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STUDIES IN THE AXIOMATIC

FOUNDATIONS OF BOOLEAN ALGEBRA

CZESLAW LEJEWSKI

Section III

In the preceding sections we have shown that a deductive system, to be

referred to as System §[, can be constructed with Al as the only axiom and

with Rl — R5 as the rules of inference. This system is strong enough to

yield ordinary systems of Boolean Algebra. In contradistinction to such

systems we can describe System 31 as a system of Boolean Algebra with

definitions since it is the rules of definition, R4, and R5 in particular, that

are the distinguishing characteristic of the system.

In the present Section two other systems of Boolean Algebra with defi-

nitions are outlined and shown to be inferentially equivalent to System 21.

The one, to be known as System $3, is based on the functor of strong in-

clusion as the only undefined term. Its only axiom takes the form of the

following thesis:

Bl. [ab] •: : a Cb . = . \ [η c] «. c C a.', [c d] •: c Cd . c Ca . D .

[^e], e Ed. e Cb 2

As its rules of inference we have Rl - R4, and instead of R5 we have

BR5, which allows us to add to the system new theses of the form

XII [a, . .] ί ί β C x . s Λ β C β . ' . W ί A C α . D . [ j c] , c Cb

φ(c)
provided they satisfy certain conditions analogous to those postulated by

R5.

The other system, which we shall call System QΓ, makes use of the

functor of partial inclusion as the only undefined term.

Thesis

CL [ab] : : a A b . = . \ [^ c] . \ c Δ a . ' . [d] : c Δ d . D . a Δ d . b Ad

serves as the only axiom of the system, whose rules of inference are the

same as those of System % except that instead of R5 we have CR5
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In virtue of CR5 we can add to the system new theses of the form

XIII [a . . λ : ': a Δ x . = :•: [3 b] :>: a Δ b :•: [c] : : b Δ c . 3 .'.

[3 ί/]. . ί / A ί / Λ [ e ] : a e . 3 . c A e . \ <£ (<0

provided they satisfy certain conditions analogous to those set out in R5.

In order to establish inferential equivalence between System 3ί and

System 33 we have to show that Bl and, say,

B D L [ a b] , \ a C b . = : [ c ] : c E a . D . c E b

which could be used as a definition of weak inclusion in terms of strong

inclusion, can be deduced within the framework of System 21. We also have

to prove that any thesis that could be added to System 33 in virtue of BR5,

is derivable in System 21. Then starting with Bl and BD1 we have to de-

duce Al and D4. In addition we have to satisfy ourselves that any thesis

that could be added to System 2ί in virtue of R5, could also be obtained

within the framework of System 33.

We assume that all the theses to be found in Sections I and II have

been derived within System 21. We continue the outline of our deductions

as follows:

T54. [ab c]<: aCb . c Ca .3 . c Cb

Proof:

[ e t c ] . / .
(1) aCb.
(2) c E a . 3 :

(3) [ 3 4 . ~ ( c C O : UD4>2]

(4) c C a . )

(5) c C b : [52, 4, 1]

cEb [D4, 3, 5]

T55. lab c d e] : : [/] : / Ea.D . f Cb.'.~(cCd).cCe.cCa .\D .

[ ] / * ] . ~ifCg).fCe.fCb

Proof:

[a b c d e] : :

( 1 ) [β .fCa.D.f Cb. .

( 2 ) - ( c C d) .

( 3 ) cCe .

( 4 ) c C a .-. D :

(5) cCa. [D4, 2, 4]

(6) cCb. [1,5]

(7) c C b : [D4, 6]

[ 3 / g\ ~ (/ C g) / C e . f C b [2, 3, 7]

T56. [a b] .-. [c] t c C a . 3 . c C 6 : 3 . a C &

Proo/;

[a b] ,
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(1) [c] : c Cα . 3 . c C b : D .\

(2) [c d e] : ~ (.c C d) . c C e . c C a . ^ . [^ / g ] . - ( / C g ) .
fCe.fCb. . [T55, 1]
β C έ [Γi6, 2]

Γ57 = BDί. [a 6] ..-. a C i . s : [ c ] : c C f l J . c C i [754, T56]

T58. [ab] . aCb .3 . a [ n

Proo/:

ίab}.-.

(1) α O D:
(2) [ g c] .. ~ (α C c) : [D4, 1]

β C a [D4, 2, Si]

Γ59. [abed]: aCb.cCd.c[Za.2.ί^e].eCd.e[Zb

Proof:

[abed] ..-.
(1) a[Zb.

