AN INTERFERENCE PROBLEM FOR EXPONENTIALS

B. F. Logan

1. Introduction. H. L. Montgomery has posed the following problem: For
T >0 find the function of 7,

_ sup ST 1B dt
- D= Tlawkar

where

N ) N .
A)=Y ae™', a,>0; B(t)=3 bie™', |bi|<a,
1 ]

the N\, are any N real numbers, and N may be arbitrarily large. This problem will
be called Montgomery’s second problem, his first problem being the special case
B(t)=A(t). In the second problem, B(¢) could be, for example, a translate of
A(t) that maximizes the ratio. Of course, one could require the A, to be positive
without affecting the supremum. So by rescaling the functions, estimates of C(T')
would apply to power series with positive coefficients. In this connection, Norbert
Wiener proved a result quoted by Boas [2] to the effect that if

fR)=3Y a,z" a,=0,
n=0

has the unit circle as its circle of convergence with boundary values in L2on a
(small) arc centered on z =1, then the boundary values belong to L2 on the whole
circle. Under the same assumptions, Erdos and Fuchs [4] established the inequality
1 (= . 3 e .
— S |fei®)|2do< = S 1f(e®)2df, 0<e=<r.
27 J—x 2€ J—¢
Later, Wiener and Wintner [7] proved essentially that if B(¢) = A(¢) in (1.1) then,
as detailed by Bateman and Diamond [1] in their commentary, the ratio is less
than 8[{7']+1. (Wiener and Wintner were not concerned with improving the con-
stant.) As remarked by Bateman and Diamond, Wainger [6] showed that the anal-
ogous L2 result did not hold for 1 < p <2 (doing violence to the principle that if
positive coeflicients don’t cause trouble around the origin, then they don’t cause
trouble anywhere). Wainger remarked, however, that the analogous L~ result
does hold for p an even positive integer; that is, the L2-result applies to {f(z)}"
Shapiro [5] showed, in fact, that the even positive integers are the only p for
which the L7 result holds. He also showed that the 3 on the right in the Erdos-
Fuchs inequality can be replaced by 2. Shapiro obtains the improved constant by
replacing | f(e?)|2 by a positive positive-definite function g(0) of period 27 and
poses the problem of finding the best constant (as a function of ¢€) in this modified
problem. (I solved this modification of the problem several years ago, unaware
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of Shapiro’s paper at that time. The solution is too complicated to state here and
will be the subject of a future paper.) The difficulty is that the best constant in
the modified problem is only an upper bound for the best constant in the original
problem, and they may or may not be equal. We face the same difficulty in a sim-
ilar modification of the problem here, with the additional complication that the
{A\} are not specified.

Observe that if the exponentials {e'*x/} were orthogonal over both intervals
(—7,T) and (—1,1), then the ratio in (1.1) could be made no larger than 7, as
in the case of a single exponential. So in order for the ratio to be large, the ex-
ponentials should interfere (supposedly on both intervals), tending to cancel over
(—1,1). As a measure of the cancellation that can occur with positive coefficients
we obtain, from an upper bound for C(T'), the inequality
(1.2) L ST > ae ™2 dt = 1 § a?,

27 J—7 0 2 — oo
provided a; > 0. That is, over any interval centered on the origin, the mean square
with positive coefficients cannot be less than half what it would be if the expo-
nentials were orthogonal over that interval. Furthermore, the constant % is best
possible without further constraints (see Appendix). Taking the A\, to be integers
we obtain the Erdds-Fuchs inequality with Shapiro’s improved constant.

Interesting lower bounds for C(7T") may be obtained from periodic pulse trains
of period slightly larger than 1. Thus if

Alt)=3 plt—km),

k=—o0

where 7 =1+¢ and p(¢) is a “pulse” of norm 1 which vanishes for |#| > ¢ and has
a positive Fourier transform, then
1
| lafpde=1

and

Tn

S | JAWNRdI=2n+1, n=0,1,2,...,
n

where T,,= nr+e. Taking B(t) = A(¢), we get
C(T,) =2n+1.
Taking B(t) =A(t+7/2), we have
C(X,)=2n,
where X, = (n—1)7+e. Letting ¢ tend to 0, we get
1.3 C(n—1+)=2n,
Cn+)=2n+1.

These lower bounds are sharp because, as we shall see,



AN INTERFERENCE PROBLEM FOR EXPONENTIALS 371

n(n+1)
2(n=T)"

where n=1, 2,3, .... The function M(T) is a “scalloped-linear” function which
is continuous and satisfies

(1.5) M(T) <2T+1,

(1.4) C(T)=sM(T)= n—1=<2T=<n,

with equality holding only for 27 an integer. Thus equality holds in (1.3).
Now the question arises as to whether or not the function C(T) is continuous,

especially at the points 27°=1, 2, 3, ... . The function is not continuous at 7=0,
but it is continuous on the left for 7> 0, since for any e > 0 there exists 4,.(¢; T)
and B,(¢; T) such that

i |B.(t; )| dt

L |At; T dt
Therefore, since the indefinite integral of |B,.(¢; T')|? is continuous, there exists a
corresponding 6 > 0 such that

{77 |B.(¢; T)|? dt
L |Act; T) | dt

where 7' =T—4. Of course 6 may be much, much smaller than e. Nevertheless,
we have

>C(T)—e.

>C(T)—2¢,

C(T)y=C(T-), T>0.

The question now is: do we have C(T') = C(T+)? There seems to be no simple
argument for establishing continuity, but we are able to establish by examples that

(1.6) C(T)=2T+1, T=1,3,5,....

Thus C(T) is continuous at the odd integers. At this writing it is not known
whether or not C(T') is continuous at the half-integers and even integers, but we
can show that

1.7) C(T)y=2T+1-0(TY)

if 2T is a large integer. Thus, if C(T) is discontinuous at such points then the dis-
continuity is eventually small.

