A CHARACTERIZATION OF GENERALIZED MANIFOLDS
P. E. Conner and E. E. Floyd

1. INTRODUCTION

We are concerned here with generalized manifolds; these are spaces which have
certain of the local homological (equivalently: cohomological) properties of mani-
folds. Such spaces have been of interest in topology since the fundamental work of
Wwilder [ 7], as well as that of Lefschetz, éech, Smith, Begle, and others. Recently,
- there has been renewed interest in such spaces; see papers of Floyd [5], Yang [9],
and Borel [2]. The principal motivation for the present paper is the study of fixed
point sets of toral groups of transformations. In a later paper, we shall apply our
results.

We consider locally orientable generalized manifolds in the sense of Wilder [7].
In our terminology, a finite-dimensional space X is alocally orientable genevalized
n-manifold if it fulfills two requirements: (a) X must have local cohomology
modules HX%(X, K) over the coefficient ring K at each point x, and their union must
have the structure of a locally constant sheaf; (b) Hi (X, K) = 0 for i # n and
HX, K) = K.

In Section 4, we show that X has locally constant local cohomology modules if
and only if X has property Q of P. A. Smith [6]; that is, requirement (a) above is
equivalent to property Q. Using recent work of Borel [2] and an argument on spec-
tral sequences, we show in Section 6 that condition (a) implies condition (b) when the
coefficients are in a field. That is, if X is connected, finite-dimensional and has
locally constant local cohomology modules, then X is a locally orientable generalized
n-manifold, for some n. Otherwise stated, the properties P and Q of P. A. Smith [6]
are equivalent, at least when coefficients are in a field. Yang [9] has already proved,
for general K, that P implies Q. In Section 7, we prove slightly weaker theorems
for the case where the coefficients are in the ring Z of integers. The problem of
determining whether the above results hold in full generality for this case is left un-
solved.

Neighborhoods of points will always be open sets in the space. Unless otherwise
specified, the coefficient ring K will be assumed to be an arbitrary commutative
ring consisting of more than one element. The kernel of a homomorphism f: F — G
is denoted by Ker f, and its image by Im f.

2. INVERSE FAMILIES

Suppose that X is a topological space. Let there be given for each open U in X
a K-module F, and whenever UDYV, let there be given a homomorphism

f'llV: FV - Fu

such that (1) £, is the identity and (2) f,f,, = f,, Whenever UDVDO W. Then we
say that [F, £, ]is an inverse family on the space X. The following concepts
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concerning inverse families are aimed at the discussion of local cohomology modules
in Section 4.

We say that a base U for the open sets of X is hereditary if and only if, when-
ever Ue I and V C U is nonempty and open, then V € 1. We say that the inverse
family [Fy, fu,] is locally constant on the subset A of X if and only if (i) there
exists a hereditary base U for the open sets of X, and (ii) for each U€ 11 and each
x € UNA there exists a submodule F of F, such that

(@) if U,Ve u and x€ VCU and x€ A, then f,, maps F, , isomorphically
onto Fy 4, and f,,(Fy) = Fy 4;

(b) if x€ UN A and U € 1, then there exists a neighborhood Vc U of x such
that the F,,y are equal for all y € VN A. If A = X, we say simply that the family is
locally constant.

u,x

If a base Ul satisfies these conditions, we shall say that it is a base for the local

constancy of [Fy, fu.l.

THEOREM 2.1. Let [F, f,,] be an inverse family on the space X, and let A be
a subset of X. Then [Fy, £,,] is locally constant on A if and only if the following
condiltions ave salisfied:

(a') given x € A and a neighbovhood U of X, theve exists a neighborhood VC U
of x such that if W is any open subset of V which intersects A, then Im f, = Im f,;

(b') theve exists a heveditary base 1 for the open sets of X such that if x € A
and x € VCU € U, then theve exists a neighborvhood WCV of X such that
Ker £ = Ker f,.

