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1. Introduction

Let K be a compact set of d-dimensional space R? (d =2). We denote the
class of bounded harmonic functions defined on R?\ X by JC*(K) and de-
note the class of those functions in 3C*(K) that satisfy a Lipschitz condition
of order a (0<a=<1) by ICJ(K). The following result on the removable
singularities of bounded harmonic functions is well known (see [1, Chap.
VII} and [6, Chap. III]): Every f € I *(K) is extendable harmonically across
K if and only if K has a zero capacity.

Regarding the class of JC3(K) for 0 < a < 1, Carleson [1] proved that
K is removable if and only if A;_5,,(K) =0, where A;_,,, denotes the
(d —2+d)-dimensional Hausdorff measure.

The motivation for this paper arises primarily from [7], where the author
studied the removable singularities of Lipschitz analytic functions. Our pur-
pose here is to show that there can be a set K with A,;_;(X) > 0 even though
K is removable for the class JC°(K).

This contrasts with the following analogous result obtained for analytic
functions: For all o (0 <a <1), a compact set K < C is removable for the
class of bounded analytic functions satisfying a Lipschitz condition of order
« if and only if A, ,(K) =0 (see [2], [7]). Arguments used in this paper are
largely based on a related paper by Garnett [4] on removable singularities of
bounded analytic functions.

2. A Multi-Dimensional Cantor Set

In this section we define a d-dimensional Cantor set K with A,;_{(K) > 0.
First, we form a linear Cantor set E with ratio A =2"%@~1_ysing an induc-
tive method as in the construction of the well-known one-third Cantor set.
We obtain E =\ ;;—¢ E,, where Ey=[0,1} and E,, (n=0,1,2,...) contains
2" disjoint intervals of length equal to 27"9/(@—1_ Define

d )
K,=II E,, n=0,1,2,..., and K= K,.

i=1 n=0

Received November 11, 1988.
Michigan Math. J. 37 (1990).

45



46 NGUYEN XUAN UY

We now show that A4_(X) > 0. For this purpose, denote 2" cubes of K, by
K,;(i=12,.., 2"9) and let @ be the class of all diadic cubes in R?. Define

Md_l(K)=inf{2(side(3j))d"1:KC U Sj, SJ'E (‘3}
J J

It is easy to see that A,;_;(K) >0 if and only if M,;_;(K)>0.

Set 2% =side(S;). Since the distance between any two cubes K, , and
K, . is at least (1—279/1@=D)p=(n=Dd/W@=1) j; follows that S; may intersect
only one cube K,, ; if n is sufficiently small relative to k; — for example,

2.1 2~k < (1 =2~ Yd=Dyp~(n=Dd/(d-1)

Assume without loss of generality that k; is sufficiently large, and let n; be
the largest integer satisfying (2.1); that is, n; satisfies the condition

(G [swoe ()]

@2 d—1 1—-271@=D
=n; = (T) l:kj+10g2<——T~)] +1.

Let Kun;, p; be the only cube that intersects S;. Then K € U; K,,j, Py It follows
from (2.2) that

> (side(S;)? 1= 27 @~k
J J

>CY 27"9=C,
J

where the last inequality holds because
1__2—1/((1—1) )d—l

271> d C=
27zt ad C=(" g

This proves A _;(K)>0.

3. Removable Singularities

We will assume d = 3. For the case d =2 we need only change the funda-
mental solution of Laplace’s equation from 1/r?=2 to log(1/r); all argu-
ments we used here can still apply to this case. We should point out that this
particular case can also follow directly from Garnett’s result in [4], since if
f(z) is harmonic and satisfies a Lipschitz condition then df/dz is a bounded
analytic function.