The method for obtaining upper bounds makes it quite clear how the functions
|A(¢)|? and |B(#)|?> must behave if C(T)=2T+1, without indicating how such
behavior may be obtained.

2. The mass method for upper bounds. The method of obtaining upper bounds
for C(T), called the mass method, avoids the mean squares and applies to an ex-
tension of Montgomery’s problem, namely, the determination of

{T-B*(t) dt
2.1 * T = S —
2.1) CH(T) e L AN dt
where
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N -
A* )= age™ =0 with o, >0
—-N
and

N .
BXt)=Y Bre™'=0 with |B|=< oy,
-N

and N may be arbitrarily large.

Here the nonnegative functions A*(¢#) and B*(¢) have replaced |4(¢)|? and
|B(¢)|? with the appropriate constraints on the coefficients of the exponentials.
Clearly,

2.2) C(T) < CXT).

The difficulty here is in determining whether or not equality holds in (2.2), and
involves all possible factorizations of candidates A*(¢) in the form |4(¢)|2. There
may not be a factorization where all the coefficients in A(¢) are positive. Despite
this shortcoming, the mass method seems to afford the only viable means of ob-
taining upper bounds for C(T), as explained below.

The idea here is to pick a function p(¢) which, when convolved with two differ-
ent mass distributions, will give us good inequalities for the integrals appearing
in (2.2). The choice is restricted to a suitable class of functions.

Denote by PD 1 the collection of even, continuous functions { p(¢)} which van-
ish outside the interval (—1,1) and have nonnegative Fourier transforms, nor-
malized by the condition p(0) = 1. In the following it will be understood that p(¢)
belongs to PD 1.

Being the Fourier integral of a nonnegative function, p(#) takes its maximum
value at the origin, and only there. Hence,

1 1 N
2.3) |_ awar>| awpyar= % P (\o),

where p is the Fourier transform of p.
Next, we suppose that p is convolved with a suitable measure with support in
[—T,T], giving a resultant

2.4 a)={_plt—x)du(x)

satisfying

(2.5) q(t) = xr(1),

where x7(#) is the characteristic function of the interval (=7, T'). Then
2.6) STTB*(t) dt=|" qyB)dt

N N
=2 Br@(\p) =X oy |g(Ng)|,
N N

where g(\), the Fourier transform of g(¢), is given by
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T i
a0 =p) | e M du().

Then

T
@) al=p0 | ldu(x)].
Thus we have, from (2.3), (2.6), and (2.7),
@.8) C(T) < CX(T) < M(T; p),
where

T
M(T;p)=S_T|dn(x)l-

So the game here is to choose p(¢) = p(¢; T) in PD 1 so that the satisfaction of
(2.5) requires a measure du(x)=du(x;p,q, T) of minimal mass.
From the convolution equation we have the relation

2.9) S: q(t) dt = [Sl_lp(t) dt] [ET du(x)].

This, with the inequality (2.5), gives
2T
fLop@t)dt’
The integral in (2.10) is maximized over PD 1 for p(¢) = A(t), the triangular func-
tion, given for |¢| <1 by
(2.11) A(ty=1-|t|.

This fact suggests that p(¢; T) = A(¢) should be a good choice for making M(T’; p)
small, at least for large 7. Indeed, since it turns out that M(7"; A) < 2T +1, candi-
dates for minimizing M (T'; p) must satisfy

(2.10) M(T; p)>

2T
2T+1°

which requires, as is easily verified, that p(¢; T) tend to A(¢) as T tends to infinity.

2.12) gl_lp(t; T)dt=

THE PACKING PROBLEM. Given p(¢) and T, what definition of g(¢) should one
take in (2.4) in order to minimize the mass M(T’; p, q)? In referring to M(T'; p)
as the mass “required” for the satisfaction of (2.5), we have tacitly assumed that
it is the minimal mass required for that choice of p, and its determination is a
problem in linear programming which, in general, does not have a simple answer.
In this problem, one seeks the greatest lower bound for M(T: p, q).

‘'LEMMA. Suppose
T
2.13) ao()=|"_pt=x)duo(x; T, p),

where

(2.14) qo(t)=1, —-T=t=<T.
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Then, for any solution du(x) of (2.4)-(2.5), we have

2.15) [ Jduco)={"

5 ro(x; T, p).
The lemma is a simple consequence of the identity

T T
2.16) | a1 duatx) = |

. 82(x) dpy(x),

connecting solutions of the integral equations

T
)= pt-x)du(x) (i=1,2)
satisfying
T
S |d,u,(.X')l <o,
-T
thereby ensuring the continuity of g;(¢). L]

So the game here is to maximize the integral on the right in (2.15), that is, to
pack as much mass as possible (supposing dug = 0) into the interval [—7, T'], sub-
ject to the constraint (2.14). This objective will be attained when a pair {q, ¢}
is found giving equality in (2.15), which requires first that du(x)=0, and then
that equality hold in (2.14) whenever ¢ is in the support of du(¢), and finally that
equality should hold in (2.5) whenever ¢ is in the support of duy(¢; T, p). This
could happen for g = q,.

THEOREM 1. If the equation (2.13) has a solution dp.y(x; p, T) =0 for the spe-
cial case where equality holds in (2.14) throughout the interval [T, T], and also
gives qo(t) =0 outside the interval, then that solution is a minimal-mass solution
of (2.4)-(2.5).

The theorem follows immediately from the lemma and the considerations for
equality to hold in (2.15). The result is obviously of limited utility, but it does
apply to the case p(¢) =A(¢), for L. A. Shepp has shown (private communica-
tion) that the hypotheses will be satisfied for any even p(¢) that is decreasing and
convex on (0, o0). This fact dismisses from consideration any p(¢) in PD 1 that
is decreasing and strictly convex on (0, 1) in favor of A(¢), since the latter domi-
nates the former and therefore would give a larger g(¢) for the same positive mass
distribution.