(2) c E rf .
(3) c C a . 3 :
(4) β C b . [D4, 1]
(5) c Cb : [T54, 4, 3l

[^ e] . e Cd . e Cb [2, 5]

T60. [β ί> / g 6] .: : [c d] •: c C d . c C a . D . [g e] . e C rf . e C έ> .-.
- ( / C g ) . / C L / C β . . 3 . [ j i ; ] . - ( ! C / ) . / C 4 . ! C i

Proof:

[abfgbh:
(1) [c d] : c C «ί c C a . 3 . h e] . e C d . e C b .'.

(2) ~ ( / C g ) .
(3) / C i .
(4) / C a . . D . .
(5) / C b . [D4, 2, 3l

(6) fCa .-. [D4, 2, 4]

[ a . ] c

(2 cAί:- ( β c / ) s 1 ^ ^
(11) eCb .'. [D4, 8]

[ 5 ί / ] , ~ ( ί . C ; ) . i C h . i C b [9, 10, 11]

T 6 2 . U fe ib] •: : A C Λ -'• [ c d •: c C fl? . c C Λ . D . [ 3 d . e C ί / . β C f c

Proo/:

[α i i ] ί :
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(1) h C a .-.
(2) [c d] : c Cd . c C a . D . [jj e] .. e C d . e C b .-. D .'.

(3) Ka: .
[3 c]\ [ [D4, 1]

(4) ~(Kc). '
(5) ~ (β C c) .-. [52, 3, 4]
(6) [ / g i ] : - ( / C g ) . / C i . / C β . D . [ q f /] . « (1 c /) . i C A . f C fc .*.

[T60, 2]
(7) aCb .-. [T16,6]

aCb [D4, 5, 7]

T62=B1. [ab] : : a Cb . = .-. L3 c] .. c C a .-. [c d] < c • d . c Ca .

D . [g e l . e C i . ί C i [^58, Γ59, Γ6i]

T63. [ab c φ] :•: [d] ..-. d C a . = : [e /] : - (e C /) . e C d . D . [ 3 g A] ,
~ (g C A) . g C e . φ (g) : : b C a . c U b : : D . [ ̂  d] . d Cc . φ(d)

Proof:

[ab c φ] :•:
(1) [d] .-. d C a . = : [e /] : - (β C /) . e C d . D . [3 g A ] . - (g C A) . g C

e . φ(g) : :

(2) * t i e .
(3) c C & : : 3 . .
(4) K« .-. [D4, 2]

[3 /] : •>
(5) " - (c C /) . f [D4, 3]
(6) c C ί > :

(9) ^ (g)
(10) gCc . [D4, 7, 8]

[:, <ϋ rf C c . ^ ( < i ) [10,9]

T64. [b e { φ] : : [c] .: c C & . D . [3 d] •. d C c . φ (d).; - (e C /) . e C b

. - . 3 . [:j gA] . - ( g C A ) . g C β . 0 ( g )

Proo/:

(1) [c]:cCb.D. La dl,. rf C c . 0 (<0 . ' .

(2) - (β C /) .

(3) β C A . . D.

(4) e C A .'. [D4, 2, $]
[-.^d], s

(5) " dCe. Hl,4]
(6) φ(d): }

P) [ 3 « -WC*): } [ j
(8) d C β . . j

[3 g A] •. - (g C A) . g C e . φ (g) [7, 8, 6]
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T65. [a b φ] :-. [d] , \ d C a . = : [e /] •: ~ (e C /) . e C d . 3 . [3 g h] ,

~ (g C h ) . g C e . <£ (g) : : b C έ . \ [c] •: c C έ> . D . [3 ίfl , d C c .

φ (d) : : 3 . b C a

Proof:

[abφ]-.-.

(1) [d] ,. . βί C a . = : [e /] : - (e C f) . e C d . 3 . [3 g £] . - (g C h) . g C e

• φ(g)::
(2) bEb .-.

(3) [c] « c C b . D . [3 i ] .. d (I c . φ W) : : D .'.

(4) [e /] : - (β C /) . β C ύ . D . [q g A] . ~ (g C A) . g.C e . 9S (g) / .

[T64, 3]

(5) 4 C < i : [1, 4]

(6) [3 c] .~(bC c) .-. [D4, 2]

bCa [D4, 6, 5l

T66. [α <̂ ] ,:•: M / . rf C a . = : [e /] ,: - (e C f) . e C ίί . D . [3 g A] .

- (g C h) . g C e . φ (g) .-. D : : [b] .: : & C β . Ξ . \ b t b .\ [c] : c

C ύ . D . [3 oO , d L c . φ (d) [T58, T63, T65]

It i s clear from T62 and T57 that B2 and BD1 are derivable within the

framework of System 51. Moreover, T66 shows that any thesis that could

be added to System 53 in virtue of BR5, could also be derived in System 21.