Let fe 3C°(K) and assume that f(ec0) =0. We derive, by Green’s identity
[5], the following relation:

= 3] ol ()
=655 {1, 103 (i)
(3.1) / ! o7 |
_SaK,,’j E(’) |x—t|d_2} do(t)
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for x e K. Here Cy = (d —2)w,, wy is the area of the unit sphere in R?, ¢ de-
notes the area measure on 9K, ;, and

af d 1
—() and —( ——=
3n( ) an<|x—t|d‘2)
are the directional derivatives in the direction of the inner unit vector nor-

mal to 3K, ; at ¢ ((9f/dn)(¢) exists a.e. as a limit). We need the following
definitions:

0
ans=| Loy
_ 0 —f)
Nfll*—-xsrlx{)clf(x)H jtg P
x,yeK¢

From now on we shall denote by C a certain constant depending only on
the dimension d. C may have different values at different appearances. Ob-
serve that each term inside the summation of (3.1) defines a harmonic func-
tion on (KNK,, ;), and denote this function by f, ;.

LEMMA 1. Suppose fe ICT(K) and f()=0. There exists a constant C
such that

(i) £y, /leo=CIS 127D and
(ii) |af/ox]e=<C|f]+
foralln,jand k=1,2,...,d.

Proof. Let K, j be a cube having the same center ¢, ; as K, ;, with side
(Kn, ;)= C side(K,,, ;) for some C > 1. C is chosen so that K, ;N K, ;=0 for
all j'# j. For x eint(K)\KNK, ; we obtain, via Green’s identity,

S, j(x)=Co f(x)
0 1 af 1
e, 705 (=) 0 [, 500(fmims) 400

n,J
_
|x—¢]9-2

af 1
Lot o (i ) 2o

because

d
= [, O—sN 5 ( ) doto

d 1
SaK,,,j a_n(lx—tld“z) do(t)==Co.

Therefore, if x is near KNK,, ; then

.
|x —¢]9-!

af 1
| (r==s) o0

=, 170 -reol(
n,Jj

+|
aK, ;

) do(t)
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<Clf|.27m/aD,
This proves (i). To prove (ii), use the property

d X — 1y _
Sak,,,j on ([x—t|d) do(t)=0

and write
%’i (x) = CO%(x) +C falf,,,,- f(t)ain ( g{k__t’i’;) do (1)
-C Sazz,,_j g—f;-(r)( I))cck—_tlm do(t)
=Cog(+C[ . 0=l (Rt ) dot)
_CSazz,,,j %(r)(ﬁ%) do(t).

Hence

afn, f < 1
o] scister i, (G ) do

R, i\ |x—1t]9-1
=C|fl«. O

LEMMA 2. Define

t
b .=a -2—"d2/<d-‘>S L1
ko T

and let b, =3 3" b,, j. Then there exists a constant C such that

Jj=1
|by|<C|fl« JSforall n=0.

Proof. Let K, ; denote the cube containing the origin. Since |b,, ;| < C|.f]«,
it suffices to show that

> by | =ClSf]s.
j#l
Define dp, j(¢) =a, ;2" dt —(8f/dn)(t) do(t). Then
_ 3! ty of
b"’J_SK,,“,- G d“"’l(’”sax,,,,. 7@ 3n ¢V 400

=bp, j+by, ;.

First, we estimate the summation on b, ;. Using the property

SK dpy, ;=0,

. "l.’
we can write
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(k)
tl cnj

b, ;= - du, (1),

e S {Ifl" Icn,,l"} b ()

where ¢, ;= (c", P, ..., c\¥)). Therefore, as |¢| and |c,, ;| are comparable,
we obtain
Cn.j

basl=| |-
k| T Ten 17

sCZ‘”d/“’“”S (|f|d) d|pn, j|(2)

——ndz/(d 1)
_ Cllo2
(dist(0, K, 7))

£ (k)

dlﬂn,jl(t)

and
2—nd2/(d—1)

b, |=C|fl« ;
J¢I J=Cl/ §1 (dist(0, K, ;)¢

n 2kd2—nd2/(d—l)

=C|f]« kE

—1 2k=-md?¥(@-1
=Clf]+.

