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A SINGLE AXIOM FOR THE MEREOLOGICAL
NOTION OF PROPER PART

CZESLAW LEJEWSKI

The mereological notion of proper part was used by LeSniewski as a
primitive, i.e., undefined, notion in his first system of mereology con-
structed in 1915.' In terms of a language which is a slightly modified
version of the Peano-Russellian symbolism, the axiomatic presuppositions
of this system,—to be referred to as System %,—can be stated as follows:

AA1 [ABL:Aept(B).D.Be~(A)

AA2 [ABCLAept(B).Bept(C).D.Aept(C)

AD1 [AB]:..AcA:A=B.v.Acpt(B):=.Acel(B)

AD2 [Aal:AcA..[B]:Bea.D.Bsel(A)..[B]: Beel(4).D.[3CD].Cea.Deel(B).
Deel(C)..=.AeKl(a)

AA3 [ABal:AeKl(a).BeKl(a).D.AeB

AA4 [AalAea.D.[3B].BeKl(a)

It is to be noted that AA3 and AA4 are stated with the aid of a defined
notion, which means that they have to be preceded by an appropriate
definition or by appropriate definitions. The practice of using defined
notions for the purpose of stating axioms was soon abandoned by Le$niew-
ski, who in 1918 constructed a new system of mereology,—I will refer to it
as System B,—with the following axiomatic basis:

BA1 [AB]:Aept(B).D.Be~(A)

BA2 [ABCJ:Agpt(B).Bept(C).D.Aept(C)

BA3 [ABCal:Cea::[D]-.Dga.D>:D=A.v.Dept(A)::[D]-Dea.>:D=B.v.Dept(B)::
[D]-.Dept(A).v.Dept(B):D:[3E]: E=D.v.Ecpt(D):Eca.v.[3F . Fea.
Eept(F)::D.AeB

BA4 [Aa]:Aeca.D::[3B}:[C]-.Cea.D:C=B.v.Cept(B)::[C]-.Cept(B).D:[3D]}:
D=C.v.Dept(C):Dea.v.[3E].Eca.Dept(E)

On subjoining to the above given axiomatic basis definitions BDI(=AD1I)

BD2(=AD?2) it can be proved, as LeSniewski showed in his ‘O podstawach

matematyki’z, that Systems % and B are inferentially equivalent to one
another.
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In the present paper I propose to develop a system of mereology,—I
will call it System €,—whose axiomatic basis consists of the following
single axiom:

CAl1 [AB]::Aept(B).=% BeB.~(Bept(4))i[af]=[Ch ] Ce f(b).=:
[3D].Deb::[D]-.Deb.>: CeD.v.Dept(C)::[D].. Dept(C).D:[5
Eept(D):Deb.v.[3F]. Fea. Ecpt(F):i BeaiiD:
[ac]:Aec:Aept(fla)).v.~(f(c)eflc))

In particular I will outline, in what follows, a proof that Systems 3 and

€ are inferentially equivalent to one another. The proposed outline involves
the following deductions within the framework of B:

]EED.V.

BT1 [AB]:Aept(B).D.BcB [BA1]
BT2 [ABJ:Aept(B).D.~(Bept(4)) [BAI]
BT3 [AalAca.D.Acel(A) [BDI1]
BT4 [Aa)AeKl(a).D.[3B].Bea [BD2,BT3]
BT5 [ABa]..AcKl(a).Bea.D:AcB.v. Bept(4) [BD2,BD1]
BT6 [ABa]..AeKl(@).Beptd).2:[3CJ:CeB.v. Cept(B): Cea.v.[3D]. Dea. Cept(D)
PF [ABa]:
(1) AeKl(a).
(2) Bept(A).D..
(3) Beel(A).. [BD1,2]
[3CD:
(4) Cea.
(5) Deel(B). [BD2,1,3]
(6) Deel(C):
(N D=B. v.Dept(B): [BD15]
(8) D=C.v.Dept(C).. [BD1S6]
[3CJCeB.v.Cept(B):Cea.v.[3D].Dea.Cept(D) [7,8,4]

BT7 [ABaF}:Bea::[C].Cea.D:AeC.v.Cept(A)::[C].. Cept(4).D:
[3D]:DeC.v.Dept(C):Dea.v.[3E].Eca. Dept(E)::Feel(A)::D.
[3DE].Dea .Ecel(F).Ecel(D)

PF [ABaF}:

(1) Bea:

(2) [C]-.Cea.D:AeC.v.Cept(A):

(3) [C]«Cept(A).D:[3D]:DeC.v.Dept(C): Dea.v.[3E . Eca.Dept(E)::
(4) Feel(4)::D..