We now proceed to show that within System 33 we can derive Al, D4,

and any thesis that could be obtained in System 21 by applying R5

T66*BD2. [α] .; : α C A . = .'. α Q α .'. [b] •: b [ f l . 3 . [ i c] . c {7b.

~ (c C c) [by applying BR5l

T 6 6 * 1 . [ α b ] : α C b . 1 . α C α [B1 = T62]

T66*2. [α] : α CΛ . 3 . ~ (α C Λ )

Proo/:

[a]-:
(1) Λ C Λ . D .

(2) α C α . [T66*BD2, l]

~ ( f l C Λ ) [T66*BD2, 2, T66* l]

T66*3. [α] . - (αCΛ ) [T66*2]

T66*4. [αbcde]:bCc.αCb.dCe.dCα.D.[j /] - f C e . f Cc

Proof:

[Λ έ c ύί e] : :

(1) fe C c .
(2) fl[έ.

(3) rf C e .
(4) ^ C α . D .'.

(5) [ / g l i / C g . / C β . ^ l j ^ i C g . i C i . . [B2 = T62, 2]
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(6) [fg]*fCg.fCb.D.[jib].bCg.bCc.\ [Bl = T62, l]

(7) b b], h Ce . h Cb .-. [5, 3, 4]

[ 3 / K / Ce.f Cc [6,7]

T66*5. [ab c] : bC c . a \Zb . 3 . a Cc

Proof:

[a be]::

(1) b C c .

(2) Λ C ^ . D . .

(3) [3 <fl . <* H e . ' . [B2 = T62, 2]

(4) U β l i C e J C f l . D . ί j / l . / C β . / C c . . [T66*4, 1, 2]

α C c [B1 = T62, 3, 4]

T66*6. [ab] : aCb .D . aCb 1X66*5, BD1 = T57]

T66*7. [a b] : a C b . 3 . N c] . - (α C c)

Proo/:

[αfcl. .

(1) α C ^ . J :

[3 c l * 1[BI = T62, 1]

(2) c C a . j

(3) - (c C Λ) : [T66*3]
(4) Γ - ( Λ C Λ ) : [BD2 = T57, 2, 3]

[3 c ] , " ( e C c ) [4]

Proo/;

[a be]::

(1) flCέ.

(2) - ( β C c ) J Λ

(3) id] : d Ca.D . d Cb .-. [BD2 = Γ57, ll

(4) [jίίlJCfl: [BD2 = Γ57, 2]

(5) β C β . \ [β] =T62, 4]

e C ̂  [3, 5]

T66*9 = D4. [ab] .-. a Cb . = : aCb : [3 c ] . ~ ( α C c )

[T66*6, T66*7, T66*8]

T66*10. [abc]:aCb.cCa.D.cCb [BD1 = T57]

T66*ll. [a b c d e] <: a C b . ~ (c C d) . c C e . c C a . D . [2 / g ] . ~ ( / C g ) .

fCe.fCb

Proof:

[ab c d e] .*.

(1) aCb .

(2) ~ ( c C ή .
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(3) c C e .
(4) c C « J :
(5) cCb : [T66*10, 1, 4]

[3 / g] • ~ (/ C g) . f C e . / C b [2, 3, 5]

T66* 12. [a b h i] : : [c of e] : - (c C d) . c C e . c C a . 3 . [ 3 / g] . - (/ C g).

fCe.fCb.'.bCi.hCa.'.l.[]f\.fCi.fCb

Proof:

[abb i] 4 :

(1) [ c ί ί e ] : - - ( c C < ί ) . c C e . c C f l . D . b / g] - - (/ C g) . / C e .
fcb. . :

(2) hCi.

(3) A C a . - . 3 :
(4) [ | C ] . - ( i C c ) : [T66*7, 2]

(5) Kί. [766*6,2]
(6) bC. a: [T66*6, 3]

( 7 ) ~ ( / C g ) ( [ 1 4 5 6]
(8) / C i . J H , 4 ,5, 6J
(9) / C b . '

(10) / C i . [T66*8, 8, 7]
(11) fCb: [T66*8, 9, 7]

[3 f\-fΠi.fCb [10, 11]
T66* 13. [a b h] : : [c d e] : ~ (c C d) . c C e . c C a . D . [ 3 / g] . - (/ C g) .

