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FINITE LIMITATIONS ON DUMMETT'S LC

IVO THOMAS

The propositional system LC of [ l] can be based on axioms for 3 (im-

plication), Λ (conjunction), a constant f, and definitions for v (alternation)

and Ί (negation), as hereunder. In primitive notation, elementary variables

and f are wffs, and if α, β are wffs so are ( a D β), (a A β). To restore

primitive notation in the sequel, replace dots by left parentheses with right

terminal mates; in a sequence of wffs separated only by implications, re-

store parentheses by left association; enclose the whole in parentheses.

If S is a system, S c i s its implicational fragment, containing only variables

and implications. If a is provable (not provable) in S, we write |— Ot (-| a);

if 0! is uniformly valued 0 (is not uniformly valued 0) by the matrix ϊί, we

write |— 0? (-| α). As a basis for LC we take, with detachment and substi-

tution, the axioms and definitions:

1 pD . qDp

2 pD(qDr)D.pDqD.pJr

3 p-D qD rD . qD pD rD r

4 iDp

5 (p Aq)D p

6 (p sq)D q

7 pD . qD(p Aq)

Def. v ( α v j8) = ( c o βD β) A(βjaDa)

Def. Ί Ί a = a D f

[2] shows that 1-3 suffice for LC , and it i s well known that 1-2 suffice for

ICC, the positive logic. By [ l ] the infinite adequate matrix for LC is 3K =

< M, \0\, Λ, 3, f > where M = {0, 1, 2, . . . ,ω} and

a * b = max (a, b),

aD b= ίOϊiaϊb,

\b if a < b,

t =ω.
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Axioms are now to be given for LCw and LCw with finite adequate

matrix Έin = < {0, . . . , « } , {θ\, Λ y D, f > where n i s a natural number, im-

pl icat ion and conjunction are valued a s by ϊί, f = max (0, . . . , ή). Taking

var iables %po\ pί9 - . , pn we define:

3 3o-Po

" K+,-Pn^Pn+^Po^h

Replacing 3 by 3n we obtain the required axioms. To prove this it will be
enough to consider 1-2, 3 , 4, since conjunction is eliminable by the in-
ferential equivalences:

(a A β)Dγ~ aD . βDγ;

ct Λ β ~ a, β.

THEOREM I. LCnc contains L C c

Proof, In 3 replace £ by r, p. by p if z is odd, by q if z is even. Then
every antecedent is p D q D r or q D p D r except one which is r D p 3 r, and
the consequent is r. Where one or more of these antecedents is missing it
may be added by IC , by which also these antecedents can by commuted
and reduced so as to obtain:

\~Cn pDqDrD.qDpDrJ.rDpDr^r (1).

Further

I— pDqDrD.qDpDrD.rDpDr, so that by IC and (1) we have

I — 3.

THEOREM //. l π verifies LCn.

Since 3 alone involves an addition to LC, we need only consider this.
Let f j be the value of pz . Then for all n, 3n—containing n + 1 variables-
fails to obtain the value 0 if and only i f θ < ^ < ^ * < . . . < £Γ, i.e. if and
only if it is valued by some ϊί with m> n.

THEOREM III. I— 3n 3 C 3 ' with 3' defined:

r \3° p°

Proof. By induction on n. From right to left there is required the
LC -thesis:
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I— p~D qD qD r 3 . pD qD r 3 r .

If a wff is of the form a 3 β 3 . β 3 a D α ^ y w e shall write Of -* β 3 . y;

and where we have & n -> a nm_λ 3 . . . . 3 . f f

1 ->ao 3 . β (rc > 0) we shall say

that there is an rc-length arrow chain to Oί0 among the antecedents. Using

this terminology, for n > 0, 3*n has an w-length arrow chain to pQ, and con-

sequent pQ.