Notice, when Theorem 1 is applicable, that the conclusion does not rule out the
possibility of other essentially different minimal-mass solutions. Indeed, we will
see instances of this possibility in the next section. Minimal-mass solutions of
(2.4) for which equality holds in (2.5) for the smallest possible set are, of course,
very desirable for delineating conditions for equality in (2.6).

3. The mass method with p(¢; T) = A(¢). In case p(¢; T) is the triangular func-
tion defined in (2.11), the integral equation

T
T A(f—X) dou()(x9 A, T)’

3.0 a0(; )=
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where
qo(t;T)=1, -T=<t=<T,

has a solution which is obvious in case 27" is an integer, and otherwise may be ob-
tained by a simple trick. The trick involves the piecewise-linear function,

(3.2) fn(t)=k§_}1fn(k)A(t~k),
where B
fuk)=k, k=12,...,n.
We have
(3.3) HLH)y=t, 0<t=n,
and so (trick)
(3.4) LU+ fulr=D1= 2 (t+7-0) =1

if0<t<mnand r—n<t<r7. Thus for n—1<2T7<n and 7= -2T+2n, we have
(cf. Figure 1)
1

-T T T+1
4

Figure 1 Composition of g4 (¢;T); (T=2.1)

The solution of (3.1) is then evident from (3.5) and (3.2), and according to Theo-
rem 1 it is a minimal-mass solution giving

2%k n(n+1)

3.6 M(T;A)=M(T) = = , h—1<2T<n,

(3.6) (T;8)=M(T)= 5 s =5 s, n
where n=1, 2, 3, .... The function M(T) is strictly convex for n—1<27<n and
M(T)=2T+1 for 2T = n. Therefore

(3.7) M(T)<2T+1,

with equality only for 27=0,1,2,....

OTHER MINIMAL-MASS SOLUTIONS. We are primarily interested in these for
2T an integer, but let us note that
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1
M(T;A)= ——, 2T <1,
( ) =T 0<
and since
A) >1 T<t<T<1
1-T 7 - ’

another minimal-mass solution for 0 < 27"< 1 is obtained with a single point mass
at the origin. '

In case 27 = n an integer, the solution of (3.1) consists of #n + 1 unit masses equi-
spaced in the closed interval [—7, T']. Other minimal-mass solutions may be ob-
tained by adding to ¢ (¢; T') appropriate multiples of translates of the function

3.8) s(t)=2A(1)—A(¢—1)—A@+)),

so that the total mass is unaltered and the negative masses are absorbed by the
positive masses of the gy-solution. The function s(¢) is piecewise linear between
the integers and half-integers, taking the sequence of values {0, —1,0,1,0, —3, 0}
for t={-3,—1,-1,0,1,1, 3}, vanishing for |#| = 3. Now consider the piecewise-
linear function

(3.9 )= 3 as(t—k) (n=0,1,...),
k=0

which vanishes at the odd half-integers. If the a; are such that

o,(k)>0, k=0,1,...,n,
then
o, (1) 20, —i=t=n+1i,

with equality only at the odd half-integers. Now

(3.10) 0n(k) = ay— 3(ay_1+ a;41).
Hence the quadratic in &,

(3.11) ay=(k+1)(n+1-k), k=0,1,...,n,
will give

(3.12) ag,k)=1, k=0,1,...,n.

Thus, for sufficiently small ¢,> 0, the function
(3.13) qs(t;T)=q0(t;T)+enUn(t+n/2)

will correspond to a minimal-mass solution of (2.4)-(2.5) for p(¢) =A(¢) and
2T =n+1. We will take ¢, as large as possible, the constraint being that the mass
m, at the point —7 + k be nonnegative; that is,

(3.14) mk=1—6n(ak+ak_1)20, k=0, 1,...,n+1.

We see from (3.11) that (a; + a;_,) is maximum for kK = (n+1)/2 in case n is odd,
and for k=n/2 and (n/2)+1 in case n is even. So, making m; = 0 for the maxi-
mizing k, we get
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1

= T=n+1),
1= 3o mrsy LoD
(.15) 1
— —n+hy.
n= igany1 (-t

For future reference, the mass m, at each end-point of the interval [-7,T] is

1
Mgy= —'m (T=n+1),
(3.16 2n+1
n 1
el e ——— T= 5)s
o avantl O onta)
giving
(3.17) gs(T+3;T)=mgy/2.

A graph of the generic function g,(¢; T') is shown in Figure 2.

Sni

t

Figure 2 The function g.(¢;T)

CONDITIONS FOR C*(T') =2T+1. In view of the inequalities (2.8) and (3.7), if
C(T)=2T+1then C*T)=2T+1and 2T is an integer. Now suppose that C*(T') =
2T+ 1. Then for each e > 0 there exist functions A¥(#; T') and B}(¢; T') of the pre-
scribed form such that

1 T
S AxT)dt=1 and yTB;"(t;T)dt=2T+1—e.

Then, according to the preceding results,

s}

T
2T+1—e= S BT di< S a.(t; T)B*(t; T) dt

1
=@r+1)| (=|thAxs T ar.
So first we must have

2T+ 1—e¢

1
(3.18) L (1-[t)A T det = ST

1
s AN T)dt,
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which requires that A¥(t; T) dt tend (weak-star) in (—1,1) to a point mass at ihe
origin as e - (0. Next we must have

(3.19) 0<{” gt D—xrBHET) dt <6,

where xr(¢) is the characteristic function of the interval (-7, T) and gq.(¢; T) is
the “saw-back” function defined in (3.13). So in the interval (-7,7T), BX(¢;T)
must be concentrated near the zeros of the difference g,(¢; ) — xr(#), these being
the points (k—T}, k=0,1, ..., 27T. Note that this difference divided by 2¢,, is pre-
cisely the distance of the point # from the set {k—T} for —T'<¢<T. So if Er(h)
denotes the set of points in (=7, 7) a distance # or more from the set {k—T7},
then we have

T
(B.20) > S_T [q,(£; T)—~11B*(¢; T) dt > 2e,h SE ., BT dt

T
Since ¢,, just depends on 7, the integral over E;(/#) must tend to zero with e for
any positive 4. Now denote by E;(h) the set of points in (-7, T) a distance less
than # from the set {k —T'}. For small 4, the set E;(k) consists of 27+ 1 small in-
tervals, the outer ones being of length # and the others being of length 2/4. For
any positive 4, the integral of B(¢; T) over these 27+ 1 intervals must tend to
2T +1 as € tends to zero. Furthermore, since

C*(h)<M(h)=1+0(h),

the integral of B}(t; T) over each of the small intervals must tend to 1 as € tends
to zero.

