THE VIETORIS MAPPING THEOREM FOR BICOMPACT SPACES II
E. G. Begle

In an earlier paper with this title [1] we extended to the case of arbitrary bicom-
pact spaces the theorem of Vietoris to the effect that if the inverse image of each
point of an image space is homologically trivial in all dimensions up to and including
n, then the homomorphism of the n-dimensional homology group of the original space
into that of the image space is actually an isomorphism onto. However, we did not
consider there the action of the mapping on the homology groups of dimension n + 1.
The following theorem is devoted to this case.

THEOREM If the coefficient group is an elementary compact group ov is a field,
fisa Vzetoms mapping of order n of X onto Y, then the homomorphism of
Hn+ X) into HEI(Y) induced by f is a komommphzsm onto,

Proof. We must show that for each (n+ 1) -V-cycle Z of Y, there exists an
(n + 1)-V-cycle I of X such that £ I" ~Z. We first recall that if A is a Cech cycle
of X, then there is associated with it a V-cycle I defined as follows: for each
covering M of X, let M' be a star-refinement of M. Define I'(M) = ¢(A(M)) where
¢ is the s1mp11c1al mapping, defined in Section 2 of [1], of the nerve M' of M' into
X(M). We use the notation I = ¢(4).

We now assign to each coordinate Z(N) of Z a Cech cycle Ay of X with the
property that £ (M) ~ Z(N) in Y(N), where M is the covering f~}(N) and
I'y =¢(Ay). To do this, let P be any covering of X such that P <* M. Let Q be
a normal refinement of P [3, p. 678 and 2, p. 216]. Let L be a star-refinement of
Q. Now, set yyy = T(Z(R)), where R = R(L N) and T are given by Lemma 2 of [1].
Let ¢ be the simplicial mapping, defined in Section 2 of [1], of X(L) into Q. Then
¢y is a cycle on Q, and since Q is a normal refinement of P, wQ C(ny) is the
coordinate on P of some Cech cycle An.

To see that Ay has the required property, we first note that, by Lemma 2 of [1 ],
fyn) ~ Z(R) in Y(N). But PZ(R) ~ Z(N) in Y(N), so flyn) ~ Z(N) in Y(N). Also, as
in Section 2 of [1], YN ~ 970 ¢lyp) in X(M). But ng Clryy) = An(P), so

o1 Clryy) = D).
Hence f(I—'N(M)) ~ Z(N) in Y(N).

Now for each covering N of Y let Ji be the collection of all Cech cycles A of
X having the property that £ (M) ~ Z(N) in Y(N), where M = f"(N) and I = ¢(A).
We have just shown that Jyn is not vacuous. It is clear that JN is closed in the usual
topology assigned to the group of Cech cycles of X [2, p. 215]. We shall show that
the collection {JN} has the finite intersection property.

Let N,, ---, N\, be coverings of Y. Choose O; <* Nj and let Mj = f7}(Nj),
P; = f71(0;). Let N, be a common refinement of O,, +-, O,,. Let M, = f"}(N,) and
let Py = *M,. Now construct Ay , using this P,. Then f¢(4Ay (Po‘)) ~ Z(N,) in

Y(N,), where ¢, is the simplicial mapping of P, into X(M,). Now consider a fixed
i 1<i<m). Since Z is a V-cycle, Z(N,) ~ Z(N;) in Y(N ). Since AN is a Cech
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cycle, '”(ANO(Po))"' ANO(Pi) on P;, where 7 is the projection from P, to Pj. Then
¢117(AN0(P0)) ~ ¢i(AN0(Pi))

in X(M;), where ¢; is the simplicial mapping of P; into X(M;j). But, as in Section 2
of [1],

¢0(A NO(PO)) ~ ¢i77(ANO(Po))
in X(M;). Hence

163 (AN, (P3)) ~ 16o(Ay (Po))

in Z(N;). But this means that 4  is in Jy..
0 1

Since the group of (n + 1)-dimensional éech cycles of X is compact, the inter-
section of all Jy is not vacuous. Let A be any element in this intersection. Then
I” = ¢(A) is such that £ ['(M) ~ Z(N) in Y(N) for each covering N of Y, and so
fI” ~Z. This completes the proof.

The following example shows that neither the theorem above nor Theorem 2 of
[1] is correct when the coefficient group is taken to be the group of integers. Let S
be a solenoid. Using the original Vietoris representation of S [4, p. 459], let p and
q be points in the same cross-section of S with coordinates 0.000--- and 0.2020202...
respectively. Let I be an arc with end points p and q and with no other points in
common with S. Let X =S U I Let f be the mapping which identifies all points of S
and is the identity in the interior of I. Then Y = f(X) is a circle.

An easy calculation shows that neither S nor X carries a nontrivial 1-dimensional
V-cycle, while Y does. Since S is connected, f is a Vietoris mapping of order 0,
which shows that the theorem above fails for this coefficient group. Also, f is such
that, for each y in Y, both the 0-dimensional and the 1-dimensional homology groups
of f-X(y) are trivial; therefore Theorem 2 of [1] also fails for this coefficient group.
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