Proof. Suppose conditions (a') and (b') hold, and let 1 be the base of (b'). For
each xe€ UNA (Ue u), define Fy , to be the 1ntersect10n of all Im £,,, for which
x € V. It is then seen that [F, uv] is locally constant.

Suppose next that [F,, f,,] is locally constant on A. We show that (a') is satis-
fied for all sufficiently small neighborhoods U of x; it is then satisfied for all
neighborhoods U of x. Suppose 1l is a base for the local constancy of [Fy, fy.).
Suppose that x € U € 11, and that V is as in (b) and also so small that Im fuv = Fy,x
Let W be an open subset of V,and let ye WN A, Then

Imf,, DImf,, D Fyy=Fy x=Imf,.

¥

Hence Im f,, = Im f,, and (a') follows.

We show now that (b') is satisfied. Let 1I be a base for the local constancy of
[Fu, fuv]. Let V be an open subset of U, and let x€ VN A. There exists a neighbor-
hood WCV of x, with F, y = Im f,. Then f,;, maps Fy x isomorphically onto
Fu,» Hence f,, maps Im f,w isomorphically into F,. Hence Ker fow = Ker fvw,
as was to be proved.

For an inverse family [Fy, fuv] and a fixed x € X, we consider the inverse sys-
tem {Fu, fov; X € U} of modules.and homomorphisms, indexed by the collection of
neighborhoods U of x. Define Fy = lim__ {Fy, fy; X e‘U} There is also the na-
tural homomorphism f, ,: Fy — F If the family is locally constant, then for U
sufficiently small, f, , is an 1somorph1sm into, and its image is Im f,,,, for appro-
priate V.
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3. DIRECT FAMILIES AND DUAL FAMILIES

Suppose that for each open U in X there is given a K-module Gy, and that when-
ever UD V there is given a homomorphism gyy: Gy — G+ such that (1) gy is the
identity and (2) gwvEvu = Ewa Whenever UD VO W. Call such a [Gy, gvul 2 divect
family on X. It is well known [3, XIV] that each direct family leads to a sheaf G on
X with

G, =lm {G,, g,,; x€ U},

We define the direct family [Gy, f,] to be a locally constant family if and only if
it satisfies the conditions dual to those in Theorem 2.1. That is, it is locally constant
if and only if it satisfies

(a") corresponding to each x € X and each neighborhood U of x, there exists a
neighborhood VC U of x such that if W is any nonempty open subset of V, then
Ker gwy = Ker gyy;

(b") there exists a hereditary base 11 for the open sets of X such that if
x€ VCUe€ u, then there exists a neighborhocod WCV of x with Im g, = Im gy

It may be seen that if [G,, g, ] is a locally constant direct family, then its sheaf
G is a locally constant sheaf.

In the remainder of this section, the basic ring K is assumed to be a field. Each
G, is then a vector space over the field K. We say that the direct family [Gu, guvul
is dual to the inverse family [F,, f,] if and only if each G, is the dual space of F
(that is, G, is the space Hom[Fy, K] of linear maps from F, to K) and each
gou: Gy — G, is the dual (or transpose) of f : F, — F,.

\'

THEOREM 3.1. Suppose that the divect family [Gy, gyu ] is the dual of the in-
verse family [Fy, ], where coefficients are in a field K. Then the family [Gy, gvul
is locally constant if and only if the family [Fy, f,,] is locally constant. In case the
families are locally constant, then G, is isomovphic to the dual space of F,, for
Xxe X.

uv* v

Pyoof. Consider UD VDO W. In the diagrams

f g
FW EDW Fu G W Xu Gu ’
fVW\’ } iU.V ng—\ /‘ gvu
F G,
v

we have Im f,, = Im f,, if and only if Ker gy, = Ker gy, and Ker {, = Ker f, if
and only if Im g, = Im g,. Hence (a') and (a") are equivalent, as are (b') and (b").
Hence the first assertion follows. For appropriately chosen neighborhoods U and V
of x, G, is isomorphic to G,/Ker gy, and F, to Im f,, if the families are locally

constant. But G,/Ker 8,y 1s isomorphic to the dual space of Im f . Hence the re-
mark follows.

