LACUNARY POWER SERIES ON THE UNIT CIRCLE
I-Lok Chang

By the statement that a formal power series

(1) S(8) = 22 cneikng

n=1

is gq-lacunary we shall mean that its exponents k, satisfy a condition of the form
kKp+1/En>q>1 (n=1,2, -). In a research announcement [2], R.E.A.C. Paley
stated that if the sevries (1) is q-lacunary, and if in addition |cn] — 0 and

2 ]cnl = % then for each finite complex number w the sevies converges to w at
every point of a set that is dense in [0, 27].

A complete proof of Paley’s theorem was later given by M. Weiss [3]. Subse-
quently, J.-P. Kahane, M. Weiss, and G. Weiss [1, pp. 1-16] showed that the plane-
covering property of S(6) is only one aspect of a much stronger property of the se-
quence {Sn} of partial sums of (1). They proved that if the servies (1) is q-lacu-

nary, and if in addition ¢, — 0 and 22 Icnl = oo, then corresponding to every closed
connected subset C of the extended complex plane theve exists an everywheve dense
set E in [0, 2n] such that for each 6 in E the set C is the set of limit points of

{sn(8)}.

This theorem fails if we omit the hypothesis that c,, — 0. Indeed, let

E(=, 8) = {0 ¢ [0, 2] : lim [S,(0)] =

n — o0

If for each index n we take c, = n!, then (even without the hypothesis of lacunarity)
the series (1) obviously has the property that E(~, S) = [0, 2r]. It is not known in
general whether the set E(~, S) remains dense in [0, 27] if ¢, 7 0. Simple argu-
ments show that it is a dense set if we assume in addition that q > 3. In this note we
prove the following result.

THEOREM. To each q > 1 theve covvesponds a positive constant Aq such that
Jov each q-lacunary sevies (1) satisfying the two conditions

lim sup |cn| > 0

n— o0

and

N
(2) lim ini( 27 |en| / max Icnl) > Ag,

N—ew \n=l 1<n<N
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the set E(«, S) is everywhere dense in [0, 27].

Our proof of the theorem depends on the following lemma, which guarantees the
existence of points 6 in [0, 27] where Spn(#) has the same order of magnitude as

N
20 |cn|. Except for differences in notation, the lemma is Corollary (2.1) on page 6
of [1].

LEMMA. To every q > 1 theve covvespond positive constants Bq and Cq
(Cq > 1) with the following property. If (1) is a q-lacunary power sevies and W is a

N
complex numbey of modulus Cq En=1 fcnl, then each interval of length Bgq /n1 on
the veal line contains a point & such that

N
ISn(e) - w| < Ve2-1 2 eyl
n=1

Proof of the Theovem. Let Bq and Cq be the constants of the lemma. We show

that if x is a point in [0, 27], then for any ng > 1, there is a real number 8¢ such
that

PN P —
X -
ol = ano(l_ 1/q)’
and
N
lim | 2 cne1knt90
N—o n=ng

Without loss of generality we may assume that ng = 1. In two steps we verify the
theorem:

Step I. Let a and B be positive real numbers satisfying

B Cz-1
q q
a -+ =1-8
2Cq Cq
and
CqB < 1.

Express the series S(0) as

S(0) = By(8) +B2(6) + -+ + By(0) + -+,

where
. mp
ik ik 9 .
B(6) = cle1 19 _ cje "1 , By(0) = 2J cnelkng, .
n=2
my
Bi(0) = X cpem? ...
n=mj _;+1
Choose the integers mj, mp, **- by the conditions m; =1, and m; (i > 2) is

the smallest integer such that m; > m;_; and
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mj
(3) ky |Cl| o +krni-l lcmi-1| < akmi—l n—mziilﬂ lcnI
Let
my
0y = Icll’ U/i = 2 'cnl (i=2,3, )
n=m;j_1+1
and
M; = max ]cn| (i=1,2, ).