/ C e . / C i . J C β . . D . 4 C i

Proo/;

[ β i i ] : :
(1) [cde] :~(cCd). cCe. c C α . 3 . [3 f g] . ~ (f C g) . f Ce.fCb.:

(2) l C β . . 3 •••
(3) [ i ] c 1 L / « C a . D . [ 3 /] . / C / / C * .*• [T66* 12, l ]
(4) ί C i . . [B2 = T62, 2, 3]

4 C * [Γ66*5, 4, 2]

T66* J4. [β W : : [c rf β] : ~ (c C *0 . c C e . c C a . 3 . [3 / g] ,. - (/ C g) . /
Ce . /Cfc .-.D . aCfc

Proo/:

[β b] : :
(1) [ c < ί e ] : ~ ( c C < 0 . c C e . c C f l . 3 . [ j / g] . - (/ C g) . / C e . { C fc

(2) [ i l i i C β . D . i C l . . [T66M3, 1]
a C b [BD1 = T57, 2]

T 6 6 * 1 5 = A 1 [ a b ] . . \ a C b . = : [ c d e] :~ ( c C d ) . c C e . c C a . 1 . [ ^ f

g] . ~ ( f € g ) . f C e . f C b [ T 6 6 * l l , T66* 14]
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T 6 6 * 1 6 . [ a e f g φ ] ' : [b].: : b C a . s . . b C b . - . [ ( ; ] : c C b . 1 . [ ] d]

. d C c . ψ (d) :•: e C a . ~ (/ C g) . / C e :•: 3 . [ a h ί] ,. - (A C i) .

bCf.φ{h) 3

Proo/:

[a e f g φ] :

(1) ω ! : 4 E ί . s . j : i . . [ c ] : c C i . 3 . [ j <fl.«<Ec. φ(d): :
(2) e C s .

(3) - ( / C g ) .
(4) fCe-.-.D. .
(5) ~ ( e C g ) . [T66*10, 4, 31
(6) e Ca. [T66*8, 2, 5]

(7) / : « .-. [T66*8, 4, 3]

(8) A C / . Π l 6 7]
(9) φ{h): )L1,6,7J

(10) [3 i] . " ( 4 C 0 : [T66*7, 8]

(11) i C / . . [T66 6, 8]
[ g b i ] . ^ ( b C ί ) . b C f . φ ( h ) [10, 11, 9]

Γ66* 17. [c e $ : : [/ g] •: ~ (/ C g) . / C e . D . ^ b i] . ~ (h Ci) . b C f . φ

( i ) Λ c C « . . D . [ j d] .dCc .φ (d)

Proof:

[ceφ]::
(1) [/ g] : ~ (/ C g) . / C e . D . [ 3 A f] . - (A C i) . h C / . φ (h) .:
(2) c Ce , .D :
(3) [3 /] ~ ( c C / ) : [T66*7, 2]

(4) cCe : [T66*6, 2]

t 3 * d - )

(6) K e . ί

(7) ^ (A).
(8) 4 C c [T66*8, 6, 5]

[jd^Cc^W [8, 7]

T66* 18. [a e j φ] i :. [b] •: : b C α . = .-. b C b . [c] : c C b . 3 . [̂  «fl .

rf C c . φ (d) :•: [/ g] c ~ (/ C g) . / C e . D . [a A i] . ~ (h Ci) .

hCj . φ(h) .-. ; I β : : ) . / C «

Proo/;

[« e 7 φ] •
(1) W 4 : b C a . = .-. b C b . ' . [c] : c C b . 3 . [ 5 ί . r f C c . ^ W : - :

(2) [/ g] : - (/ C g) . / C e . 3 . [3 h i] . ~ (h C i) . h C f . φ (h) .-.

(3) 7 C β :•: 3 .-.
(4) [c] : c Ce . 3 . [a d}..dCc.φ (d) .: [T66*17, 2]
(5) eCe [B1 = T62,3]
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(6) eCa.\ [1,5,4]

7 O [T66*5,6, 3]

T66*I9. [Λ e φ] : : |>] : : fc C fl.E.'JCi/.[c]:cLfc.D.[] J J

C c . ( ^ y ) : . : [ / g ] : - ( / C g ) . / C e . 3 . [ j b i] * *-(b Ci) . b C f .

φ (b ) :•: 3 . e C α

Proo/;

U e <£] i :

(1) M : : έ C α . = Λ έ E έ . . [ c ] , : c [ : έ . D . [ j </] . d E c . φ(d) :•:

(2) [/ g] : ~ (/ C g) . / C e . 3 . [5 A z] . - (h C z) . b C / . 0 (h) :: D ...

(3) [/I tjCe.D.JCa.'. [T66*18, 1, 2]

e C f l [BD1 = T57,3]

T66*20. [a φ] :•: [b] : : b C a . D .'. b E b .'.[c] : c C b . D Λ^ d] . d C c

. ^ (<ή : : 3 .-. [e] . \ e C α . = : [/ g] : - (/ C g) . / C e . D . [ 3 6 z] .