4. LOCAL COHOMOLOGY MODULES
In this section, X will denote a locally compact Hausdorff space. Denote by

Cx(X) = CX(X, K) = ECiC(X) the Alexander-Spanier grating of X with compact sup-
ports, and by H*(X) = Z H}(X) the corresponding cohomology module. For each open
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U, let C*(U) denote the submodule of C¥(X) consisting of all elements whose sup-
ports are in U, and let H¥(U) denote its cohomology module. If VC U, then

C¥(V)c C¥%(U). Let jyy: C%(V) — C%(U) denote the inclusion, and j¥%,: HX(V) — H¥(U)
the induced homomorphism. Then we have an inverse family [HX¥(U), j*,]. We say
that X #&as locally constant local cohomology modules on the subset A if and only if
the inverse family [HX*(U), j%,] is locally constant on A. In that case, define the lo-
cal cohomology module H¥(X, K) to be

HX(X, K) = lim_ {HX(U), j*,; x€ U}.

These are the duals for cohomology of the local homology groups introduced by
Alexandroff [1], [8]. If A = X, we say simply that X has locally constant local co-
homology modules.

If (X, B) is a locally compact pair consisting of a locally compact Hausdorff
space and a closed subset B, then we denote by H?(X, B; K) and H,(X, B; K) the
Cech n-cohomology and n-homology modules of the compact pair (X e, BU ),
where X | » denotes a one-point compactification of X. We use the well-known
identification H*(X, B; K) ~ H}(X - B, K). If (X, B') is another such pair with B'c B,
then (X, B')c (X, B) induces the homomorphism

ky_pi x_p: HU(X, B; K) —» H*(X, B'; K).
Under the identification, kx g1 x_p is identified with

% g x_p? Ho(X - B, K) = H(X - B', K).

Hence the inverse family [HXX, X - U), k] is identified with [H(U), j* ). We also
have the direct family [Hny(X, X - U), kyu] of homology groups. When coefficients
are in a field, the latter family is dual to the family [H™(X, X - U), k] and hence to
[H‘C‘(U), jl"l‘v]. According to (3.1), when one of these is locally constant, so is the
other.

We characterize spaces with locally constant local cohomology modules in terms
of property Q, introduced by P. A. Smith [6]. We say that X has property Q on the
subset A of X (and over K) if and only if corresponding to each neighborhood U of
x € A, there exists a neighborhood VC U of x such that if U' is any open subset of
V and y € U'N A, there exists an open V' with y € V'c U' for which the composition

HZ(V -V — Ht(V - U') — H¥(U - U")
is trivial; or, in terms of the relative groups, for which

H(X-V,X-V)->H'X-U', X-1)
is trivial for all n. If A = X, we say simply that X has property Q. For fields as
coefficients, X has the cohomological property Q described here if and only if X
has property Q in the sense of homology as used by Smith [6] and Yang [9]. For
abelian groups K, X has our property Q over K if and only if X has property Q in
the sense of homology over the character group K¥*,

THEOREM 4.1. Suppose A is a subset of the locally compact space X. Then X
has locally constant local cohomology modules on A if and only if X has property Q
on A.
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Proof. Suppose first that X has property Q on A. Corresponding to each
neighborhood U of a point x, there exists a neighborhood V of x such thatif U is
any open subset of V and y € U'N A, there exists an open V', with y € V'c U, for
which the composition

H*(V - V') - H*(V - U") — H*(U - U")
is trivial. Consider the diagram

1%

H2(V) — HY(V - V) — H2 L") ]‘—'3' 1 (v),
! ! Uit
HY(V) = HY(V - U") — H2*(UY)
g, !
H(U) = HYU)— H(U - U) — 2 (U")
Ll

where each row is the exact sequence of a pair, and the vertical homomorphisms are
"induced by inclusion,

Diagram-tracing establishes that Ker j¥.,iCKer j¥i,i.. The opposite inclusion
follows from V'CU'CV.