(5) FeA.v.Fept(A): [BD1,4]

(6) AgB.v.Bept(A): [2,1]
[3D]:

) DeF.v.Dept(F): [5,6,1,3]

(8) Dea.v.[3E].Eca.Dept(E): }

9) Deel(F). [BD1,7]

(10) Deel(D).. [BT3,9]

[3DE].Dea.Ecel(F).Ecel(D) [8,9,10]
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[ABal:: Bea::[C]..Cea.D:AeC.v.Cept(A)::[C].. Cept(A4).D:[3D]:
DeC.v.Dept(C):Dea.v.[1E]. Eca. Dept(E)::D.AcKl(a)

[ABa]:

(1) Bea:

(2) [C]..Cea.D:AeC.v.Cept(A)::

(3) [Cl..Cept(4).D:[3D]): DeC.v.Dept(C): Dea.v.[3E]. Eca. Dept(E):: D::

(4) AeA.. [2,1,BT1]
(5) [ClCea.D.Ceel(A).. [2,BT1,BDI]
(6) [CLCeel(4).D.[3DE].Dea.Ecel(C).Ecel(D):: [BT7,1,2,3]

AeKl(a) [BD2,4,5,6]

[Aa):AeKl(a).=::[3B]. Bea::[C]-. Cea.D: AeC. Cept(A):: [C]:. Cept(A).
D:[3D):DeC.v.Dept(C):Dea.v.[1E]. Eca. Dept(E) [BT4,BT5,BT6,BTS]

[Aal:Aga.>.[3B]. BeKl(a)

[Aa]:

(1) Aea.D:w
[3B]:

2) [C]-.Cea.D: BeC.v,.Cept(B)::

(3) [C].. Cept(B).D:[3D]): DeC.v.Dept(C): De a.v.[3E).E ea. Dept( E):

[BA4,1]

[3B). BeKl(a) [BTS,1,2,3]

[ABa]:AcKl(a). BeKl(a).D.AeB

[ABa]:

(1) AeKl(a).

(2) BeKl(a).D::

(3) [ac]lcCea:: [BT4,1]

(4) [D]..Dea.D:D=A.v.Dept(A):: [BT5,1]

(5) [D].Dea.>:D=B.v.Dept(B):: [BT5,2]

(6) [D]-Dept(A).v.Dept(B):D:[3E |:EeD.v.Eept(D): Eca.v.[3F]. Fea.
Ecpt(F):: [BT6,1,2]
AeB [BA3,3,4,5,6]

[Aal:Aca.>.Kl(a)e Ki(a) [BT10,BT11]

[ABa]: Aept(B). Be a.>. Acpt(Kli(a))

[ABal]..

(1) Aept(B).

(2) Bea.>:

(3) [3Cl.CeKl(a): [BT10,2]

(4) Kl(@)eKl(a): [3,BT11]

(5) Kl(a)=B.v.Bept(Kl(a)): [BT5,4,2]
Aept(Ki(a) [5,1,BAZ]

[ABafli: Acpt(B)::[Cb]:: Ce f(B).=::[3D]. Deb:: [D]:. Deb.D: CeD.v.

Dept(C)::[D]-.Dept(C).D:[3E]: Ee D.v.Eept(D): Eca.v.[3F]. Fea.

Eept(F):: Beaii 2. Aept( f(a))

[ABaf]:-:

(1) Aept(B)i:

(2) [Cbl=Cef().=::[3D].Deb::[D]- Deb.D: CeD.v.Dept(C)::[D]..
Dept(C).D:[3E): EeD.v. Ecpt(D): Eca.v.[3F). Fea. Es pt(F)::
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(3) Bea:id..