1<n<my
For i > 2, the choice of m; is such that
oj- |cmi| < (ky fen| +- +km, lcmi-l l)/(akmi_l) .
This implies

0; < lem,| + Mi(k1/km, , +-+1)/ e

< M;+M;(1+1/q+1/q?> +-)/a

- ; ) 1
( G!(l 1 q) i

(4) o; < (1+m)Mi (i=1,2, ).

In particular, (4) shows that the 0; are bounded if the ¢, are bounded.

Now we define inductively a sequence {6 15X 62, 03, } such that

Bq
2K,

|6i41 - 0] <

i
and

Let 6, =x. Clearly ISml(B Dl = |c1| > CqyB lc1], since CqB < 1. Having chosen

05, let ¢; = arg(Smi(B ;) and let w; = CqOi+1 eiqhi . By the lemma, there exists a

B

B
point 6;;1 in the interval I={ 6; - 1 , 05+ d such that
2km 2km-

1

i
|Bi+1(0541) - wil < VCE-104.

Express ISmiH(@ 1) ] as

|s (6341)] = I(Smi((?i) +Wi) + (S, (6i+1) - Sm (61)) + (Bi+1(01+1) - wi)| .

mit]
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Incorporating the inductive hypothesis, we have

|Smy(05) +wi | =[S, (65)] + |wy | > CqBloy +++ +0;) +Cyogy -

Observe that for any real numbers a and b,

(5) |eia - eib| = |eila-b)/2 - e-ifa-b)/2| = -

Zisin(a'b)l < la-b].

Using (5), together with (3) and the definition of 6;,,, we have

i @By
Ismi(gi-}']) - Sml(gi)l S lel+l - 91| El kn lCnl S —2—0i+1 .
n=

Thus

|Smi+1(ei+1)| > CqB(ol + ot 0g)+ CqTi+1 - 2Cq + Cq CqTit1
= Cq,B(Ul + eer + 0i+l),

completing the induction.

The sequence {Bi} is a Cauchy sequence. For if i <j, then

i-1
Bq 1 B
|61 - 65 < 165~ Osma [+ +]05.0 - 65] < Z>km = 2kmi(1q" a)’

r=i r
which tends to zero as i — =, Since the sequence {#8;} is then convergent, we de-
fine
00 = lim 6]‘_ .
i —3 00
The same argument shows

Bq
2k (1 - 1/q)

(6) 6; - 0g] < i=1,2, ).

In particular,
| 0 | < d
X - Yy _Zkl(l-l/q)'

Step II. We assert that
lim |Sy(80)] = = .

n— oo

If r is such that m; <r < m;,,, then

s:(60)] = Ismi(9i) +(Smi(90) - smi(gi)) + 2 cneiknGO

n=m;j+1
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From Step |,
|Smy(0:)] > CqBloy + - +05) .
Applying (5), together with (3) and (6), we have
mj

2 oqu
Smy(©0) - Sy 0] < 193 00 Dy lea] < 5775 7
Thus

aB
[5:(60)| > CqBloy ++ +0y) - (1 +ﬁ$) Oit]
(7) a8,
= CqB(o] + - +0441) - (1+m+CqB)Ui+1 .

If the ¢, are bounded, then ISr(90)| tends to infinity with Cqp(o1 + -+ + 0i+1),
since 0;4; = O(1), by (4), and since lim sup |c,| > 0.

n—©0

Otherwise, from (4) and (7), we have

|8:(60)] 01 Feetoin aBg Oi+1
) M, = Cqﬁ( M;, ) ) (1 T 1/9 " CqB)MHl
(8

>Cﬁ(°1+ Ty (1455 l/q)+cq)(1+ i)

The last expression of (8) is bounded below by € > 0 if

©) 01+1;/;;+:01+12{g+(1+i}%_1/_).+cq3)(1+ ai-1/9 }/Cq

We now define Ag by the formula

Aq (1+7—0£‘}7(-15+05)(1+ lq /c;s

Then condition (2) of the theorem implies that there is a positive &€ such that (9)
holds for all sufficiently large i. In this case, [S.(6¢)| > €M;4; and hence

lim [S_.(0,)| =~. This completes the proof of the theorem.
I — O
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