BOUNDS FOR THE COEFFICIENTS OF
CYCLOTOMIC POLYNOMIALS

R. C. Vaughan

i. INTRODUCTION

We define the nth cyclotomic polynomial fI)n(z) by the equation

n

(1) d,(z) = Il (z-elx/m)) (ela) = &2MQ),
r=1
(r,n)=1

and we write
¢(n)
(2) & (z) = 20 a(m, n)z™,

m=0

where ¢ is Euler’s function. P. T. Bateman [1] has shown that

(3) la(m, n)| < exp (% d(n) log n ) ,

where d is the divisor function. P. Erdds has given two proofs [2], [3] of the exist-
ence of a positive number ¢ such that for infinitely many natural numbers n,

log n
(4) log max a(m, n) > exp (——————c ) .
m ’ log log n
Erdds has asked whether it is possible to take c¢ arbitrarily close to log 2, which
would imply that Bateman’s result is best possible. In Theorem 1 we give an af-
firmative answer fo this question. In fact, we even show that the choice c = log 2 is
permissible.

THEOREM 1. Theve arve infinitely many natural numbers n such that

(log 2) (log n) ) '

(5) log max a(m, n) > exp( log log

m

Erdds and R. C. Vaughan [4] have shown that
(6) |a(m, n)| < exp((71/2 +0(1)) m1/2)

uniformly in n as m — *, where
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ng(l"p(T%rT))’

and that for every natural number m,

m )1/2

log max |a(m, n)| > ( Tog m

’

where > is Vinogradov’s notation. A modification of the method used to prove
Theorem 1 gives a slightly sharper lower bound for infinitely many m.

THEOREM 2. There ave infinitely many natuval numbers m such that

() ! la(m, )| > —2/2
og max |a{(m, n)| > ———— .
& m (log m)!/4

2. PRELIMINARIES

Throughout, X denotes the quadratic character modulo 5. Also, y is a large
real number, and

(8) n= II b,
p<y
X (p)=-1

where the dash signifies that the prime number 2 is included or excluded in the
product according as the number of primes p <y with x(p) = -1 is odd or even.
Then

(9) wn) = -1
where p is the Mobius function. By (1), when |z| <1,
&.(z) = II (2% - pr/r),

rin

Hence, by (8),

|<I>n(z)l = exp(-ﬁt (n) 27 (1) 27 ézmr).

rin m=1

Thus, by (9),
cO
(10) |®,(z)| = exp (SR 2 cmzm),
m=1]
where
1

(11) Cm = 4 27 rulr).

r|{m,n)
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Since X is a primitive character modulo 5 and x(-1) = 1, we have for every integer
m the equation

4
5172y (m) = 7(x) x(m) = 2 x(r)elmr/5),
r=1
where
4
7(x) = 24 x(r)e(r/5)
r=1

is the Gaussian sum. Hence, for every positive real number Xx,

B oo (o(2) o (2) o [32) vo (2)

(12)
=5l/2 3 cm)((m)e'm/X
m=1
Clearly,
4 4 (5|m),
27 e(rm/5) =
r=1 -1 (5+m)
Hence, by (11) and (8),
m/x (o B (2_m) (3_m) (ézn_))
Ecme (e(5)+e 5 +e 5 t+e 5
m=1
(13)
- E ¢ (e-—Sm/x e-m/x)
m=1
Here it is convenient to recall the formula
" .
(14) { e-mixx-0-lax = moT@) (0 >0,

0

where I' as usual denotes the Gamma function.