(4) Acpt(Ki(a)).. [BT13,1,3]

(5) [ClCefla).=.CeKl(a).. [2,BT9]
Aept(f(a)) [4,5]

[AB]::: Be B [af |+ [Cb]:=C £7(8).=::[3D].Debd :: [D):.Deb.D: Ce D.v.
Dept(C)::[D]..Dept(C).D:[3E]: Ee D.v.Ecpt(D): Eea.v.[3F ). Fea.
i&pjt(F)EEBsa}i 2:[ackAec: Aept(f(@)).v. ~ (f(c)ef(c))iD. Aept(B)
BJ:i:
(1) BeB
(2) [af]-{cb]=Cef(b).=::[3D].Deb:: [D]-.Deb.D: CeD.v. Dept(C):: [D]-
Dept(C).D: [3E} EeD.v.Ecpt(D): Eca.v.[3F). Fea.Eept(F):: BeaiiD:
[ac):Aec:Aept(fa)).v. ~(f(c)e fc))iD..

[acl
(3) Age: } [2,B79,1]
(4) Aept(KI(B)).v.~(Kl(c)eKI(c)):
(5) Ki(c)eKl(c).. [BT12,3]
(6) Aept(KI(B)). [4,5]
(7) BeKI(B). [BD2,1,BT3]
(8) B=KI(B). [7,BT11]
Aept(B) (6,8]
(=CAI) [BT1,BT2,BT14,BT15]

By driving CAI1 within the framework of $ we have shown that any
thesis of € is derivable in B. It remains to prove that, conversely, any
thesis of B is derivable in €. The proof involves the following deductions

in €:

CT1
Cr2
CD1

CT3
CT4

PF

CTs5

[AB]):Aept(B).>.BeB [CcA1]
(=BAI) [cAI]
[Aa)::Ac A::[B}: Bea.D: Be A.v. Bept(A)::[ Bl Be A.v. Be pt(A): D:

[3CD]: Cea:De B.v.Dept(B): DeC.v. Dept(C)::=.AeKl,(a)®

[Aa]:AgKly(a).D.[3B). Bea [cp1]

[ABa)..AcKl,(a). Bept(A).D:[3C]: CeB.v.Cept(B): Cea.v.[3D]. Dea.
Cept(D)

[ABa]::

(1) AeKlya).

(2) Bept(4).D..

[acD]-.
(3) Cea:
4) DeB.v.Dept(B): [cp1,1, 2]
(5) DeC.v.Dept(0)..

[3C]:CeB.v.Cept(B): Cea.v.[3D]). Dea. Cept(D) [4,5,3]

[ABaF]:x Bea::[C]-. Cea.D:Ae C.v. Cept(A)::[C].. Cept(A).D:[3D]:
DeC.v.Dept(C): Dea.v.[IE). Eca. Dept(E):: Fe A.v. Fept(A)::D:
[3DE): Dea: EcF.v.Ecpt(F): EcD.v. Ecpt(D)
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[ABaF]=

(1) Bea::

(2) [c].Cea.D:AeC.v.Cept(A)::

(3) [C]..Cept(A).D:[3D]:DeC.v.Dept(C): Dea.v.[3E]. Eca.Dept(E)::
(4) FeA.v.Fept(A)::D..

(5) AeB.v.Bept(A).. (2,1]
[3DE):Dea:EcF.v.Ecpt(F):EcD.v.Ecpt(D) [4,5,1,3]
CT6 [ABa}:Bea::[C]-.Cea.D:AeC.v.Cept(A)::[C]..Cept(A).D:[3D]: DeC.v.
Dept(C):Dea.v.[3E].Eca.Dept(E)::D.AcKl (a)
PF [ABal-
(1) Bea:
(2) [C]..Cea.D>:AeC.v.Cept(A)::
(3) [C]-.Cept(A).D:[3D):DeC.v.Dept(C):Dea.v.[3E]. Eca.Dept(E):: D::
(4) AeA: [1,2,CT1]
(5) [C]~CeA.v.Cept(A):D:[3DE]:Dea: EcC.v.Eept(C): EeD.v .Ecpt(D)::
[cT5,1,2,3]
AeKly(a) [CD1,4,2,5]
CT7 [Aal]:AeKly(a).=::[3B].Bea::[C]:.Cea.D:AeC.v.Cept(A)::[C]..Cept(A).
D:[3D):DeC.v. Dept(C):Dea.v.[3E]. Eca.Dept(E) [CT3,CD1,CT4,CT6]
CT8 [AalAea.D.Kli(a)eKly(a)
PF [Aa}:
(1) Aca.D:
(2) ~(Aept(A)):: [cA1]
[37F:
(3) [Cb]=Cef(b).=::[3D].Deb::[D]..Deb.D:CeD.v. Dept(C):: [D]-.
Dept(C).D:[3E]: EeD.v.Ecpt(D): E€b.v.[3F]. Feb. Ecpt(F)::
[cA1,1,2]
(4) [ckAec.D. fle)efic).
(5) fl@)efla).. [4,1]
(6) [ClCefla).=.CeKly(a)i [3,CcT7]
Kl (a)eKl @) (5,6]
CT9 [ABal.Aept(B).Bea.D.Acpt(Kl,(a))
PF [ABal:
(1) Aept(B).
(2) Bea.D..
[3ck
(3) Asc: [cA1,1,cD1,2]
(4) Aept(Kly(a)).v.~(Kli(c)eKly(c)):
(5) Kly(c)eKly(c). [CTs,3]
Aept(Kly(a)) [4,5]
CT10 (=BA2)
PF [ABC}