- (h C z) . h C / . φ (h) [T66* 16, T66* 19]

From T66*15, T66*9, and T66*20 we see that Λ2, D4, and any thesis
introduced into System 21 by applying R5 are all obtainable within the
framework of System 95 , which completes the proof that the two systems
are inferentially equivalent.

We continue by giving an outline of the proof that System © is inferen-
tially equivalent to System 93.

In the first stage of the outline we propose to show that Cl and, say,

CDL [ab] : : a Eb . = .*. a Δ <z .". [c] : a A c . 3 . b Δ c

which in System S could be used as the definition of strong inclusion in
terms of partial inclusion, are both derivable within the framework of Sys-
tem 93 . In addition we will show that System 93 yields any thesis obtain-
able in System © in virtue of CR5.

By applying R4 within System S3 we get

T66*BD3. [ β W : β A ί . Ξ . [ j c] . c C * c E b

Further deductions proceed as follows:

7'66*21. [ab]: aEb .3 . aΔa [T66*l, T66*BD3]

T66*22. [ab c] : aE b . aΔ c .D . b Ac

Proof:

[a be] .-.

(1) aEb.

(2) aΔc .D :

[ 3 d] ,

™ d

A ^ a - \[T66*BD3,2]

(4) d E c . )

(5) d E b : [T66*5, 1, 3]

b Δc [T66*BD3, 5, 4]



100 CZESLAW LEJEWSKI

T66*23. [ab]>: a Δ b . 3 . b Δ a [T66*BD3]

T66*24. [a b d e] *ι : [c] >: a Δ c . D . b Δ c .-. d C e . d Ca .'. 3 . [i f\ ••
fCe.fCb

Proof:

[ab de]:ι
(1) [cl ί Λ c J J Λ c Λ
(2) d C e .
(3) dCa.-.D:
(4) flAe, [T66*BD3, 3, 2]
(5) & Δ e . [1, 4]
(6) e Δb : [T66*23, 5]

[j β.fCe.fCb [T66*BD3, 6]

T66*25. [a b] : : a Δ a . . [c] •: ̂  Δ c . 3 . b Δ c . '. 3 . a C b

Proof:

[a b] , :

(1) flAfl.'.

(2) [ c ] : f l A c . 3 J A c . J .-.
(3) [3 c] .. c C a .-. [T66*BD3, l]
(4) [ c i c C ί / . c C f l J . h β] , e C <* . e C έ> .-. [T66*24, 2]

β C^ [B1 = T62, 3,4]

T66*26 = CD1. [^lί flChΞΛΛAflΛH^ΛcJJAc
[T66*21, T66*22, T66*25]

T66*27. [abcd]:cCa.cCb.cΔd.D.aΔd.bΔd [T66*22]

T66*28. [ a b ] t : aΔb . 3 .'. [3 c ] .'. c Δ α .'. U ] : c Δ </ . 3 . a Δ rf . b Δd

Proof:

lab]*.:
(1) aΔb .3 : :

[ 3 c] ... ,
(2) c C ί . > [T66*BD3, 1]
(3) c C * . ^
(4) c Δ c . [T66*2l, 2]
(5) flΛc. [766*22, 2, 4]
(6) cΔa.\ [T66*23,5]
(7) [d]:cΔd.D.aΔd.bΔd:: \T66*27, 2, 3]

[3 c] ..'. c Δ α . \ [ f i f l : c Δ r f . : > . Λ Δ d . f e A < * [6, 7]

T66*29. [a b c] : : c Δ a .'. [d] >: c Δ d . D . a Δ d . b Δ d .'. D . a Δ b

Proof:

[a be]::
(1) c Δ a . .
(2) [d] : c Δ d . 3 . α Δ d . fr Δ d .'. 3 :
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(3) [5 d].dCc: [T66*BD3, l]

(4) c Δ c . [T66*BD3, 3]

mill, }[™ 25,4,2]
a A b [T66*BD3, 5, 6]

T66*30 = C1. [a A] : : a Δ A . = .\ [3 c ] . . c 4 β . . [ 4 : c A ( ί . D . aΛ

d . b Ad [T66*28, T66*29]

T66*31. [a f g φ] [b] : : 6 G a . = .'. b C b .:[c] : c C b . 3 . [3 d] . d

C c . φ (d) :•: / C a . f Δ g :•: D .'. L3 A] .-. h A b .\ [ί\ : h A i .