Diagram-tracing also shows that Im j¥,CIm j¥,. Hence the images are equal,
and (a') of (2.1) follows. Hence property Q implies that X has locally constant local
cohomology modules on A.

Suppose now that X has locally constant local cohomology modules on A. Corre-
sponding to each x € X and each neighborhood U of x, there exists by (a') a neighbor-
hood VC U of x such that if W is an open subset of V which intersects A, then
Im j¥, = Im j¥,. If this condition holds for V, it holds also for each open subset of
V. Hence we may suppose V to be so small that it belongs to the U of (b'). Then,
corresponding to each U'CV and each y € U', there exists a neighborhood V'c U' of
y such that Ker j¥i,» = Ker j% . Using the same diagram as before, we may then
verify that the composition

HZ(V - V') - HZ(V - U') - HZ(U - U")

is trivial. Hence X has property Q on A, and the theorem follows. If we let U be
the collection of all such V arising from all possible choices of x and U, then (b') is
satisfied.

For the remainder of this section, we suppose that K is a field, and we summa-~
rize some results of Borel [2], who has studied the dual family of [HZ(U), j%,], for
this case. Borel defines C;(X) = Hom [C(X, K), K], so that C;(X) is the dual vector
space of Ct(X). Similarly, 9: Ci(X) — C;_1(X) is the dual of the coboundary. A
point x is defined not to belong to the support S(a) of a € Ci(X) if and only if it has
a neighborhood U such that a(c) = 0 whenever S(c)c U. Then C,(X) is a fine, com-
plete grating without torsion. (Borel uses paracompactness of X to show that C_(X)
is fine. However, a very slight modification of his argument enables one to drop the
paracompactness hypothesis.) §(X) represents the sheaf of the grating C_(X),
whose stalk §, above X is C,/C,(X - x), where C_(U) denotes the set of elements
in C, whose supports are in U.
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For VCU, let j¥%: C(U) — C_(V) denote the dual of the inclusion
yy: C*(V) — C*(U),

and let jJY H,(C,(U)) — H,(C,(V)) denote the induced homomorphism of homology
modules. Continuing to follow Borel, we see from the universal coefficient theorem
that, for each n, H,(C,(U)) is the dual space of HYU). Hence the direct family
[Hn(C (U)), iy u] is the dual family to [HXU), j*_ ]

THEOREM 4.2. Suppose that X has locally constant local cohomology modules
ovey the field K. Then the sheaf H(3) of homology of the sheaf < of Bovel is a lo-
cally constant sheaf. Moveover, H, (S ) is the dual space of HR(X) for each x and
n.

The proof follows from Theorem 3.1 and the equality
H(gx) = li_ﬂn{H*(C*(U)), j:u: X € U}

of Borel [3, Section 2].

5. SOME ELEMENTARY FACTS CONCERNING THE LOCAL GROUPS

In this section we give some elementary properties that are needed in Section 6.
Our first statement is of a well-known type, the fundamental contribution being due
to Alexandroff [1]. An outline of a proof may be found in [5, (2.1)].

THEOREM 5.1. Suppose that X is a nonempty locally compact Hausdovff space
with d1mc KX <o (the dimension notation is that of [3, XVI]). There exists an
x € X with im{HE(U), j¥,; x € U} # 0. In particular, if X has locally constant

local cohomology groups, then each HE(X) # 0.

Pyroof. The second assertion follows from the first. For each x€ X has a
neighborhood U such that all the H(X) are isomorphic for y € V. But H*(X) = H*(U)
if y € U. Applying the first assertlon to U, we see that H*(X) # 0 for some y € X
Hence HX(X) + 0.

THEOREM 5.2. Suppose X is a locally compact Hausdovff space which has lo-
cally constant local cohomology modules over K. Then X is locally connecied.

Pyroof. Suppose to the contrary that X is not lgcally connected at x € X. There
exists a neighborhood U' of x such that if x € VC U', then V is not contained in a
single component of U'.