By (11), ¢, is multiplicative. Hence, by (8),

27 x(m)e,m™ = L(1+0,x) III (1+p%) (0 >0)
m=1 P|n

and

2 c,ym ¥ =¢t(1+o) I 1-p %) (¢>0),

m=1 pin
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where L(s, x) is the Dirichlet L-function formed from the character x, and where
¢ is the Riemann zeta function. Hence, by (12), (13), and (14),

[o o]

‘S‘ (ER % cme(‘%)e‘m/x)x'o'ldx
m=1 ‘

0

(15) = r(o)(51/2L(1+o, x) II (1+p9)

PIn

=

- (1-579)¢(1+ o) I|I (1—p-°)) (c >0).
Pln

3. THE PROOF OF THEOREM 1

Suppose that 0 <x < 1. Then, by (11),

o 0
27 cme(%)e"m/x < 27 em/x < x
m=1 m=1

Therefore, by (15), when 0 < o <1,

> —ar(o)(5”2L(1+c, x) II (1+p79)
pn

-(1-57) ¢ +0) IT (1-p) - 755
p|n
On taking the limit as o tends to 0, we find that

o0

sup ( " 2 € € (%) é'm/x) > %51/2L(1, x) d(n) .
le m=1

Therefore, by (10) and (2),

(16) (1 + ¢(n)) max Ia(m, n)| > exp (% BI/ZL(I, x ) d(n) ) .

m

It is easily verified that

¢(n)

> a(m, n) = &y(1) = III rk (/) = exp (A(m)),
m=0 pln
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where A is von Mangoldt’s function. Hence, by (16),

max a(m, n) > exp ( 7 5'/2 L(1, x) d(n) - log (4(n) (4(a) + 1)) ) .

m

We complete the proof of Theorem 1 by observing that by (8) and the prime number
theorem for arithmetic progressions

] =—Jlogn (1+——£—1_10 2+O((log10gn)'2)).

" log log n log log n
pln g log g log
4. THE PROOF OF THEOREM 2
Let
(17) o =1+ 1
log y

and
(18) u = exp((log y)!/%).

Then, by (11),
1 ® 1
X-O’—ldx S ‘S‘ E e—m/Xx-O'—ldx S S 2xl—0'dx < 1,
0

2J cme(—rgl—) e m/x T

r

[>o]

27 ce (—I;I-) e m/x

m=1

u
x0-lax < S x"% dx < (log y)!/4,
1
and
00 b4 dx
S (log x)"1/2x7% ax < S (log x)'“z——x—-l—(o -t/ Sm x™% dx = 3(log y)' /2.
u 1 1
Therefore, by (15),

3(10gy)1/2 sup(x'l(logx)l/zm 2 cme(%)e'm/x)

xZu m=1
(19) >%F(o)(51/2L(1+0, ) II (1 +p9)
p n

-(1-59)¢1+0) II (l-p"g)) - 2(log y) /4. .
Pln

By (17 and (18),
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II (1+p‘°)>>exp( 2 p_c) ZeXp( 2 9'1(1‘(0'1)1°gp))-
pln p<y Py
x(p)=-1 X(p)=-1

Hence, by (17) and the prime number theorem for arithmetic progressions,

II 1+p %) > (log y)!/2.
p|n

Therefore, by (19), there is a real number x, no smaller than u, such that

o0

(20) " 2 cme(%) e ™M/%X > x(log x)-1/2 .

m=1
By (6), there is a positive constant ¢ such that

< eCX1/2

20 a(m, n)e (_r;m_\) e-m/x
OS_me

and

< 21 em/2x £ 7,

l 20 a(m, n)e(—ISE)e"m/X ,
m >cx

m >cx?2

Therefore, by (2), (10), and (20),

2 a(m, n)e(—lé—])e'm/X
x<m§cxZ

log > x (log x)-1/2 .

Hence, for an m with x < m < ¢x?,
log (|a(m, n)] e ™M/%) > x(log x)-1/2 .
Therefore, if x > ml/2 (log m)1/4, then
log [a(m, n)| > m!/2 (log m)-1/4,
and if x < m!/2 (log m)1/4, then
log |a(m, n)| > m/x > m!/2 (log m)-1/4 .
Thus, in either case there is an arbitrarily large natural number m such that

log max |a(m, n)| > m!/2 (log m)-1/4,
n

as required.
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