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FINITE LIMITATIONS ON DUMMETT’S LC

IVO THOMAS

The propositional system LC of [1] can be based on axioms for D (im-
plication), A (conjunction), a constant f, and definitions for v (alternation)
and 1 (negation), as hereunder. In primitive notation, elementary variables
and f are wifs, and if @, B are wffs so are (aD ), (a A B). To restore
primitive notation in the sequel, replace dots by left parentheses with right
terminal mates; in a sequence of wffs separated only by implications, re-
store parentheses by left association; enclose the whole in parentheses.
If S is a system, S_is its implicational fragment, containing only variables
and implications. If @ is provable (not provable) in S, we write |-S-Ol (EI a);

if @ is uniformly valued O (is not uniformly valued 0) by the matrix T, we
write th a (\l-R{ a). As a basis for LC we take, with detachment and substi-

tution, the axioms and definitions:

pJ.g92p
pO2(g>dND.pDgd.pOr
pD>gOrD.gdpDrDr
fop

o ApOp

® ~9>¢q

22-92( A9

Def.v (avB)=(aDd>BDB) A(BDada)
Def. 1 Ta =adDf

NSV A W~

[2] shows that 1-3 suffice for LCC, and it is well known that 1-2 suffice for
IC_, the positive logic. By [1] the infinite adequate matrix for LC is ¥l =
<M, {0}, A,D, > whereM=10,1, 2,...,w}and

a Ab=max (a, b),

2o b J0ifaZb,
bifa<b,

t=w.
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Axioms are now to be given for LCn and LCn_ with finite adequate

matrix = <{0,...,n}, {0}, A, D, f > where 7 is a natural number, im-
plication and conjunction are valued as by I, f = max (0, . .. ,n). Taking
variables ‘p_’, p,, . . . , p, we define:

30 = pO

n

3n+1=pn3pn+13poj3n‘

Replacing 3 by 3, we obtain the required axioms. To prove this it will be
enough to consider 1-2, 3 , 4, since conjunction is eliminable by the in-
ferential equivalences:

(aaB)Dy~ad.BDy;

ad(B ay)~aDf,aDy;

aaAfB-~a,p.

THEOREM I. LCnC contains LCC.

Proof. In 3 replace p_byr, p, by p if i is odd, by g if 7 is even. Then
every antecedent is p D gD ror gD p D r except one whichis 7D p D7, and
the consequent is r. Where one or more of these antecedents is missing it
may be added by IC_, by which also these antecedents can by commuted
and reduced so as to obtain:

lL—Cn pO2gDdrD.gdpDrD.rDpDrDr 1.
Cc

Further

ITE p2gdrD>.gdpDrD.rdpDr, so that by IC_ and (1) we have
(=

|—

LCnC

THEOREM II. ‘mn verifies LCn.

Since 3, alone involves an addition to LC, we need only consider this.
Let p; be the value of p,. Then for all n, 3 —containing n + I variables—
fails to obtain the value 0 if and only if 0 <p_ <P <...<p,, i.e. if and
only if it is valued by some M with m > n.

THEOREM IIl. |—_ 3,3 C 3}, with 3, defined:
c
3! §30 =‘ﬁo
" 3n+1=prz+13pn3'anpn+13pn+1D3ln'

Proof. By induction on n. From right to left there is required the
LC -thesis:
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_ 3gdgdrd.pdgdrOr.
Il_c p2gdq P

If a wff is of the form @ D 823.8D> @D @D y we shall write @ > 8D . y;
and where we haveOln—van._1 D....D.a 5a D.fB(n>0)we shall say
that there is an n-length arrow chain to @  among the antecedents. Using
this terminology, for » > 0, 3} has an n-length arrow chain to p_, and con-
sequent p .