For each neighborhood U of x, there exists a neighborhood Vc U of x such that
if W is any nonempty open subset of V, then Im j¥,, = Im j¥%,,. Moreover, for U and
V sufficiently small, Im j%, is isomorphic to H¥(X). By Theorem 5.1, this is non-
trivial. Suppose also that Uc U'.

Let Cyx be the component of U which contains x. Then V is not contained in Cx.
Since Cx is a component of the compact Hausdorff space U there exist in U arbi-
trarily small sets C that are open and closed and contain C,. In particular, there
exists such a C which does not contain V. Let U, = Un C; then U, is open and
closed in U, and does not contain V. Let U, =U - U,;; U, is also open and closed in
U. Let W, =U,NV and W, + U,N V. Then by the construction of U and V, we have
Im j;;wl = Im ngZ =Im j*, = H¥(X) # 0. Butif U= U, UU, is a separation, then
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Im j§, N Im j§,, = 0. Hence Im j%w, N Im j%, = 0, and we have a contradiction.
Hence X is locally connected.

In preparation for our next result, we denote by C(X, K) the subgrating of
C,(X, K) consisting of all elements of C,(X) which have compact support.

THEOREM 5.3. Suppose that X is a nonemptly, connected, locally connected, lo-
cally compact Hausdorff space, and that K is a field. Then Hp(CJ(X, K)) = K

Proof. Denote by C¥ the grating C¥%(X, K), and by C¥ , the set of elements of
C¥ whose supports are in U. Then, for each compact subset N,

0 = go
HO(N) = HO(C%/C% y ).
Also, Hom [C*/CC < N,K] is C,q the set of elements of C, whose supports are in
N. According to the universal coefficient theorem, H, o(C(N)) = Hom [H°(N), K].

A space satisfying our conditions is a union of compact, connected subsets. Let
{N} be the family of compact connected subsets of X. For each N, H°(N, K) = K; and
if MCN, then the natural homomorphism kMN induced by

kyvnt CE/CE,x-n — CE/CE x-M
is an isomorphism onto. Let kMN pe the inclusion of M in N. Then
kNM: H,(C, ) — Hy(Cyp)
is dual to kﬁl“\/IN' Therefore H*(C*N) ~ K and kyM is an isomorphism onto. Finally
Ho(C(X, K)) = lim— {H((C, ), ky'™l,

so that HO(C:(X, K)) = K

6. THE FUNDAMENTAL THEOREMS

In this section we prove our main theorems.

THEOREM 6.1. Suppose that X is a locally compact Hausdorff space and that K
is afield with dim. x X <. Suppose also that X has locally constant local coho-
mology modules ovevy K. Then for each x € X theve exists a neighbovhood U of y
and a nonnegative integev n such that H: (X K)=0i i+n and Hn(X K) = K for all
y€ U.

Proof, Suppose that n is the first nonnegative integer with HX) # 0. Suppose
that there exists an m > n with HI(X) # 0. Considering the definition of the local
groups, we see that, for all sufficiently small neighborhoods U of x, HX(U) # 0.
Moreover, by Theorem 5.2 there exist arbitrarily small connected neighborhoods U
of x. Also, by Theorem 4.2, the sheaf H(F)is locally constant. Hence, if U is suf-
ficiently small, the sheaf induced on U by the sheaf H(g§) is constant on U. We re-
place X by U. That is, we assume hereafter that X is connected, that Hm(X) + 0
for some m > n, and that H(g) is constant.

Let D = XDj, where D; = C_i(X, K). Then D is a fine, complete grating on X,
and has coboundary. Also, the grating D. of elements with compact support is
Z CS (X, K). According to the fundamental theorem concerning spectral sequences
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[3, XIX Th. 4], there ex1sts a spectral sequence for which E5'"9= HX(X, H q(g)) and
for which = = _kEoo is the graded module associated w1th a f11trat10n of
HND,) = Hy (C$(X)).