D . g A i .-. φ (A)

Proof:

[afgφ] • I

(1) [b]i .b Ca.= .'.b Cb .-.[c]:c Cb .3 Λi d] . d C c . φ (d) :•:
(2) / C « .
(3) / Δ g r D : - :

[ 3 e] : :

ίS ' r ^ }[T66*BD3,3]
(5) e Eg : : J

[3 « .-•
(6) A H e . 1 [1 2 4]
(7) φ(b). | L l , A 4 j
(8) b kh . {T66*21, 6]
(9) A C g ••• [Γ66 5, 5, 6]

(10) [i] : A Δ i . D . g Δ ί :•: [Γ66*22, 9]
[3 A] .-. A Δ A .-. [z] : A Δ 1 . D . g Δ 1 . ' . 9!. (A) [8, 10, 7]

T66*32. [a e φ] I I [b] : : b C a . = .-. b [Z b .-. [c] : c C b . D . [] d] : dC

c . φ (d) :•: e A a :•: D :•: [3 /] :•: e Δ / :•: [g] •: : / Δ g . 3 .\

[3 A] .-. A Δ A .-. [»] : A Δ i . D . g Δ i .'. φ (A)

Proof:

{a e φ] II
(1) [*] ί : * C β . a .'. * C * .'. [c] c c C * . D . [3 d l J C c . ψ (ίή :•:
(2) e Δ α :•: D ': i

[3 /I :•:

(5) / Δ / . [Γ66*2I, 3]
(6) e Δ / : : [T66'22, 3, 5]
(7) [g] : : / Δ g . 3 .-. [q A] .-. A Δ A .\ [i] c A Δ i . 3 . g Δ i . ' .

^ (A) [T66*31, 1, 4]

[3 /] :•: e Δ / :•: [g] : : / Δ g . D .-. [3 A] ,.\ A Δ A .-. [i] : A Δ i . D .

g Δ i .-. φ (A) [6, 7]

T66*33. id e f φ] \ I [g] : : / Δ g . 3 .\ [5 A] .\ A Δ A ,\ [t] : A Δ i . 3 .

g Δ ί .-. 9S (A) :•: e C / d C e :•: 3 . [g A] . A C d . φ (A)
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Proof:

[defφ]\:
(1) [g] : : / Δ g . 3 .-. [, b] .-. A Δ A .-. [f] : A Δ i . D . g Δ i .\ φ(h) :•:

(2) e C / .
(3) d C e :•: 3 : :
(4) </ E / . [T66*5, 2, 3]
(5) rfCflί. [T66*I, 4]
(6) fΔd:: [T66*BD3, 4, 5]

[3 A] : :
(7) A Δ A . . I r ,-,
(8) [ l Ί i A Δ ί . D . r f Δ ί . . > L > J

(9) φ (A) : : )
(10) h Ed: : [T66*25, 7, 8]

[a A] . A E rf . £ (A) [10, 91

T66*34. [ae fφ] I ': [b] -. b C β . • .-. A C A .-. [c] : c E A . D . Γj J] .

d C c φ (d) :•: e Δ / :•: [g] •: : / Δ g . D . . [3 b] .'. A Δ A .'.

tί] : A Δ i . 3 . g Δ f .*. φ (A) :•: D . e Δ a

Proof:

[ae fφ] : :
(1) W c i C a . s . . i C i Λ [ c ] ( c C i J . [ : <fl . d C c . 0 («i) :•:
(2) β Δ / : :

(3) [g] : : / Δ g . D .: [3 h] •.-. h Δ h s. [ί] « A Δ f . 3 . g Δ i .-. 0 (A) :•:

... [ 3 g l •'• ,_ ί [T66*BD3, 2]
(4) g C e . I
(5) g E /
(6) gCg. . [T66*l, 4]
(7) M c r f C g . 3 . h A ] . A Cd.φ(b).-. [766*33,3,5]
(8) g C « : : [1, 6, 7]

e Δ α [T66*BD3, 4, 8]

T66*35. [β φ] •:•': [b] •: : b E « . = .'. & E A .'. [c] « c E A . 3 . [3 d] . d E c

. <£ (d) : : 3 : [β] : : e Δ a . = :•: [3 /] :•: e Δ / :•: [g] : : / Δ g . 3

.'. [a A] .-. A Δ A .-. [1] : b Δ i . 3 . g Δ i .'. Φ (A)
[T66*32, T66*34]

It is evident from T66*30, T66*26, and T66*35 that any thesis derivable
in System (£ is also derivable in System SB. In order to complete the outline
of the proof that System $3 and System 6 are inferentially equivalent, we
now go on to derive Bl = T62 and T66*BD3 from C2 = T66*30 and
CD1 = T66*26. We shall also have to satisfy ourselves that any thesis
that could be added to System $ in virtue of BR5, is obtainable in System
6 as well. Our deductions proceed as follows:

T66*35*l. [β A] : ats.b . 3 . aAa [Cl = T66*30]

766*35*2. [ab] : aAb . 3 . b S. a [Cl = T66*30\
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T66*35*3. [ab]: a Ab . 3 . b Ab [T66*35*2, T66*35*l]

T66*35*4. [a b] •: a A b . 3 . Jg c] . c £ a . c C 6

Proof:

[ab]:.:

(1) a Δ 6 . 3 : :

[J c] ...

