A NOTE ON POWER SERIES WHICH DIVERGE EVERYWHERE
ON THE UNIT CIRCLE

Fritz Herzog

It is well known that there exist power series Ta,z™ with lim a, = 0 which
diverge for all points z on the unit circle. An example of this kind was constructed
by N. Lusin (see [3, pp. 69-71]). The coefficients in Lusin’s example have argu-
ments that are everywhere dense in the interval (0, 27), and the question arises as
to whether this distribution of the coefficients in the complex plane constitutes an
intrinsic property of power series of the type mentioned above. This is by no means
the case, as is shown in Theorem 1 below, where the coefficients a, are all real and
nonnegative. ' '

In Theorem 2, we apply the so-called ‘doubling process’, first used by Erdos,
Piranian and the author (see [1, § 3]), in order to construct a cosine series Za, cos nf,
with a, > 0 and lim a, = 0, which diverges for all real values of 6.

THEOREM 1. Theve exists a power sevies T _qa, z®, with a, > 0 and
lim a,, = 0, which diverges at all points of the unit circle. -

Let
k
(1) Fz)= » z ™S_(z)/m,
m=1
where
(2) Sm(Z) = 1 + Zm + sz 4 eee z(m‘l)m'

The exponents k., in (1) are to be positive integers large enough so that the powers
of z in the (m + 1)st term of the series are higher than those in the mth term.

Let eif be an arbitrary point on the unit circle, and let h/m be one of the in-
finitely many rational approximations of 6/27 for which |6/27 - h/m| < 1/2m?.
(See, for instance, [4, p. 48, Theorem 14].) If we put 6 = (27h + g)/m, then
|| < #/m and, by (2),

. m-1
|8, (e'?)] = |u§0 e8| > am/n.

(For a proof of this inequality see, for instance, [2, p. 530, Lemma B].) Thus
ik .
| €i8)“™s_ (e18) /m| > 2/7

for infginitely many m, and the Taylor series of F(z) cannot converge at the point
z = eil |
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THEOREM 2. Theve exists a cosine sevies Tp-g ay, cos nf, with a,> 0 and
lim a;, = 0, which diverges for all real values of 6.

Let
(3) G(z) = m%:l ( zkam(z)/m + ZkaTm(z)/m),
where
4) ' To(z) =1+2z™ +22m 4 ... 4 zg[m/12m],

’

The exponents k., in (3) are to be positive integers large enough so that the powers
of z in the second ‘half’ of each term of the series are higher than those in the first
“half’ of that term, and so that the powers of z in the (m+1)st term of the series are
higher than those in the mth term. It then suffices to show that the real part of the
series on the right-hand side of (3) does not converge at z = eif, where eif is an
arbitrary point on the unit circle.

Let h, m and 8 have the same meaning as in the proof of Theorem 1. By (4), we
have

(5) T, (e19) = [m?f 12]e iupg,
=0

Since |pg| < [m/12]|g| < w/12, for p=0, 1, 2, ---, [m/12], we obtain from (5)
| T (ei)]| > g Tn(ei8) > ([m/12] + 1) cos (1/12) > Km,
where K is a positive universal constant, and
|arg Tm(eie)l < m/12.
Hence, at least one of the two quantities
(eif’)km T,,(e10) and (elf )ka T, (etf)
lies in the union of the two sectors
|w| > Km, |argw| < 57/12,
and
|w| > Km, |argw- 7| < 57n/12
of the w-plane and, consequently, has a real part whose absolute value is greater
than Lm, where L is again a positive universal constant. This shows that, for
z = elf and for infinitely many m, the real part of at least one of the two ‘halves’ of

the mth term of the series on the right-hand side of (3) exceeds L in modulus, and
the proof of Theorem 2 is concluded.
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