Since dim. g X is finite, H1 (X) = 0 for all i sufficiently large. Suppose
Hl(X) =0 for all i >k, where k> n. Since H(J) is constant,

ES ™1 =H(X)®@H (gx).

Hence Ep’ 1= 0 for p> k. Since n is the first integer with H (&, # 0, we have
EP’ 0 when q < n or equivalently -q > -n. Hence E5°5 =0 when r> Kk or
s > -n. According to a well-known argument in spectral sequences,

Ey ™™ = B ™ = H*(D,) = H,_; (C5(X) = 0
since n - k< 0. Then
ES ™ = HN(X)® H_(§,) = 0

Since H,(§ ) # 0, it follows that Hk(X) = 0. By induction, Hk(X) =0 for all k> n.
This contradicts the fact that Hg(X) # 0. Hence there exists an n with H;(§,) = 0
for i # n. Since H;(§y) is dual to HL(X) by Theorem 4.2, it follows that H.((X) =0
for i+ n.

Now, with the notation as before, HE(X) =0 for k> n, so that E3’®* =0 for r > n
or s # -n. Hence

E3 ™~ EM " s HO(D) = H(CS(X)) .

Hence Ho(Cg(X)) =~ K, by Theorem 5.3. Then H2(X) X H,(F) =~ K. Since the tensor
product is cne- dlmensmnal each of HZ(X) and H, (. ) is one-dimensional. But

H,(§,) is the dual space of H;(X), so that H;(X) is one-dimensional. Hence
H2(X) ~ K. The theorem follows.

We now draw some corollaries. Following Wilder [7], we call X a locally orient-
able generalized n-manifold over K if and only if (1)'X is finite-dimensional, (2) X
has locally constant local cohomology groups over K, and (3) HX(X K)=0 for i#n
and Hy(X, K)~ K

COROLLARY 6.2. Suppose X is a connected, locally compact Hausdorff space
with dim X <« and with locally constant local cohomology modules over a field K.
Then X is a locally ovientable genevalized n-manifold for some integer n.

Along with property Q for homology, already referred to, P. A. Smith has intro-
duced a fundamental property called property P (this also for homology). Its dual
for cohomology is, in our language, that X has property P if and only if X has lo-
cally constant local cohomology groups, and that for each x € X there exists a
neighborhood U of x and a nonnegative integer n with HX(X K) =0 for i # n and
H2(X; K) ~ K for all x € U. By Theorem 3.1 and the fact that {H,(X, X - U), k!t is
the dual of {H(U), j* }, property P for homology is equivalent to property P for co-
homology, in the case of a field.

COROLLARY 6.3. Suppose that X is a locally compact Hausdorff space and that
K is afield such that dim; g X <w. Then X has property Q over K if and only if
X has property P over K.
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7. THE FUNDAMENTAL THEOREM FOR Z

In this section we turn to the ring Z of integers as coefficients.

THEOREM 1.1. If the locally compact Hausdovff space X has locally constant
local cohomology groups over Z, then X has locally constant local cohomology groups
over Zy for each prime p.

Proof. By Theorem 4.1, X has property Q over Z. Let x€ X, and let U be a
neighborhood of x. Then x has a neighborhood Vc U as described in the definition
of property Q. Similarly, for each V, x has a neighborhood WcC V such that if V'
is openin W and y € V', then there exists an open W', with y € W' C V', such that
the composition

(*) H¥X - W', X-W; Z) > H¥X - V', X - V; Z)

is trivial. Now let U' be an open subset of W, and let y € U'. There exists an open
V', with y € V' c U’, such that the composition

H*X -V',X-V; Z)— HHX-U", X - U; Z)

is trivial. Similarly, there is an open W' with y € W!'C V' such that (*) is trivial.

The exact sequence 0 — Z B, Z — Zp — 0 induces exact sequences of cohomology
groups. Each row of the following diagram is from such a sequence.

H™(X - W', X - W; Z) — P Y(x-w, Xx-w; 2)

la 16
H(X - V', X-V;2) > HYX- V', X-V; 2, »BE**"(X-V, X-V; 2)
ly 1B ’

m"xX-u,X-U;Z)-HX-U', X-1; Zp).