ί S rCi " 'A A -, Λ ^ } ίcl - T66*30> ϋ
(3) LαJ : c Δ a . 3 . a Δ ί/ . . ί

(4) [d] : c /\d .D . b lid .\ '

(5) c/ic:: [T66*35*l,2]

[3 c] . c C a . c C b [CD1 = 766*26, 5, 3, 4]
766*35*5. E* & c <θ •: c Ea . c [1 b . c A d . D . a A d . b A d

[CD1 = T66*26]

T66*35*6. [a b] ,: c C α . c C b . 3 . 0 Δ b

Proof:

[a b] .: :

(1) c C α .

(2) c Cb .D .".

(3) flΛc. [CD! = T66*26, l]

(4) c Δ a .'. [T66*35*2, 3]

(5) [d] : c Δ d . 3 . α Δ d . fc Δ d .'. [T66*35*5, 1, 2]

a Ab [Cl = 766*30, 4, 5]

T66*35*7 = T66*BD3. [a b] >: a A b . = . [1 c] . c C a . c C b

[T66*35*4, T66*35*6]

T66*35*8. [ab] : a C b . 3 . a C a [CD1 = T66*26]

T66*35*9. [ a b c ] : b C c . a C b . D . a C c [CD1 = T66*26]

T66*35*10. [a b c d] •: a Z h . c L d . c C a . D .[] e], e Cd . e Cb

Proof:

[abed] ..-.

(1) ^ C ^
(2) c C d .

(3) c C β . 3 :

(4) cCb : [T66*35*9, 1, 3]

[] e] . e Cd . e Lb [2, 4]

T66*35*ll. [a b f] : :[c d] : c C d . c C a . D . [^ e] . e E d . e Cb .'.

aAf.'.D.bAf

Proof:

[a b /] ,: :

(1) [c d : c Ed . c C a . 3 . [3 e] , e E d . e E b .'.



104 CZESLAW LEJEWSKI

(2) β Δ / . . D . .

(3) gCa. \[T66*35*4,2]

(4) «:/: ' ,

«> ^ c "•«•*
(6) e C i . .

ft Δ / [Γ66*35*6, 6, 5]

T66*35*12. [a b β : : f C a . Λc d] : c C d . c C a . D . [i e] . e C d . e
ft .'. 3 . a Cft

Proo/.

[β ft /] •: :

(1) fCa. .
(2) [ c d i c C ί / . c C β . D . f ] e] , e C d . e C ft . ' . D .'.
(3) atiia .-. ' [T66*35*5, l]
(4) [c] . aAc .D .b Ac .-. [T66*35*ll, 2]

a Cft [CD2 = Γ66*26, 3, 4]

T66*35*13 = B1. [a ft] : : a C ft . s . '. [3 c] .. c C a .-. [c ίί] : c C d . c
α . 3 . [g e ] . e C α ! . e C f t

[T66*35*8, T66*35*10, T66*35*12]

T66*35*14. [abcφ] : \ [e] \ \ e A a . = :•: [3 /] : e Δ / :•: [g] : : / Δ g .

3 .-. [3 >̂] . '. i Δ i . . t i l i A Λ i . D . g Δ i . '. 0 (A) ί-ί ft C α .

c C i ; ! 3 . f | <a . d c c 9 S ( ^

Proo/.

[β ft c φ] \ \
(1) [ β ] ί eA a.m .-Λl β :•: e Δ / :•: [g] : : / Δ g . D .-. [3 A ] . . A Δ A

.-. [t] : i Δ ί J . « Δ i . .ψ(A) ":•;
(2) bCa.
(3) c C f t i D ; ;
(4) c C β . [T66*35*9, 2, }]
(5) c C c . [T66*35*8, 3]
(6) c A ί i [T66*35*6, 5, 4]

[3 /] :•:
(7) c Δ / : : [1,6]
(8) tg] : : / Δ g . D .-. [ q A] .-. h A h .: [i] : h A ί . D . g A i .:

φ(.h):. . [1,6]
(9) f Ac :: [T66*35*2, 7]

[3 b] ...
(10) i A i . r 8 9 l

(11) [i] : ft Δ i . 3 . c Δ 1 . ' . ( L b ' ^ J

(12) φ(b) . >
(13) ft C c *: i [CD1 = Γ66*26, 10, l l]

[g d.rfCc.^W [13, 12]
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T 6 6 * 3 5 * 15. [b f g φ ] : : [ c ] : c C b . D . [ ] d] , d C c . φ (d) .-. f ( I b . f

Δ g .-. 3 .-. [3 h] , . h A h .-. [i] •: h A i . 3 . g Δ i /. 0 (h)

Proof:

[bfgφ] :•:

(1) ί c ] : c C b . D . [ i d] , d Cc . φ ( d ) .-.
( 2 ) fCb.
(3) / Δ g . . D : :

(4) l 3 * l ! * C / . } [Γ66.35-4, 31

(5) i C g .