We now modify the normal forms of [2] for LC^-wffs by adding the pro-

ductions:

(A) TΓ 3 p 3 . p 3 πD Q yields a π/p

(B) antecedents Oί 3 β, β -» γ add antecedents Oί -» γ

(C) a -»β, β D γ a •+ γ

without loss of inferential equivalence. For the reader's information we

note that any normal form not provable in LC C has all its antecedents

T D v D v or p D σ> and consequent φ, with p, σ, τ7 v, φ elementary varia-

bles. Not both τDvDv,τ~Dv are present, and if p D σ, σ 3 r are both

present, so i s p D r. We can now state:

THEOREM IV. If α is an ffi-rejected normal form in LC with consequent

7ro, and the longest arrow chain to πQ in a i s of length rΓL 1, rejection can

be effected in the range of values 0, . . . , n + 1 and a i s inferentially

equivalent by LC to 3 1 If there i s no arrow-chain to πQ, Oί i s rejected in

the values 0, 1 and i s inferentially equivalent to 3%

Q

Proof. (Case 1) Oί has a tail πn -> 7τn^1 D . . . . I) . π1 -> 77O 3 . 77Q. As-

sociated with the antecedents by (B), (C) will be π > -> π- for all z, / such

that w = z > / = 0. By elementary combinatory considerations and the con-

ditions on normal forms, all possible further antecedents are covered by the

following six types:

Pi •* Pa' Pi •* P3> > P^ ~* "Ί ; i<n, k^n-u

πi "* σ/» α / "* σ /-i ' ' σ

2 "* σi> σ i ^ ^yί ^ = z - A w = z > / = ̂ •

** "* Γi» Γi •* Γ2» > r ^-i -*• ^ z' "= n> a n d n o t Γ

Λ

 3 ^ f o r a n y β = m> i = w

v -> <^χ, ̂ λ ^ φ27 . . . . , φ _ χ -̂  (56 and not π^ v ot φ D τrz for z = w.

π > ^) if/ D ψ; and no syllogistic chain from Â to 77Z .

X D 77-̂ , X D 77̂ , . . . . a, b,. . . = n, and not π^ 3 X 3 X for z ~ w.

Therein for all r, φ, i/r we can substitute π 3 77 to obtain antecedents valued

0, while substitution of π , for p and σ , of TΓ (r = max(β, 6, . . . . ) ) for

X, produces antecedents already present in or associated with the 72-length

arrow chain to πQ. We thus obtain an expression LC -equivalent to 3 1 , and

which, when πz i s valued i + 1, reduces by Si to the value 1, having used

only the values 0, . . . , n + 1.
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(Case 2) Where there is no arrow-chain to π the first two types of ante-

cedent are not present. Remaining types can be verified as in Case 1 and

we are left with an expression LCC~equivalent to 3% > reducing by 3R to the

value I, having used only the values 0, 1.

THEOREM V. For all natural n, LCnc i s complete for 1^.

Proof. LC0c is obviously complete for ΈQ. If | - a, then by [2] |— a

M L C
and so (Theorem I) I— a while if -I a and I— a , then by [2] and

T C * + 1 ^ Mn+ί

Theorem IV all normal forms of α are either LCc-provable or have arrow

chains to the consequent of length at least n + 1. But all such are LCC-

implied by 3ι

n+1 and so (Theorem III) by 3 Π + 1

Taking now f into account, we add to the reduction process of 2:

(D) Qf D f - Of D π (π not in a),

(E) f D a ~ i D . α ^ α ,

(F) f j q j β j γ - βDγ,

(G) f D <* D β ~ β,

(H) a DfDfD β ~ f D C O . α D f D / 3 ,

(G) not to be used where Qf D f 3 ί is present. Then in ϊί-rejected normal

forms f can only occur in the positions π 3 f and f -> p and in any

arrow chain only as its opening member.

THEOREM VI. If a i s as in Theorem IV with f occurring only as just stated,

then etc. as in Theorem IV. Proof i s exactly similar, giving f the value

72+ 1.

THEOREM VII. LCn i s complete for Ϊ K This follows from Theorem VI,

as Theorem V from Theorem IV.

THEOREM VIII. If 3"n i s defined by means of 3"n as below, then 3n may re-

place 3 in the axioms of LC??.
r n

{3 M = p

%H=Pnmpo^3n

MODAL CONSEQUENCES. Using the McKinsey-Tarski translation T of

[3] to obtain T(3n) we have axioms for a denumerably infinite series of

modal systems, S4 with T(3n), between S5 (i.e. S4 with T(3J) and S4 3

(i.e. S4 with T(3)), to use the numeration of [4]. It seems appropriate to

call these systems S4'3n
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