Since 0 and y are trivial, Ba is trivial. Hence X has property Q over Z, and the
remark follows.

THEOREM 17.2. If X has locally constant local cohomology groups over Z, and
p is a prime, then there is the exact sequence

P
s = HA(X, Z) — HY(X, Z) — H (X, Zy) — e

induced by the exact sequence 0 — Z Bz Z,— 0.

Pyoof. By Theorem 7.1, X has locally constant local cohomology groups over Zy.
Consider neighborhoods UD VDO W of x, and the following diagram:

. P
f+e — HY(W,.Z) — HA(W, Z) — Ho(W, Z,) — 1Y Y (W, Z) — -

! ! l !
oo —» HE(V, Z) LS H’é(v, Z) — HE(V, Zp) — HEH (V, Z) — -
l l l !

P
s - HY(U, Z) - HYU, Z) - HXU, Z) — B (U, Z) — - .
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We may suppose U, V, W to be chosen so that

HA(X, Z)

Im [HX(W, Z) — HX(U, Z)] = Im[HX(V, 2) — HX(U, 2)],

HAKX, Z) = Im[HAW, Z) — HA(U, Z)] = Im[HX(V, Z)) — HX(U, Z,)],

Ker[HX(W, Z) — HX(V, Z)] = Ker [HX(W, Z) — H%(U, 2)],
Ker [HX(W, zp) ~— HX(V, zp)] = Ker [HX(W, zp) — H*(U, zp)] .

Diagram-tracing establishes the exactness of the sequence

o > HY(X, Z) — Hn(x Z) — HY(X, Z,) — «-

of subgroups of

P
ng(U’ Z) - HE(U, Z) — HI{:(U, Zp) — eee

The theorem follows.

THEOREM 1.3. Suppose that X is a locally compact Hausdorff space with
dim.,z X finite. Suppose also that X has finitely genevated, locally constant local
cohomology groups ovev Z. Then for each x € X theve exisls a neighborhood U of
X and a nonnegative integer n with Hl(X Z) =0 fori+ n and HYX, Z) =~ Z for all
xe X

Proof. Fix x € X. By Theorem 7.1, X has locally constant local groups over
Zp, for each prime p. Hence, Theorem 6.1, for each prime p there is an integer
n, with

. n
H (X, Z,) =0 for i# n, H,P(X, Z;) ~

Consider the exact sequence

. Hi-l(X’ z,) — Hi(x, 7) i Hi(X, Z) — Hi(X, Zy) — ee

of Theorem 7.2. Each Hi(X, Z) is finitely generated. Suppose some HiX, Z) con-
talns an element of finite order. Consideration of the exact sequence then shows that

(X Zp) # 0 and HX(X Zp) # 0 for some prime p. This being impossible, each
HlL 1(X, Z) is a finitely generated free abelian group. Hence p: Hi(X, Z) — HX(X Z)
is an isomorphism into. For each i,

Hi(X, 2)/pHL(X, Z) ~ HY(X, Zp).

It follows that HL(X, Z) =0 for i+ ng, and HEP(X, Z) = Z. The assertion follows.

COROLLARY 7.4. If X is a locally compact Hausdorff space which is cohomol-
ogy locally connected over Z, has locally constant local cohomology groups over Z
(o7 equivalently, has property Q over Z), ard if dim X is finite, then the conclusion
of Theovem 1,3 holds,

Since X is cohomology locally connected, for all open U, V with VcU and V
compact, Jt : HY(V, Z) — H™(U, Z) has a finitely generated image [2, 6.3]. Hence
H*(X, Z) is finitely generated, and we may apply Theorem 7.3.
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COROLLARY 17.5. Suppose X is a connected, locally compact Hausdovff space
with dim X < «, and suppose X is cohomology locally connected over Z and has
locally constant local cohomology groups over 7, Then X is a locally ovientable
genevalized n-manifold over Z, fcv some n,
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