(6) A C ί. : [T66*35*9, 2, 4]

[ <*]•• •)
(7) dCb. M l , 6]
(8) 0 (<ή . ^
(9) <* C g : : [T66*35*9, 5, 7]

[ j 7)] .-. h Ah .-. [i] : /b Δ i . 3 . g Δ i .'. 0 (h) [CD1 = T6ό*26, 9, 8]

T66*35*16. [a b j φ] :: [e] : e Δ a . = :•: [3 /] :•: e Δ / :•: [g] : : / Δ g .

3 .-. [3 λ] ..-. b Ah .-.[i] : h Ai .D . g M .\ φ (/ί.) M [c] :

c C b . 3 . h rf] . ίί C c . φ (d) .-. b A j :•• 3 . a A 7

Proof:

[abjφ] :-l

(1) [e] I ! e A α . E : : [ : | /] :•: e Δ / :•: [g] •: : / Δ g . 3 .-. [3 λ] : . A Ah

.-. [i] : h A i . 3 . g Δ i .\ 9S (h) :•':
(2) [c] : c C fc . 3 . [ j 4 . <ί C c . 0 (d) .-.

(3) b A j ; 3

(6) k C k . [T66*35*8, 5]
(7) / Δy^ : : [T66*35*6, 5, 6]
(8) [ g ] : : 4 A g . D . . [ ] h] .'. h Hi h .'. [i\ : h A i . D . g ίi i .'.

0(/b) :•: [T66*35*15, 2, 4]
(9) / Δ a \ \ [1, 7, 8]

flΔ; [T66*35*2, 9]

T66*35*27. [a b φ] ϊl [e] \ ': e A a . Ξ :•: [̂  /] :•: e A f :•: [g] : : / Δ g . 3

.'. [:| A] ,\h Ah .'. [i] ,: h Ai .D .gAi . \ φ (h) i i bC b .\

[c]:cCb.l.[] d] . d Cc . φ ( d ) :•': D . b Ca

Proof:

[a b φ] \:\

(1) [e]\\ e A a . = :•: [ 3 /] :•: e A f :•: [gl : : / Δ g . 3 .\ [3 A] /.

yb Δ b .'. [i] : h A i . D . g A i .-. <£ (A) i i
(2) έ» C IF .-.
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(3) [c] : c C b . 3 . [i d] . d C c . φ (d) \\ 3 .'.
(4) b Δ b .-. -1 [Γ66*35*6, 2]
(5) [c] : fc Δ c . D . β Δ c .\ [766*35*16, 1, 3l

feCfl [CD1 = T66*26, 4, 5]

Γ66*35*18. [<*<£] :. [β] \ I e /i a . = :•: [^ f] :•: β Δ / :•: [g] : : / Δ g .D

.'. [ ] 41 .'. h Δh: .[i\:h M .1 .gM.'.φ (h) f j 3 : : W

: : f t [ β . s Λ 4 C f c Λ k ] : c [ i , D . [ j rf] . d C c . c (̂̂ )

[T66*35*8, T66*35*14, T66*35*17]

By deducing 766*35*13, which is equiform with Bi, T66*35*7, which
is equiform with T66*BD3, i.e. with a thesis which defines partial inclu-
sion in terms of strong inclusion, and 766*35* 18 we have shown that Sys-
tem 33 is contained within System (£. This completes our outline of the
proof that Systems 33 and £ are inferentially equivalent.

It is interesting to note that out of our three systems of Boolean Alge-
bra with definitions System S3 appears to be comparatively the neatest. Its
axiom contains six elementary propositional functions and the definitional
frame for writing nominal definitions contains five such functions. In Sys-
tem % the axiom and the definitional frame contain seven and six elemen-
tary propositional functions respectively. The axiom of System S is short-
er than any of the other two axioms as it involves only five elementary
propositional functions, but the definitional frame constructed with the aid
of the functor of partial inclusion is rather cumbersome. It has the form of
an expression which involves seven elementary propositional functions.

What was said just now applies to the present state of affairs. The
possibility of finding a way to simplify the foundations of our systems is
by no means excluded.

7o be continued.
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