In addition, there is the outside gap condition which follows from replacing
qs(t; T) in (3.19) by the function qy(¢; T): For every positive h, the integrals

-T T+1-h
S BXt;T)dt and S B*(t;T) dt

—T—1+h T
must tend to zero with e.

The conditions for C(T) =27+ 1 require the functions to have much in com-
mon with the periodic pulse trains described in the Introduction (when the period
is 1), with the important differences that in B(#) the masses of the pulses centered
on —7 and 7" must somehow be included in the interval (-7, T'), while in A(¢) the
masses of the pulses centered on —1 and 1 must somehow be excluded from the
interval (—1,1).

4. Improved upper bounds for small 7. The upper bound

1 1
C*T)=M(T)= —— -
(T)=M(T) =7 O<T<2
can be significantly improved for small 7T by taking in (2.4)
t
@.1) ay=22  (pepp1),

p(T)
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provided

4.2) O<p(TM)y=pt)=p0)=1, -T<t=<T.

Then one solution of (2.4)-(2.5) is just a point mass at the origin, giving
1

4.3 CT)= ——.

*-3) p(T)

This solution will in fact be a minimal-mass solution if one other condition is
satisfied.

THEOREM 2. If, in addition to (4.1)-(4.2), the function p(t) is concave on
(—2T,2T), then the corresponding solution of (2.4)-(2.5) is a minimal-mass so-

lution for that choice of p; that is,

1
M(T:p)= ———.
(T;p) (D)

Proof. Equality is obtained in

|7 awdos={" aotxTyduny=| duio)
T Ho\Xs _gp 40t HAX) = T HAA ),

where
1

2p(T)
is even and concave over (—7, T') and therefore satisfies

qo(t;TY<1, —-T=<t=<T,

at:N={ [p(t=T)+p(t+T)]

- p(t—x)dpo(x;T)=

with equality holding for  =0. (Cf. §2: the packing problem, the lemma, and
(2.16).) ]

What we would like next, of course, for use in (4.3) is the maximum over PD 1
of p(T), subject to the monotonicity constraint (4.2).

The least upper bound for |p(7’)| without the constraint, given by Boas and
Kac [3], is

1 1
(4.4) |p(T)|scos< u ) —=<T< (n=1,2,...).
n+1 n n—1

This upper bound can in fact be achieved with the monotonicity constraint for
T=1/n,n=2,3,...,afact we state here without proof. An example for T=1/3 is
the piecewise-linear function with nodes at the multiples of 1/3, taking the values

(4.5) p0)=1, p(1/3)=+1/2, p2/3)=1/4, p(1)=0,
which gives the best inequality of the form (4.3); namely,
(4.6) C*(1/3)<V2,

where M(T) gives 1.5 for an upper bound.

The modification of the Kac-Boas inequality, under the monotonicity con-
straint, is an interesting problem for future consideration. A good estimate for
small T is provided by the function given for |¢|<1 by
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4.7 p(t)=(1—|t|)cos(7rt)+% sin(wt)

This is the function in PD 1 (the self-convolution of the restriction of cos(wt) to
(— %, %)) which minimizes | p”(0)| and therefore may be said to be maximally fiat
at the origin, with the behavior

w22

> +0(|£]?), t-0.

(4.8) p)=1-

This function, being decreasing in (0, 1), gives

w272

4.9 Cx(T)=1+ +0(T3), T-0,

and this, according to the Kac-Boas inequality, is the best that (4.3) can give as
T—0.

S. Lower bounds by construction. It is helpful at this point to view Montgom-
ery’s problem from another perspective by defining

1 ¢7 . N o sinT(x—\;)
1 = ixt =
G.1) g(x)= > S_Te B(t) dt Elbk =)
_ et N sin(x—\p)
5.2) Jx)= 5 S_le A dt=3 a0
Now we would like the make the ratio
0 2

(5.3) R(T;g, f)=o=l8DNX

jo—ooolf(x)lzdx

large, with a; > 0 and | b, | < a,, taking N as large as we please and somehow choos-
ing the set of frequencies A = {N\;].

It is easy to see that the ratio can be increased if |by| is actually less than q; by
taking b, = e'%ay for some real 6. Intuitively, g(x) should be real-valued. How-
ever, there are simple cases (N =3) with {a;} and A fixed where the ratio is not
maximized for real by. It is perhaps true, when a// the parameters are varied, that
g(x) may as well be real-valued, but this has not been proved. The usual L2-argu-
ments involving eigenfunctions of certain operators cannot be applied here be-
cause of the positivity constraint on the coefficients {a,}. The ideas are useful,
however, in constructions.

With A and N fixed, the calculus of variations shows the necessary conditions
for a maximum to be

5.4) le(\e) | =R(T; g, £).f (i),
. bkg(kk)zaklg(kk)‘a k=1,23'--sN-
When A and N are unrestricted, the first of these conditions becomes

(5.5) |EMN)=R(T;8, /) f(N), —o<A<eo,
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with equality only for A € A. This is not very instructive, except for showing that
(5.6) f(x)=0, —o<x<oo,

is a necessary condition for a maximum. Recall that f(x) is the Fourier trans-
form of the restriction of A(#) to (—1,1); so (5.6) is consistent with that restric-
tion being concentrated around the origin.

