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How Far Is an Ultraflat Sequence
of Unimodular Polynomials from
Being Conjugate-Reciprocal?

TAMAS ERDELYI

1. Introduction

Let D be the open unit disk of the complex plane. Its boundary, the unit circle of
the complex plane, is denoted b®p. Let

Kn = {Pn P =)zt ax e C, gl = 1}'

k=0

The classC, is often called the collection of atlomplexunimodular polynomials
of degreen. Let

Ly = {pn s pa(2) = Zakzkv a €{-1, 1}}

k=0

The classC, is often called the collection of ateal unimodular polynomials of
degreen. By Parseval’s formula,

2 )
/ |Py(e™)?dt =27 (n+1)
0
forall P, € C,,. Therefore
min|P,(z)| < v/n +1 < maxP,(z)]. L1
zedD zedD
An old problem (or rather an old theme) is the following.

ProBLEM 1.1 (Littlewood'’s flatness problem). How close can a unimodular poly-
nomial P, € IC,, or P, € L, come to satisfying

|P(2)|=+n+1 ze€dD? @.2)

Obviously (1.2) is impossible it > 1. So one must look for less than (1.2), but
then there are various ways of seeking such an “approximate situation”. One way
is the following. Littlewood [Lil] suggested that there might conceivably exist

a sequencépP,) of polynomialsP, € KC,, (possibly evenP, € L,) such that
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(n+1)~Y2|P,(e™)| converge to 1 uniformly im € R. We shall call such sequences
of unimodular polynomials “ultraflat”. More precisely, we give the following
definitions.

DerINITION 1.2,  Given a positive numbet we say that a polynomiab, € I,
is e-flat if

L-e)Vn+1<|P(2)| = A+e)vn+1 zedD, (1.3)

or equivalently

max|| P,(z)| — v +1| < ev/n + 1
zedD

DeriNiTION 1.3, Given a sequende,, ) of positive numbers tending to 0, we
say that a sequenc@®,,) of unimodular polynomial®,, € K, is (e,,)-ultraflat
if

(1_8nk)vnk+1§|Pnk(Z)|S(l+8nk) nk+l’ ZeaD, (14)

or equivalently
maal))(“PIIk(Z)' — VN —i—l’ < éenvnr+1
Z€

The existence of an ultraflat sequence of unimodular polynomials seemed very un-
likely in view of a 1957 conjecture of P. End {Problem 22 in [Er]) asserting that,
forall P, € K, withn > 1,

max| P (2)| = A+ e)vn +1, (1.5)

wheree > 0 is an absolute constant (independent)fYet, by refining a method
of Kérner [K6], Kahane [Ka] proved that there exists a sequdii;ewith P, €
K, thatis(g,)-ultraflat, where

- O(n_l/ﬂ\/logn). (1.6)

Thus the Erd$ conjecture (1.5) was disproved for the clag§gs For the more
restricted clasg ,,, the analogous Eaf”conjecture is unsettled to this date. Itis
a common belief that the analogous &sdconjecture foL, is true and that con-
sequently there is no ultraflat sequence of polynomials £,,.

An extension of Kahane's breakthrough is given in [Be]. For an account of
some of the work done until the mid-1960s, see Littlewood’s book [Li2] and [QS].

2. New Results

In this paper we study ultraflat sequen€®s) of unimodular polynomials,

K, in general, not necessarily those produced by Kahane in his paper [Ka]. With
trivial modifications our results remain valid even if we study ultraflat sequences
(P,,) of unimodular polynomials,, € KC,, . Itis left to the reader to formulate
these analogous results. We examine how far an ultraflat sequenad unimod-

ular polynomialsP, € K, is from being conjugate reciprocal. Our main results are
formulated by the following theorems. In each of Theorems 2.1-2.3 we assume
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that(e,) is a sequence of positive numbers tending to 0 and that the sequgnce
of unimodular polynomial®, € IC,, is (g,)-ultraflat.
If O, is a polynomial of degree of the form

n
k
0.2) =Y a*, aeC,
k=0

then its conjugate polynomial is defined by

_ 1 n B
0,(2) = Z”Qn<—> = izt
Z
k=0

THEOREM 2.1. We have

(P — P} (@))? |dz| = 27!(% + Vn)n3,

oD

where(y,) is a sequence of real numbers convergin@.to

THEOREM 2.2. If the coefficients oP, are denoted by, ,, that is, if

Pi(2) =) araz*, k=01...n n=12...,
k=0

then
n
2 ~ 2 1
Zk |ak,n - an—k,n| > (§ + Sn)ng’
k=0

where($,) is a sequence of real numbers convergin@.to

THEOREM 2.3. We have
/ |Pu(2) — PY(2)1dz] = 27(3 + ya)n,
aD

where(y,) is a sequence of real numbers convergin@.t®Jsing the notation of
Theorem 2.2, in terms of the coefficientPpfwve have

