A STABILITY CONDITION FOR y" +p(x)y =0
A. Meir, D. Willett, and J. S. W. Wong

In a recent paper, A. C. Lazer [1] showed that if p(x) > 0, p(x) € C3(a, ),
p(x) = +° as x — «, and

) (101720 ax < 4=,

a
then all solutions of the equation

(2) y'+px)y =0
satisfy the condition

(3) lim y(x) = 0.

X —>0

In this note, we establish the same conclusion under weaker hypotheses for the case
when p is monotonic.

THEOREM 1. If p'(x) > 0 for a <x < =, p(x) € C3(a, ),

() lm p() =+,
and
(5) (Mlereom ax = o @) w — =)

Jor some a (0 < a < 1), then every solution of (2) satisfies (3).
Proof. Writing yZ + p‘1 y'2 =v and p~% = ¢, we can easily verify the identity

(6) L ipl-aylgny2_giyiyr = Zgmy2 + (1 - 20)p'p *y2,
dx 2 2
Now we observe that v' = -p'p~2y? < 0; thus v(x) is a positive, nonincreasing func-

tion. Therefore

(7) lim v{x) = s

X —> 00"

exists. If s =0, then (3) clearly follows. We shall show that the assumption s > 0
yields a contradiction. It follows from (4) that all solutions of (2) are oscillatory;
hence there exists a sequence {xn} such that x  — *« and
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(8) y'(x)=0 (n=1,2 -).

If £ > 0, then by (4) and (7) we may choose b > a such that

(9) p(x) >0 and s <v(x)<(@d+g)s

for x > b. Integrating (6) from b to x  (x, > b), we obtain the relation
Xn

(10) pl-%(x )v(x,) = C, - 2 9"(x )y2x,) +§i gmy2ax+ (1 - 20) | "prp ¥yax,
b

where C, is constant. Using the inequality
Xn
o)l < leyl+ §  lom]ax,
b
we see from (9) and (10) that

Sp 1"‘Jl(xn) < |Co| + (|C1l + Sbn|¢"'ldx)(1+a)s

+(1-0)tp%x_)(1 +¢)s-max(l - 2a, 0).
By (4) and (5), it now follows that
1< (1-a)t@+e)max(d - 2¢, 0)+0(1) (0 — ).
This yields the desired contradiction with any € > 0 if @ > 1/2, and with
g <a(l-2a)lif a<i1/2.
The following theorem can be proved similarly.
THEOREM 2. If condition (5) of Theorvem 1 is replaced by

(5") Sw|(p"1(X))“'|dx = o(log p(w)) (w — «),

a
then the conclusion (3) still holds.
Remark. It is easy to verify that the function

p(x) = SX (2 + cos t5/4)dt
0

satisfies condition (5') but not (1).
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