Although we expect that the maximum is not attainable for any 7, the varia-
tional conditions provide some guidance in constructing examples.

THE CASE T =1. All the new lower bounds for C(T") stem from the construc-
tion for this special case. In this case we partition A into disjoint sets, A; and A,
and define

(5.7 S(x)=f1(x)+f2(x),
(5.8) g(x)=/fi(x)—f2(x),
where
N |
(5.9) f,-(x)=%ak%, @>0 (i=1,2).
That is, we take
510 b, = a if )\kEAl,
(5.10) k= —ay if }\kEAz.

Now both f and g are real and the problem is symmetric in f; and f5.
Abbreviating the previous ratio by R, we have

on e
Clearly, we want

(5.12) S: £1(0) f>(x) dx <O0.

We may suppose that

(5.13) |” theorzax=1.

Then if we replace f,(x) in (5.11) by mf,(x), where m > 0, we find that the best
value of the multiplier is 77 =1 when

(5.14) |~ theorax=1,

which is to be expected from the symmetry, and which we suppose to be true.
Thus we have two functions of the form (5.9), of unit norm in a special subspace
of L? where the reproducing kernel is

_sin(x—1t)

We wish to minimize the dot product (f}, f>), which, owing to the special form
2 a; K(x, \;) of the functions f; and f,, may be written
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(5.16) |- S0 dx =3 4 fr00 =3 4 FiM.
1 2

Here, @, >0 and
(5.17) 2 a i) =2 ap fL(\)=1.
Ay Ay

Now if we could make
A)=— Ae), A €Ay,
(5.18) Ja(Ng) pf1(Ng) k€A

JIAD) =—pfo(Np), A€ A,

we would have (fy, f,) = —p, giving

1+p
R=——.
(5.19) —p
The upper bound we have for R is 3, and we know from the conditions for C(T) =
2T+ 1 that 3 cannot actually be attained. Therefore (theorem)

(5.20) i, f)> 1.

The challenge here is to show that (f}, f,) may be arbitrarily close to — %, and
thereby establish that C(1)=3.

It is easy to falter at this point after a few unsuccessful tries; indeed, it was dif-
ficult at first to find an example where p exceeded %, giving C(1) > 2. This exam-
ple resulted from taking A, to consist of a single point, the origin, so that

sin x

fl(x)=\/7_f X ’

and then taking A, to consist of the points +(3n/2+2n7), n=0,1,.... So A,
almost coincides with the set of points where f; takes its local minima. Further-
more, the points in A, fall on a lattice where the translates of (sin x)/x are or-
thogonal, which simplifies the construction wherein f, is made proportional to
—f1 on this set, and scaled so as to have unit norm. This construction gives

RS B
,_ 32 72 1
pt= > =,
a1 1 32
tatg ot

or
p = .358849668.

However, it may be shown that the condition (5.5) for a maximum is not satis-
fied, and therefore this p gives

C(1)>2.11939... .

It is clear that the set A, (and f,) can be perturbed to obtain a local maximum, but
the resulting value of p (which can be closely estimated) will be only slightly larger.
What is needed is a drastic change in order for p to be significantly increased. In
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this example the expected symmetry in f; and f, is not found; f, offers to f, all
the negative values f1(\;), A\, € A,, while f, offers to f; only the negative value
f>(0). There must be a symmetric scheme in which the functions can offer more
substantial negative values to each other.

The choice of A, and A, is, of course, crucial. There is not much guidancehere,
but for the purpose of simplifying the construction we will require that the points
in A, fall on one lattice while the points in A, fall on another lattice, the lattice
points being spaced by a multiple of . In order for the functions to interfere
strongly one might expect that the points in A; and A, should interlace, so that
any point in one set would not be distant from some point in the other set, but
under scrutiny this arrangement appears to be at odds with the objective of mak-
ing the function belonging to one set be strongly negative on the other set. It is
somewhat surprising that, in an arrangement which works, the points in the two
sets fall on opposite half-lines. In this arrangement we take

o sin(x —2km)

(5.21) fix)= 3 @

(5.22) Sf2(x)=f1(=0-X),

where 0 and {a;} are to be chosen. The nominal value of § is 3x/2. In contrast to
the previous example, f; is now offering negative values only on the left, but these
are being reinforced by the additional terms in the sum.

What we would like here is

(5.23) fo2nm)y=—pfi(2n7), n=0,1,2,...
or
—sinf = ay
5.24 —_— = =0,1,2,...
( ) 27‘_ k=0 ’l+k+>\ pan’ n ) b b b
where
0
A= 2_7['-’ an>0,

and p is close to 3. We know from (5.20) that we cannot have p = § with ¥ af <
and a; > 0.
The relation in (5.24) suggests the integral identity,

1 o t77dt _ x~’

(5.25) _S =
T Jo x4+t sin wy

, x>0 (0<rvr<l),

where the integral could be closely approximated by a sum for x =n+ \. In fact,
we can obtain a discrete analog of (5.25) from the integral for the beta function,

rEOTG) (1
W—Sot I(1=7)r=1dt.

Setting y =1—», we have

(1-6)"=3
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and then
& (e 1 I'(x)
5.26 =I'l—y) ——— >0,v<1).
G20 23 G T Tarisy 20 r<D
For the special values of x, x =n+v, this relation may be written as
] =
(5.27) Tk 1 L Ok o1,

T =0 k! (n+k+v) ~sinar n!’
Here 0<v <1 and

(»)p _ T'w+n) 1
n!  T'»I'(n+1) T@)nl-»’

(So actually we would replace » by 1—» to copy the asymptotic behavior in
(5.25).)