To estimate the summation on by ;, we differentiate (3.1) to derive the fol-
owing relation:

af(t) X1—1 _ af fn_,'
JEIS:)K,,J on (Ix—t|d>da(t)_ ax, o o X1 (%)

el s )_(T_tld)d o(1).

Dominate the first two terms of the right-hand side by C| f]|«, using Lem-
ma 1, and use the continuity to obtain either

af
— (¢ d t Clf|« t do(t
3, mopmaolsan+] 3, rog (i) wo)
or
II 1
S oi,]= Ot 3 o 10 =Fenl( ) ot
y—nd?/(d-1)
<CU+CWVI 3 o)y
=C|fls.
as above. This proves Lemma 2. O

LEMMA 3. Given M > 0and e >0, there exists 6 > 0 such that the condition

sup|a,, ;| > (1+8)27"|ay 4|
n, j

holds for any f e 3CT(K) with f(0)=0, | fl« <M, and |ag 1| > e.
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Proof. Assume by contradiction that there exist 6; { 0 and f; € JCT(K) sat-
isfying f () =0, | fi|+ =M, and |a(§fcl)|> e such that

supla)] < (1+8)27"|ait)].

n, j
Let f be the limit of a subsequence {f;;} of {f;} converging uniformly on
compact sets of K. For this function we obtain
(k)

la,, ;| = }im|an’j
{— 0

.<_2“”d]ao,1|.

Since ag,; =3 ; a,, , it follows that a,, ; =2""%,,, for all 4, j. Thus

bn,j = ao,lznd/(d—l)s —— dt

Kn,j It Id
and
_ nd/(d—1) S b .
bn 00'12 ? Kn’j 1t|d dt
For p=1,2,...,n, let Kp, j, be a cube of K, that intersects the diagonal
passing through the origin and that has the distance from the origin com-
parable with 277%/{4=1_ By taking the summation only on those K, ; that
are contained in some K, Jpr We obtain
2 (n=p)doy—nd?/(d-1)

2-pd

n
lbn|>62”d/(d_l) E
r=1
>neC

tending to oo as n — oo, This contradicts Lemma 3. UJ
LEMMA 4. Suppose fe IC7(K) and f(0)=0. Then a, ;=0 forall n, j.
Proof. Consider

8n, j(X)= Z"d/“"”fn,;(cn,f + Z—X%(E%)
Then, by Lemma 1, g, ;€ 3C7°(K) and

|&n, i1+ = C|flx
for all n, j. Furthermore, by changing variables, we obtain

S agn’j d0.=2nds afnyj do.
3Ko,y ON K, ; on
of
nd
= ——d
SaK,,, j on ’
= Z”dan,j.

Therefore, to prove this lemma it suffices to show gy ; =0. Suppose ay ; #0.
Let M =C| f|« and e =|ay |. Repeating application of Lemma 3 to g, ; we
obtain a subsequence {an,, .} such that
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an,, i |> (1 +8)Y 27"k ay, 4|
for all k. This is a contradiction for |a, ;| <|f]«2™". O

We will now show f(x) =0 for any f e JC7°(K) with f(c0)=0. By Lemma4,
we can rewrite (3.1) as

_col —fie, > (—L
109=C'3 {05 () 0

x—t|d-2

n,

-ci'3 |, E0la =3 | dot0)

; ; on |x—¢|d-2 - |x—c,, j1972
for xe K£. When x is fixed and # is sufficiently large, we obtain
= 12— |x—1]"2

|x—t]92|x—c, ;|92

L ) do(t)

|x—¢]d-1

+Ls |, do ()

scista g | o (
j SaKn'j

w20 (i) doto
nJj

|x—¢)d-1
Clfl. 27"
<
- 7’d—l ’

where 5 = dist(x, K). Since the last expression tends to 0 as n — o, f(x)=0.
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