(1) Aept(B).
(2) Bept(C).D.
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(3) CeKly(pt(C)). [cT6,2]

(4) KIL(pt(C))eKL(pH(C)). [cTs,2]

(5) C=Kl,(pt(C)). [3,4]

(6) Acpt(KIy(pt(C))) [cT9,1,2]
CT11 (=BA3)

PF [ABCal-
(1) Cea::
(2) [D]-.Dea.>:D=Av .Dept(A4)::
(3) [D]-Dea.D:D=B.v.Dept(B)::
(4) [D]..Dept(A).v.Dept(B):D:[3E}E=D;v.Ecpt(D):Eca.v.[3F].Fea.

Eept(F)::D.
(5) AeKlya). [cT6,1,2,4]
(6) BeKly(a). [cT6,1,3,4]
(7 Klya)eKlia). [cTs,1]
AeB [5,6,7]
CT12 (=BA4)

PF [Aq]
(1) Aea.Di:
(2) Klya)eKly(a):: [cTs,1]
(3) [Cl-.Cea.>:C=Kly(a).v.Cept(Kl(a)):: [cp1,2]
(4) [C)~Cept(Kly(a)).D:aD]:D=C.v.Dept(C):Dea.v.[3E |.Eca. Dept(E)::
[cT4,2]
[3B]:[C]-.Cea.D: C=B.v.Cept(B)::[C]-.Cept(B).D:[3D]:D=C.v.
Dept(C):Dea.v.[3E].Eca.Dept(E) [3,4]

By deriving CT2 (=BAI), CT10 (=BA2), CT11 (=BA3), and CTI12 (=BA4)

within the framework of € we have shown that any thesis of B is derivable
in €, which completes our outline of the proof that Systems B and € are
inferentially equivalent to one another.

1.

2,

NOTES

See S. Leéniewski, ‘Podstawy ogdlnej teoryi mnogosci. I’ (‘“The Foundations of a
General Theory of Manifolds, I’’). Prace Polskiego Kota Naukowego w Moskwie,
Sekcya matematyczno-przyrodnicza, No 2, Moscow, 1916, and ‘O podstawach
matematyki’ (‘“On the Foundations of Mathematics’’). Przeglad Filozoficzny,
Vol. 30 (1927), 164-206; Vol, 31 (1928), 261-291; Vol, 32 (1929), 60-101; Vol, 33
(1930), 77-105 and 142-170,

For a general introduction to mereology see B, Sobocifiski, ‘Studies in
Leéniewski’s Mereology’. V Rocznik Polskiego Towarzystwa Naukowego na
Obczyinie (1955), 34-43. See also E. C. Luschei, The Logical Systems of Le$niew-
ski. Amsterdam, 1962,

See Przeglgd Filozoficzny, Vol. 33 (1930), 77 {.
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3. It is easy to prove that ‘Kl;’ introduced into € with the aid of CDI is synonymous
with ‘KI’ introduced into B by means of BD2. A different symbol is used in order
not to presuppose the synonymity, which is not required for the purpose of proving
that B and € are inferentially equivalent to one another,
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