Although (5.27) reveals an exact solution of (5.24) for § =2x», it is not what
we want. We must have sin § close to —1 and » slightly less than % in order to have
p close to %; it is not important that (5.24) be exactly satisfied as » tends to % If
we take

n— oo,

(5.28)

® (v); sin(x—2km)

(5.29) S =6 2 T rx—2km)

and

(5.30) Sa(x)=f1(=37/2—x)

then

63 pem=—gt 8 s = e i),
where

(5.32) o 1 ['(n+3)T'(n+1) 1 .

" 2sinmy T(n+nT(n—r+1)  2sinay’

The effective p, will be very close to % if we take v = %— ¢, where € is a sufficiently
small positive number, for with

(5.33) go=c, % and 3 at=x
k! K=0
the multiplier ¢, must tend to 0 as » tends to 1, since
) 'ia-—2
(5.34) > M’E:zﬁ‘l(p,y;];])z ( v)

2o kK T(1—»)(1—»)"

Thus for any fixed m the first /1 values of p, become insignificant as » tends to %,
with the result that the dot product (fi, f,) tends to —%. In fact, we can express
the dot product as the ratio of two hypergeometric series and find the effective p,,,
{T'(1—»)}2 '(N)
27 I'(N+1-—2»)

(5.35) p=— §0 f1(2nm) fy(2nm) = <),
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where A = 2— Therefore, if 6 is a given small positive number then a corresponding
small positive number e can be found such that 5> 1 — 6 for » = 1 —e. Finally, N
can be found such that 3% a? < 8. Hence, we have the result

(5.36) C(l)=C*(1)=3.
A graph of the limit function fj(x)/f,(0) for » =1 is shown in Figure 3.

1.2

1.0 F

0.8 } (v=.5)
0.6

NIAAWA /]
NERVARY/

'0.4 1 | 1 1 1 1

-8 -6 -4 -2 0 2 4 6 8

xin

Figure 3 The limit function f,(x)/f,(0)

When f) and f, are shifted to the right by A= = 3x/4 and the normalization ig-
nored, the construction here is equivalent to taking

(5.37) A(t) = § (:3" cos(\w+2n7)t,
n=40 .

(5.38) B(t)= § (;3” sin(Aw + 2nw)t
n=0 :

and letting » approach % from below. The same result is obtained if the lower
limit in the sum is replaced by any positive integer, or if any integer is added to \.
The period of these functions is 8 and

(5.39) B(t)=A(t+2).

We will see in the next section that this same pair of functions serves to estab-
lish the result

(5.40) C(ry=CcX«T)=2T+1, T=1,3,5,...,
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except that B(¢) is replaced by A(¢) in case T=3, 7,11, ..., conforming (incident-
ally) to the constraint in Montgomery’s first problem.

THE CASE 27=1,2,3,.... We are led from the construction for the case T=1
to consider the function )
ew¢(f )

. F()=(1— 2rty—v _
(5.41) y(t)=(1—e"“") m|23in7rt|” (0<r<1),

where

o(t)=>01-20)x/2, 0<t<],
(5.42) ¢(0)=0,

o(t)=o¢(t+1).

Although we are concerned here only with the case » = 1, let us note that for 0 <
» <1 the function is locally integrable and has the Fourier series

(5.43) F,(1)= § %eiznm,
n=0 n!

which converges unless ¢ is an integer. Since the Fourier coefficients are positive,
the function F,(¢) may be said to be positive definite. Usually, a positive definite
function is understood to be finite at the origin, and therefore, being the Fourier
transform of a finite positive measure, is a continuous function. However, there
is no real reason for excluding discontinuous positive-definite functions, such as
F,(t). Actually, we are required in Montgomery’s problem to approximate such
discontinuous functions with finite sums, but we can rely on the partial sums of
the series (v < %) to converge in mean-square to the limit function, which we take
as the nucleus of the construction. Knowing the end result of the previous sec-
tion, we can now give a simple independent explanation of how the construction
works.

The phase discontinuity »7 in »¢(¢) at the integers is essential to the construc-
tion. It allows us, in effect, to create asymmetric approximate delta functions at
the integers by multiplying F, () by an exponential, taking the real (or imaginary)
part, and letting » tend to % Thus, the square of the function

. L3N, 0)
4 . — l()\7rt+9)= gV( » Yy
(5.44) _G,(t;\,0)=Re F,(t)e 2sinai]’
where
(5.45) g,(t;N\,0)=cosfAwt+0+vop(t)},

will, with suitable normalization, behave as v — % like a sequence of asymmetric
delta functions situated at the integers, with the mass to the left at the point r=n
tending to

(5.46) p(n—=)=g2(n—;\,0) =cos?(A\nw+0—vw/2),
and the mass to the right tending to
(5.47) p(n+)=g2(n+;\, 0) =cos2(Anw+0+vxn/2).
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Note that the sum of the right and left masses tends to 1 as v tends to % Thus with
unit masses at ¥ =1, 2, ...,n—1, we have

. [5G\ 0) dt
5.48
©-48) e W Zsinw[ > dr

=pu(0+)+(n—-1)+p(n-),

where
p(0+) =cos?(6+n/4), p(n—)=cos®(Anw+60—m/4).

This heuristic result can be verified from the exact formula

n r'(-2v) .
4 2(¢; = .

.49 | G0 STy 7+ oSt +20) sin(nm),
where

_ _{F(1—2»)}? I'(A) 1

’Y-—'Y(>\,V)— F()\+1—2V) and v< 3.

The Fourier integral,

1 ¢= e'?X'dt r'(1—2»)e'™
5.50 — = 1
(5.50) 7r.§o (2sint)?* T (1—-pr—x)I'l—v+x)’ V<2

is the basic formula, which may be obtained by integrating the analytic function
z%(1—z2)8 around a semicircular path connecting the points z=—1and z=+1,
expressing the integral along the real axis in terms of the beta function and taking
the appropriate values of « and §.

