 -1 )dane

_ 1 g(z) _
Tg(t)= e H.(E 1) dzAdz, and

Tu(g) =T(ng).

Let I be the identity operator. As we know, |T'|, —1as p— 2. Let p satisfy
k|T|,<1. Then (X—Tu) ! exists. Let A(z) = (I—Tp) "' Tu. Since u(h+1)e
L?, F(z)=P[u(h+1)]+z is well defined.

We claim that F(z) is a k-quasiconformal homeomorphism of C with
dilatation u(z). To see this, for n=1,2,3, ... define

[ mz) for |z]=n,
“"(Z)"{o for |z]>n;

hy(z)=A—Tu,) 'Tu,; and
EE(Z) = P[l‘n(hn-*'l)] +z.

From [Al], F,(z) is a k-quasiconformal homeomorphism of C with dilata-
tion p,(z) and satisfies F,(0) =0 and F, (z) =z+ O(1) as z — . Note that as
n— o, we have |h,—h|, - 0. Thus F,(z) » F(z) in L?. However {F,(z)] is
a normal family in C. We may choose a subsequence locally uniformly con-
verging to a k-quasiconformal homeomorphism of C with dilatation u(z).
Obviously the limit function must be F(z).

Next we want to prove that F(z) satisfies (8). From [A1] the distributional
derivative
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(F(z)};=h(z)+1=14+Tu(z) + TpTp(z) + TpTpTu(z)+ ---
= ﬁO(Tm"(z).

ForzeUand n=1,2,3,..., we formally define

g,,(z)=(r a@) |7 atg, ) [ 7 a(zl)>dzl---dz,,_1dzn.

+oof +o0i +ooi +oof

Then
gn(t) = gt ) a(Z)gn—l(Z) daz.

+ocof

When ¢ ¢ IR, we conclude with the aid of Lemmas 1-3 that

1 (z2—Z2)a(z)+c(Z) _
=g |}, dend

_ 1 a(z) . 1t (t=2)a(@)+c(2) _

(14) =570, e—g BNEF S i, a—1F BN

_ | &(®)+c(t)y for tel,
] &u(F) for telL.

The first integral in (14) exists since u € L?(C) so that Tue LP(C). The sec-
ond integral on the second line in (14) exists by Lemma 1. Hence the first
integral on the second line in (14) also exists, so that Lemmas 2 and 3 can be
applied. This also shows that the integral used in the formal definition of
g:(z) converges.

Similarly,
1 a(Z)81(Z) -
TuTup(t) = mss\L —Z-:—f—dZAdZ
1 (1—%)a(z) g,(Z2)+c(Z) 8,(Z) _
5l z—1)? dendz
_ | &) +c(t)g(t) for tel,
| &a(F) for telL.
By induction,
neon | &n(t)+c(t)g,_1(2) for tel,
15) (Tw)™(D) —{gn(f) for telL.

Clearly the existence of g,(z) is guaranteed by the condition ue L?. De-
fine g(z)=X%_, g,(z) for ze U. Since g(Z) =h(z) e LP(L), it follows that
g(z) e LP(U). Then the distributional derivative of g in U is

&= 3 @) =a(2) 3 g 1(2)+ax)=a(g+1).

n=1 n=2

Now, for ze U, h=g+ gc+c. So the distributional derivative of 4 in U is
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—_ — Cz = cz
(16) hz—gz+gzc+gcz+cz—(1+C)(1+g)<a+ 1+c>—(h+1)<a+ 1+C)-

Note that the last expression is an analytic function in U. Therefore

F"(z) h'(z) c’'(z)
= = +—

F) - h@+1 O cme

Because any two k-quasiconformal homeomorphisms of C with same dilata-
tion only differ by an integral linear transformation, we have finished the
proof in the case u(z) € LP(C).

In general, for n=1,2,3,... set

0 for ze U,

ﬂn(z) = n
n+(—iz)+o

for ze U.

17)

{(z—2)a(Z)+c(Z)} for zel,

where 6 is a small positive number satisfying k£ < cos(wé/2). Then, for any
p>2,
k
LP(C d =—— 1.
ﬂn(z)e ( ) an 'ILH(Z)I COS(']I'(S/Z)

Let F,(z) be a quasiconformal homeomorphism of C with dilatation g, (z)
that fixes 0, 1, and . Again {F,(z)} is a normal family. Thus there exists a
subsequence {F, (z)} locally uniformly converging to a k-quasiconformal
homeomorphism F(z) with dilatation u(z). Denote p,(z) =n/(n+ (—iz)!1*+?)
for ze U. Now, for ze U,

Fz) .. Fr@)
——= lim —;
FU2)  fowo Fy(2)

o (2)c(2)+pp (2)C'(2) c'(z)
=a(R)+ —.
Pn(2)c(z) +1 c(z)+1
This completes the proof of the Proposition 1.

It is not difficult to prove Proposition 2 with the aid of Lemma 4. Because
every step of the proof is exactly the same as before, we omit the details.

= lim {pnk(z) a(z)+

Kk — o0
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