ON A VARIATIONAL METHOD FOR
UNIVALENT FUNCTIONS

Ch. Pommerenke

There are several proofs for the basic results on interior variations of univalent
functions. The original proof of M. Schiffer [5] uses a variation of the Green’s func-
tion and an approximation of the domain by smooth curves. The proof of G. M.
.Golusin [2], [3, p. 96] applies only to analytic variations (which are sufficient for al-
most all applications), and it uses the majorant method. For further discussions of
this variational method, see [1], [4], [6].

We give a new proof of Golusin’s version of the variational theorem. The proof
is elementary, apart from the use of Carathéodory’s kernel theorem. By univalent
we mean analytic and univalent.

THEOREM. Let f(z) be univalent in |z| < 1 and normalized so that £(0) = 0 and
£(0) > 0. For 0 <X <Xq, let g(z, \) be univalent in the annulus r < |z| < 1, where
r is some fixed numbey. Let

o0 c0o

(1) g(zhzhf),(‘z)f(z) = 2 cpz P teg+ 2 cnz® (M- 04),

n=1 n=1

locally uniformly in r < |z| < 1.

For 0 < X < g, let the univalent function 1(z, \) map |z| < 1 onto the union of
the doubly connected domain {g(z, \): r < |z| <1} and the compact set enclosed by
this domain, and let (0, ) = 0 and £'(0, \) > 0. Then

2) “—Z%(z—) — Seg + nL‘l (en+ ) (A — 04),

locally uniformly in |z] <1.

Remavrk. The choice

arf(z)?

g(z, A) = £(z) +m

(|zo] <1, [a] =1, 0 <x <2p)

leads to a special case of Schiffer’s variational formula [5].

If S is the usual class of normalized univalent functions and f(z) belongs to S, it
follows from (2) that the function

0

¥z, 1) = £(z) +|:(zf'(z) - f(z)) ey + zf'(z) 27 (cp +e_)z" |[A+o()

n=1

belongs to S and is a variation of the function f(z).
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Proof. (a) We may assume that g(z, A) #0 (r < ]ZI < 1). We can write
(3) gz, 1) = f(¢(z, 1), 1),

where ¢(z, A) is univalent in r < Izl < 1 and satisfies the condition

0 < | ¢(z, A)I < 1. Since, by (1), g(z, A) tends to f(z) (as » — 0) locally uniformly in
r < ]z| <1, Carathéodory’s kernel theorem implies that f(z, A) tends to f(z) (as

A — 0) locally uniformly in |z| < 1. Hence ¢(z, A) tends to z (as A — 0) locally
uniformly in r < |z| < 1. Since |¢(z, A)| — 1 as |z| — 1-, the reflection principle
shows that ¢(z, A) is univalent in r < |z| < 1/r and that |¢(z, 2)| =1 for Tzl = 1.

(b) We define

_ 1z, ») - 1(z) _ glz, A) - 1(z)
p(Z, A) = Azfl(z) ) Q(Z, A) = ﬁ;&zf'(TZ .

The function

4) Wiz, n) = Tlog HEN - T p )

n=-o0c

is analytic in r < |z| <1/r, and % ¥(z, A) = 0 for |z| = 1. It follows that
b_,(A) = - by(r) and bg(r) = iB(A) for some real S(A).

Equations (3) and (4) imply that

©0

(5) Wiz, A) = - 27 bWz +iB(A) + 22 ba(A)z™ = [a(z, A) - p(z, M)][1 + h(z, V)],
n=1

= n=1
where

Ap(z, A) | _($(z, D) - 2)E'(z)
ew(z,h) -1 f(p(z, 1), A) - £(z, A) )

h(z, A) =

Since limy _, gy A¥(z, A) = 0, locally uniformly in r < |z| < 1, the factor
Az, A)[er¥(z:2) _ 1]-1 tends to 1 as A — 0. Since £(z, A) — £(z) and #(z, 1) — z,
the second factor also tends to 1. Hence

(6) h(z, ») —» 0 (A — 0+)

locally uniformly in r < |z| < 1.

(c) Choose p (r < p% < p < 1), and set M(2) = max| ;| <p |p(z, A)| +1. By
g;(2) (5 =1, 2, 3, 4) we shall denote functions (independent of z) that tend to 0 as
A — 0+. It follows from (5), (6), and (1) that

Ty L n-1, __1 n-1 2n
ba(M) + 5= S] - a(z, A)z""" dz - 5= SIZI 52 p(z, A)z" 7" dz| < p™"M@)e (D)
Zj= =

for n=0, 1, ---. The second integral vanishes for n > 1. Hence (1) shows that
lbn()') + C-I’ll S pan()L)Sz(h) (n = 1’ 2, -..).

The second integral is real for n = 0. Hence, by (1),
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|-B(0) + Sco| < M(W)ea(n).

(d) For |z| = p, relations (5) imply the inequalities

[>e] o0
Wz, A) - 22 c_,z " - iS¢y + 22 C_nz"
n=1

n=1
(7) < 2 oM ten] ™+ |BO) - Sco| + 2 [ba(d) +En] p"
n=1 n=1
< 2 (T +pMp MM g,(0) = M) Es(N).
n=0

Now relations (5), (1), and (6) imply that
NKK):E Kﬁ +]{2Nﬂk)84(lh

for some constant K;. Therefore M(A) < Kj3. It follows from (5), (1), (6), and (7)
that

p(z, 1) = q(z, A) + [a(z, A) - p(z, M)]h(z, N) - ¥(z, A)

— ¢g+ 21 (c,z”+c_,z™") - i8¢y + Z>1 (c_
n= n=

nzt-c_z7) (A —04),

and the last relation holds uniformly for |z| = p. This is equivalent to (2).
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