Now, by choice of A\ and 6, both of the limiting end-point masses x(0+) and
p(n—) in (5.48) can be made equal to 1, giving a total mass of n+1 in the open in-
terval (0, n). This is the result we need for one integral, but there is another inte-
gral to consider.

For 2T'= n an integer, we set

(5.51) B(t—T)=G,(t;\,0),
(5.52) A1) =G, (t;),0),

where v < %, A(t) is positive definite, and the coefficient constraints are satisfied.
Then we choose A and § to maximize the ratio

j’l/,,z/z B2(t)dt _ n+vy cos(nhw+20) sin(nht)

5.53 =
(5-53) §L,A%(¢) dt 2+ sin(2Aw)
as » — 3. Clearly 9 will be chosen so that
(5.54) cos(nhw +20) sin(nhw) = |sin(nhw)|.
Then we have
n n+|sin(nkw)]
5.55 — )= .
(5.55) C(2>>mf'x 2+ sin(2hr)

In order for the maximum in (5.55) to be n+1, it is readily seen that )\—% must
be some (any) integer, say 0, and that n/2 = 7' must be an odd integer. Therefore,
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(5.56) C(T)=CXT)=2T+1, T=1,3,5,....

For other integral values of 27, it is not possible to choose A and 0 so as to sat-
isfy the conditions for C(7T') =2T+1. If X does not dlifer from 3 7 by an integer,
then cos{A\n¢+v¢(¢)} will not vanish for f =1—and v = 2 , as it must in order for

Sl_l A1) dt - Sl_l (1—|¢])A2(¢) dt

as v — %, that is, in order to exclude the masses at the end points of the interval.
When this condition is satisfied, the other end-point conditions [i.e., u(0+) =
p(n—)=11in (5.48)] required for

ST 11?5’(t)|2calt—+(2T+1)S1 A%(t) dt
-T —1

cannot be met except for T=1, 3, 5, ...; otherwise a compromise must be made.
A graph of selected ordinates for the limit function

(5.57) A(t)=Re (1—ei2n)1/2”

for the case T=1, 3,5, ..., is shown in Figure 4.

..mmllll“““ "“Ilmmm...

. m i, P h wl I

=
T

I |

]

'
—
¥

Figure 4 Ordinates of the limit function A(¢); T=1,3,5,..

The conspicuous feature is the asymmetry of the singularities at the odd integers.
The idea is to take B(¢) to be a translate of A(#) such that one of the stronger sin-
gularities is turned inward at each end of the interval (—7, 7). Thus we take
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B(t)=A(t+2), T=1,5,9,...,
B(t)=A(t), T=3,7,11,....

The construction here certainly favors the case in which 7 is an odd integer,
and raises the question as to whether or not this case is intrinsically more favor-
able than the others. For the other cases we have the following lower bounds for
C(T).

In (5.55), for n/2=T=2m, set 2A\w =37/2+e¢€. Then

4m-+]sin(2
(5.59) C2m) = max P IsnCme)|
€ 2—COS €

(5.58)

which gives, for e =w/(4m),

4m+1 w2
5.60 C2m)> ~4 1——.
( ) (2m) 2 —cos(w/4m) mt 8m
In case 2T'=2m+1=n, it is convenient to set
T 2a
A= = Al
Then
2m+1 infm+1)x/4—
(5.61) C(m+1)=max +|sinl( /4 - o]

o 2—cos(2a/(2m+1))

Here o should be approximately + /4, the sign depending on m, so as to make
|sin{xx}| close to 1. There is a choice of sign with a = +/4 which gives [sin{xx}|=
1, and therefore

2m+2 72
5.62 ! ~ Sy
(5.62) Cont2)> S st/ @m+2)) ~ ™2 Tom

Note the difference in the asymptotic lower bounds when expressed in terms of 7'

2
C(T)>~2T+1-_ T=2,4,6,...,

AT
(5.63)
oT)>~2T+1- ", =133
16T ° 2°2°2°"

The maximum in (5.55) gives the lower bounds for C(T") shown in Table 1.

In conclusion, some comments on discontinuous positive-definite functions
seem in order. We are familiar with the inequality |F(¢)| < F(0) for continuous
positive-definite functions, where equality can hold for some 7 # 0 if and only if
F(t) is periodic. Once F(0) is allowed to be infinite, we may see unfamiliar be-
havior in |F(¢)|. For example, we could have

(5.64) |F(t+a)|>|F(t)]|, 0<t<e.

We see this in Figure 4 for a=1,5,9,.... We could even have the two-sided in-
equality

(5.65) |F(t+a)|>|F(t)] —e<t<O0 and 0<Z<e.
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Table 1 Lower bounds for C(T)
T Lower Bound T  Lower Bound

0.5 1.739712 5.5 11.913011
1.0 3 6.0 12.680572
1.5 3.808848 6.5 13.923650
2.0 4.378802 7.0 15

2.5 5.851906 7.5 15.931991
3.0 7 8.0 16.745037
3.5  17.879757 8.5 17.938700
4.0 8.574933 9.0 19

4.5 9.898996 9.5 19.944212
5.0 11 10,0 20.753259

We see this in the example of F(¢) = G,(¢; ,0), 1 <» <1 [cf. (5.44)], where
|F(¢)| is even about the point £ =1 as well as the origin and

|F(t+1)]
[F ()]

which is approximately tan(y«/2) for small |¢|.

A discontinuous positive-definite function F(¢), when convolved with a contin-
uous positive-definite function that vanishes outside (—e, €), must always give a
continuous positive-definite resultant F,(¢). Thus the inequality in (5.65) implies
that |F(¢)] is not a positive-definite function, since the resultant would be larger
for £ = a than for # = 0. On the other hand, |F(#)|?is always positive definite, pro-
vided this function is also integrable over an interval containing the origin. So
(5.65), which cannot hold if F(0) is finite, also implies that F is not locally L2.

