LLACUNARY POWER SERIES AND UNIVALENT FUNCTIONS
Ch. Pommerenke

1. M. and G. Weiss [6] have proved the existence of a number Ag with the follow-
ing property: If ny.;/ni> A> Ag and the function

(=]
n
(1) f(z) = ag + kz?l an, Z k

is analytic in [zl < 1, then either % Ianl < o or f(z) assumes every value infinitely
often.

J.-P. Kahane, M. Weiss, and G. Weiss [4, Theorem III'] have shown: If the co-
efficients a, of the function (1) tend to 0 and ny,;/n, > A> 1 for some A> 1, then
either = Iann' < o, or the sum f(eif) (8 real) of the power series assumes every
value infinitely often.

The following theorem does not yield as strong an assertion, but its hypothesis is
also weaker, and its proof is shorter and quite different.

THEOREM. Lef p be a natural number, let
(2) nk+l/nk> A>1 k=1, 2, --),

and let the function

(= e
ny -p N
f(z) = ag + kZ_)l (ank_Pz + et an z

be analytic and diffevent from 0 throughout |z| < 1. Then the ank_,ql (=0, *-, p)
tend to 0 as k — .

2. We shall need the following lemma, which is essentially due to Fejér and
Fekete [3, p. 301] (for the case of a lacunary polynomial).

LEMMA. Let 2., 1/my < =, and let

my

[~ ]
=by+ 24 b
g(z) O+k=1 mkz

be analytic and different from O for Izl < 1. Then, for k=1, 2, «++, the function

k 0
(3) g1 (z) = by + Z)l: II ( -Eﬁ)]bmuz H

p=1L j=k+1 mj

is diffevent from Q for |z| < 1.
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Proof. Let p, be the modulus of the smallest zero of gy (z). Then 1/py is the

modulus of the largest zero of the polynomial z K g, (1/z). Hence all zeros of its
derivative lie in {|z|< 1/p, }. Therefore the relation

my -mj ] -1 m)

2 [k g (1/2)] = my 2 g1 (1/2)

implies that 1/px_; < 1/px and px < px.1- Thus the sequence {px} is decreasing.
The definition (3) shows that g,(z) — g(z) as k — =, almost uniformly in |z]| < 1
(that is, uniformly on every compact subset of |z| < 1). Since g(z)# 0 for |z|< 1,
it follows that

P > lim pu21.

H—e0

3. Proof of the theorem. For 1 < pu <k, 1<v<p, let

oo P B
(4) o (u,v) = 11 1II (1_n !

j=k+1 q=0

nj-q)'

It follows from (2) that for j > k + 1 and sufficiently large k

n -V nk .
n'bl S— n; —<— aJ-k’
j ~-q j -p
where 1/A < a < 1. Hence
> ¢ o0
(5) o, v) > II @ -od P o II (1 - a?y?*! = 6> 0.
j=k+1 £2=1
By the lemma, all zeros of the polynomial
k P N
(6) £ (z) = ag+ 27 2 oy (1, v)an“_vz L
©n=1 v=0

lie in 'ZIZ 1. Let

N 2 BB = oyl 0)E, + -+ 0yl DA, 2

- n, -n
+o,(k - 1, 0)3.nk L2 Kk-1 e

Then the function
h(z) = £(z)/ £ (2)

is analytic in |z]< 1, and |hy(z)| =1 for |z|= 1. Therefore it follows that
Ihk(z)l__g 1 for |z]|< 1.
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Suppose that a, does not tend to 0. Then there exist sequences {k,,} and
{dm} (0<qm < p) such that

A -am + 0.

We may assume that q,,, = q and that h; (z) — h(z), almost uniformly in |z| < 1.
m km

It follows from (4) and (6) that f, (z) — f(z) almost uniformly. Hence
£* = h £
Y@= @5 ()

also converges almost uniformly. We see that if g(z) is its limit function, then

(8) g(z) = h(z)i(z),

and since ny - n_; — «© as k — oo, it follows from (7) that g(z) has the form

— L X} p
(9) g(z) = by + + bpz .
The assumption and inequality (5) imply that

bl = lim oy (ky, q)lankm_ql > 0.

m — oo
Therefore g(z) + 0, and h(z) # 0 by (8). Hence

(10) 0<vy= sup |hiz)]<1.
=] <1

Let ¢ be any complex number with lc, < 1/v. Then
(11) f(z, ¢) = £(z) + cg(z) = £(z)[1 + ch(z)]# 0

for ’zf < 1. By (9), the power series of f(z) and f(z, ¢) differ only in the first
p+ 1 terms. Just as for £(z), we form £(z, c). Then

ff(z, ¢) = h, (z, ), (z, o),

where h,(z, ¢) is analytic in |z] < 1, and Ihk(z, c)| < 1. Let E be a denumerable
dense subset of {c: |c| < 1/¥y}. We may assume that hkm(z, c) — h(z, c),as

k — o, for each ¢ € E. Since only the last p + 1 terms of f’}"c(z, c) are different
from those of ff(z), it follows that

g(z) = h(z, c)f(z,c) (c € E).
Hence equations (8) and (11) show that for |z|< 1 and c € E,
|h(z) f(z)] = lg(z)[ < |f(z, c)l = |[1 + ch(z)] f(z)l.

Since E is dense in {|c|< 1/y}, this inequality holds for all ¢ with |c|< 1/y. It
follows that if z is fixed (|z| < 1) and we choose ¢ = y-1 eif with suitable 6, then
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|h(z) £(z)| < (1 -5-1/ |h(z)|) | £(z)].

Because f(z) # 0 we find, in contradiction to (10), that

sup |h(z)| < —X— < y.
|2]<1 Ty

This completes the proof of the theorem.

4. An analytic function is called locally univalent in a region if its derivative
does not vanish there (every univalent function is locally univalent).

COROLLARY 1. Let ny i /n > A> 1, and let the function

[+o]
nk-p nk

f(z) = z + ijl 3 -p? ot dy Z )
be analytic and locally univalent in [z| < 1. Then Any -q = o(1/ny)
(@=0, -, p; k — ).

COROLLARY 2. Let nk+1/nk> A> 1, and let the function

‘(nk'P)

-nk
ny -pZ + o+ an Z )

f(z) = z + 2 (a
k=1

be locally univalent and analytic in |zf > 1, except for the pole at ©. Then
Ay -q = 0(1/ny) (@ =0, -+, p; k — ).
These corollaries follow at once if we apply the theorem to f'(z), respectively

£1(1/2).

If the gap conditions are dropped, then the estimates of the corollaries need not
hold. This is obvious for Corollary 1. As to Corollary 2, Clunie [1] has shown the
existence of a function f(z) = z + *+- + a,z"™ + -+~ univalent and analytic in |z|> 1
(except at =) for which a, # Om®~!) for some a > 0.

5. Finally, we show that the estimate a, = o(1) of the theorem and the estimates
a, = o(1/n) of the corollaries are best possible.
Let n,, | 0. Choose n; so that nk+1/nk—> o and Ef:;l nnk< 1. The function
o0

f(z) = 1+ 2 n, z K
k=kg

does not vanish in [z]| < 1 and satisfies the gap condition (2) for each 2, if kg is
sufficiently large.

Also, the functions
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[~e) [+ o]
n -
f(z) = z + kZ)l nf{lnnkz K and  f(z) = z+ kZ_)l nlllnnkz k

are starlike and therefore univalent in |z| < 1 and |z|> 1, respectively [2], [5]

1.
2.
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