n

~ 2 1
Zlak,n - an—k,n| = (§ + 8,,)1’!,
k=0

where($,) is a sequence of real numbers converging.to
ReEMARK 2.4. Theorem 2.3 tells us much more than the nonexistence of an ultra-
flat sequence of conjugate reciprocal unimodular polynomials. It measures how

far such an ultraflat sequence is from being a sequence of conjugate reciprocal
polynomials.

3. Lemmas

To prove the theorems in Section 2, we need two lemmas. The first one can be
checked by a simple calculation.
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Lemma 3.1. Let P, be an arbitrary polynomial of degreewith complex coeffi-
cients having no zeros on the unit circle. Let

ZP(2)
Pn(Z)

ZPH*,(Z)
Pz)

fu(2) = and f'(z) =

Then L
fu2) + fHz) =n, ze€aD.

Our next lemma may be found in [MMR, p. 676] and is due to Malik.

Lemma 3.2. Let P, be an arbitrary polynomial of degreewith complex coeffi-
cients. We have

/ */
Max(| P, ()| + |P})]) < nmax P, (z)l.

LemMa 3.3 (Bernstein’s inequality ih,(3D)). If Q, is a polynomial of degree
at mostn with complex coefficients, then

/ 10,2 |dz| < n2/ 10,(2) I |dz|.
oD oD

4. Proof of the Theorems
Proof of Theorem 2.1Lemma 3.2 when combined with the ultraflatness Bf)
implies that
Pi()] + |P(2)] < nmax P(2)] < A+ &) (n+ D

for everyz € 0D. Lemma 3.1 when combined with the ultraflathes®pimplies
[P ()| P (2)] -

P/
£, A= eVt PG BQI

+1P)(2)]

’

1
A—e,)v/n+1

|P/()| + 1P ()| = 1—e,)n¥?
for everyz € dD. We conclude that
A—e)?n® < (1P| + P (2)D? < A+ e,)?(n + 13, zeaD.

Multiplying out the expression in the middle and integratinga@nwith respect
to |dz|, we obtain

27(1—e,)?n% < / |P/(2)|? |dz| + f |P(2)1%|dz| + 2 / |P/(z) P} (2)] dz]
oD oD oD

that is,

<271+ &,)%n°.
Note that

/ |P(2)I? |dz] =/ |P¥(2)|%dz| = 27 Zkz
) ) et

nn+1D)2n+1) 27 4
—_— ~ —n".

_2
& 6 3

2.1)
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Hence
/ I[P, ()P ()] ldz| = 27r(% + 8,)n°
oD

with constants,, converging to 0. Integrating the equation
(1P, )| — B (D)) = [Py + P () * — 2| P(2) B (2)]
and using observation (2.1), we obtain the theorem. O

Proof of Theorem 2.2Parseval’s formula and the triangle inequality give

n
2 Y- Rar, — il = [ 1P = PP ]
k=0 aD

> / (IPLD)| — 1P @))? Idzl,
aD
and the theorem then follows from Theorem 2.1. O

Proof of Theorem 2.3Applying Theorem 2.1, the triangle inequality, and the
Bernstein inequality irL, for P, — P, (see Lemma 3.3), we obtain

1
2n(§+yn>n3= / (IP/(2)| — |PY(2))?|dz] < f |P(z) — P'(2)|? |dz|
oD oD

< n? f P2 — PYOP Id2),
oD

where(y,) is a sequence of real numbers converging to 0. Now the first part of
the theorem follows after dividing by?. To see the second part, we proceed as in
the proof of Theorem 2.2 by using Parseval’'s formula. O

Last-Minute Addition

The author seems to be able to prove the following.

THeorREM (Saffari’'s orthogonality conjecture).Assume thatP,) is an ultraflat
sequence of unimodular polynomidts € K,,. Let

n
. k
Py(2) =) axaz.
k=0
Then
n
Zak,nan—k,n = O(I’Z)

k=0
Here, as usualy(n) denotes a quantity for whidim ,,_, ., o(n)/n = 0.

The proof of this may appear in a later publication.
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topic.
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