(5.66) = |tan{nt/2+vé (1)},
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Appendix. Here we establish the inequality (1.2) concerning the interference
over (—7, 7) of exponentials with positive coefficients. We may assume 7 =1. Then
the result is equivalent to

(A.D) w|" eorde= % > a,

where

©  sin(x—MNg)

(AZ) f(X)=_E ay 7r(x-—>\k) , ak>0.

This result is closely related to, but not equivalent to, the inequality established
in Section 5,

(A.3) [~ reoneas-2,

where f, and f, are any two functions of the form (A.2), each of norm 1 in L2.
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We suspect that the inequality in (A.l) is also strict, but this has not been
proved. Recall that the strict inequality in (A.3) comes from detailed arguments
showing that the supremum C(1) =3 cannot actually be attained. Similar argu-
ments are lacking for the inequality (A.1), which is obtained from the upper bound
C(T)=2T+1, letting T — oo,

As in Section 5, set

© sinT(x—N\g)

(A4 )= Y b— o bl =a
and

oo 2
(A.5) R(T;g, f)= S—wlg(x)l dx

[P [f (X)) dx”

Now we can always take |b;|=a; and, by choosing the sign of b, (in perhaps a
non-optimal way), make

(A.6) (" JgPax=T S a2,

To see that this is possible, relabel the a; and A\ so that @, =0 for k<0, andgy=

a,=a,---. Then define

n sin T(x—N\g)
A7 2(x) = b
(A7) &)= B =

where by =a, and for n=1 take b, = +a,, where the sign is chosen to give

b

(A.8) - §°° [g,(X)]2dx= T r’ (g, (x)]2 dx+Ta2,

and hence (A.6).
Now define £(f) by

o0

(A-9) |” rerax=¢n S a.

Then from (A.6) and (A.9) we have

A.10) R(T; g, 2—7:—.

'(Fhen, since rel )

(A.11) R(T;g,f)<C(T)=2T+1, T>0,
we must have

(A.12) ES)=}

in order for (A.11) to be satisfied as 7— o. Furthermore, % is the greatest lower
bound for £(f), since we have given a construction in Section 5, f(x) = fi(x)+
f2(x), which allows &£(f) to be arbitrarily close to % In this construction we had
A¢=2km for k=0, and N\, =2kw + /2 for k <O0. It would be of interest to have
a characterization of sets A = {\;} which allow £(f) to be arbitrarily close to %
We only know of one more essentially different example.
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In this example, the set A is a lattice in which the spacing between points is
slightly less than 27. This would seem to be an unlikely set for the desired re-
sult, in view of the fact that

1 Soo sin(x —N\;) sin(x—>Ng) dx = sin(A; —Ng)
T J—oo (X—->\J) (X—)\k) ()\j—}‘k)
is practically zero for \; # \. The example is a simple one which perhaps has not

been recognized as an example of extreme interference.
Suppose f,(x) is a positive continuous function of L2 whose Fourier transform

vanishes outside [—e¢, €]. Then

(e sina(x—1t)
(A.13) fi(x)= S_w S =Tt aze
Now for fixed x and «, the Fourier transform of the function of ¢,
sino(x—1t)
t)= —_—
8D =fD=— =5
vanishes outside (—8, 8), where 8=« +¢. Then, by the Poisson sum formula,
o 00 2
(A.14) 7Y gglkr)= S_w gs()dt, 7= ?“
Thus,
o sin (x —Kk7)
N =
(A.15) Jx) =13 Sk = s
and
(A.16) | tnrde=r3 1n6n2

Now suppose a=1>€¢>0 and 7=27n/(1+¢). Then

©  sin(x—k7)

(A.17) J(x)=2% a;

“" w(x—kr)

where
fi(kr) = 12-1—_eak.
¥
Hence,
(A.18) w[” tnoozax= 1;“‘ $ a2,

So here we have another example of extreme interference in the sense of (A.1).
It is rather remarkable that for very small ¢ the sum in (A.17) can represent a
function that is essentially constant over long intervals, where it appears that 7
is roughly two times larger than it should be. This is also a simple example of the
fact that a given function f(x), especially a positive function, may have count-
less representations of the form (A.2). The particular representation (A.17) of
Jf.(x) is naturally interpreted as the Fourier transform of the restriction to (—1,1)
of a periodic pulse train of period 1+ ¢, as described in the Introduction.
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Finally, the example (A.17) shows that it is not enough in Montgomery’s prob-
lem to find a set A allowing extreme interference in the sense of (A.1), for in the
case A\, =2kw/(1+¢€), the integral

w|”
which is a nondecreasing function of 7, is equal to T X |b,|? for T=1+e¢. Thus,
although the lattice allows the extreme interference (A.18), we have

(A.19) R(T:g, f) =2, T<I+e

We have seen in the Introduction that equality may hold in (A.19) for T as small
as 1 +e. But then the ratio cannot be made larger until 7 exceeds 1+e. Thus it
does not follow from

sin T'(x —N\g) |

Ebk W(x—)\k) dx:

(A.20) " rwra=22 S 620,
where f(x) is of the form (A.2), that there is a decomposition
(A.21) JS(x)=af(x)+bfr(x), a,b>0,

where f| and f, are functions of the same form of norm 1 in L2 with (f}, f;) ar-
bitrarily close to ——17;. For if there were, we could with f=f,+f, and g=f— 1>
make R(T'; g, f) arbitrarily close to 3 for T=1, but for A\, =2kw/(1+¢) wehave
(I+e) o> _ 2(1+¢)

(§(f)Zar — (149)

Thus the extreme values of £(f) and the normalized dot product (f;, f>) are, in
general, different measures of the interference properties of a set {\]}.

(A.22) R(l; g, f) < <2(1+¢).
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