We now modify the normal forms of [2] for LC_-wffs by adding the pro-
ductions:

(A) @#dpd.pdmda yields an/p
(B) antecedents aD 3, B~y add antecedents a-y
((®) Q—)B,BD)/ a-y

without loss of inferential equivalence. For the reader’s information we
note that any normal form not provable in LC_ has all its antecedents
rDOV D vorpDo, and consequent ¢, with p, o, 7, V, ¢ elementary varia-
bles. Not both 7D ¥ D v, r D v are present, and if p Do, 0 D r are both
present, so is p D r. We can now state:

THEOREM IV. 1If a is an fi-rejected normal form in LC_ with consequent
7, and the longest arrow chain to 7_ in @ is of length » = I, rejection can
be effected in the range of values 0,...,n + 1 and @ is inferentially
equivalent by LCC to 3). If there is no amrow-chain to 7, @ is rejected in
the values 0, I and is inferentially equivalent to 3.

Proof. (Casel)dhasatallﬂ S, DD em o m D .m, As-
sociated with the antecedents by (B), (C) will be #; » #. for all 7, j such
that n2 i > ]_ 0. By elementary combinatory consxderanons and the con-
ditions on normal forms, all possible further antecedents are covered by the
following six types:

Pl"szPz"P;"”"Pk""i;i<”’k§”"i'

M2 0 0120 45 v ,0,20,0, 273 l_z—] n>z ]>1
ni»rl,rlﬂrz,....,rm_lerm;z§n,andnotraDn].foranya-_S:-m,j;_f:n.
V-)¢1,¢1->¢2,....,¢q_1->¢q;andn0tﬂi3Vot(ﬁqDﬂifOtig_-ﬂ.
7; 2 ¢ O ¢; and no syllogistic chain from ¢ to 7;.
XDﬂa,XDWb,....;a,b,...%n,andnotniDXDxforién.

Therein for all 7, ¢, i/ we can substitute 7 D 7 to obtain antecedents valued
0, while substitution of Tivs for Ps and O of m, (r = max(a, b, ....)) for
X, produces antecedents already present in or associated with the n-length
arrow chain to 7. We thus obtain an expression LC_-equivalent to 3}, and
which, when 7, is valued 7 + I, reduces by M to the value 1, having used

only the values 0, . .. ,n+ I.
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(Case 2) Where there is no arrow-chain to 7, the first two types of ante-
cedent are not present. Remaining types can be verified as in Case 1 and
we are left with an expression LC_-equivalent to 3!, reducing by Il to the
value 1, having used only the values 0, I.

THEOREM V. For all natural n, LCn_ is complete for Il .
Proof. LCO_ is obviously complete for I . If |- a, then by [2] |I-ca
M

and so (Theorem I) }— a ; while if 4 a and |- a, then by [2] and
Lcn+x M nt1

Theorem IV all normal forms of @ are either LC_-provable or have arrow

chains to the consequent of length at least » + 1. But all such are LC -

implied by 3;1+1 and so (Theorem III) by 3n+1.

Taking now f into account, we add to the reduction process of 2:

(D) adf ~ a D 7 (7 not in @),
(E) f>a ~ f>.aDa,

(F) f>ad>B>Dy ~ BDy,

G f>asp ~ B,

(H aD>f>fDB ~ f>ad>.ad>fDp,

(G) not to be used where @ D f D f is present. Then in Jl-rejected normal
forms f can only occur in the positions # D f and f > p and in any
arrow chain only as its opening member.

THEOREM VI. If a is as in Theorem IV with f occurring only as just stated,
then etc. as in Theorem IV. Proof is exactly similar, giving f the value
n+ 1.

THEOREM VII. LCn is complete for Il . This follows from Theorem VI,
as Theorem V from Theorem IV.

THEOREM VIIl. 1f 3} is defined by means of 3, as below, then 3, may re-
place 3, in the axioms of LCn.

3|| 53|0I=p0
n 13;1‘+1=pn3f3p033n.

MODAL CONSEQUENCES. Using the McKinsey-Tarski translation T of
[3] to obtain T(3n) we have axioms for a denumerably infinite series of
modal systems, S4 with T(3n), between S5 (i.e. S4 with T(3))) and S4-3
(i-e. S4 with T(3)), to use the numeration of [4]. It seems appropriate to
call these systems S4-3n.
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