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STUDIES IN THE AXIOMATIC
FOUNDATIONS OF BOOLEAN ALGEBRA

CZESLAW LEJEWSKI

Section III

In the preceding sections we have shown that a deductive system, to be
referred to as System 9], can be constructed with Al as the only axiom and
with R1 — R5 as the rules of inference. This system is strong enough to
yield ordinary systems of Boolean Algebra. In contradistinction to such
systems we can describe System Y as a system of Boolean Algebra with
definitions since it is the rules of definition, R4, and R5 in particular, that
are the distinguishing characteristic of the system.

In the present Section two other systems of Boolean Algebra with defi-
nitions are outlined and shown to be inferentially equivalent to System .
The one, to be known as System B, is based on the functor of strong in-
clusion as the only undefined term. Its only axiom takes the form of the
following thesis:

Bl1. [ab]-::a[b.‘ﬁ.'.[ac]‘.c[a.'.[cd]lzc Cd.cCa.D>.
[ae]..eCd.er

As its rules of inference we have R1 - R4, and instead of R5 we have
BR5, which allows us to add to the system new theses of the form

XII lga..]::aCx.=..ala..[b]:0b Ca.).[a cl.cCbs
@ ()
provided they satisfy certain conditions analogous to those postulated by
Rs.

The other system, which we shall call System §, makes use of the
functor of partial inclusion as the only undefined term.

Thesis
Cl. [ab].::aAb.E.'.[a clo.cAac.ldl:cAd.D.aAd.bAd

serves as the only axiom of the system, whose rules of inference are the
same as those of System 9 except that instead of R5 we have CRS.
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In virtue of CR5 we can add to the system new theses of the form

XIII [a..-]3Ean.s:-:[ab]I:-:aAb:-:[c]::bAc.D.‘.
[3 d.dAd..[lel:dAe.D.cAe.. ¢ (d)

provided they satisfy certain conditions analogous to those set out in R5.
In order to establish inferential equivalence between System U and
System B we have to show that B and, say,

BD1. [abl \.acb.=:[cl:cCa.d>.cCb

which could be used as a definition of weak inclusion in terms of strong
inclusion, can be deduced within the framework of System . We also have
to prove that any thesis that could be added to System B in virtue of BRS,
is derivable in System A. Then starting with Bl and BD1 we have to de-
duce Al and D4. In addition we have to satisfy ourselves that any thesis
that could be added to System ¥ in virtue of RS, could also be obtained
within the framework of System 3.

We assume that all the theses to be found in Sections I and II have
been derived within System 2. We continue the outline of our deductions
as follows:

T54. labcleaCcb.cCa.D>.cCb

Proof:
[abcl .-

(1) acCbh.

2 cCa.D:

(3) [3dl.~(cCd):

(4) 2a §[D4’ 2]

(5) c¢Cbh: [s2, 4, 1]
cCb [D4, 3, 5]

T55. l[abcdel::[l:fCa.>.fCb..~(cCd).cCe.cCa."D.
[a/g].~(/'Cg).fCe.be

Proof:

[abcdel::

(1) [A:fCa.>.f Cbh..

(2) ~(cCd).

(3) cCe.

(4 cCa..D:

(5) cCa. [D4, 2, 4]

6) cCboh. (1, 5]

(7) c¢Cb: (D4, 6]
[3 fgl.~(fCg).fCe.fCbh (2, 3, 71

T56. [abl .lcl:cCa.D>.cCh:d.acCh

Proof:

[ab] :
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(D) [el:cCa.>.cCb:D.".
(2) [cde]:~(ch).cCe.cCa.D.[:[fg].~(ng).

fCe.fCb .. [Ts5, 1]
acCb [T16, 2]

T57=BDI. [abl...aCb.=:[cl:c Ca.D.cCb [T54, T56)

T58. [abl:aCb.>.aCa

Proof:

[ab] ..

() alCb.D:

2 [3ec.~(@@co: [D4, 1]
aCa [D4, 2, S1]

T59. [abcd]:a[b.c[d.c[a.).[a el.eCd.eCb
Proof:

labcd ..

(1) alCb.

2 cCd.

3 cCa.D:

(4) acCbh. [D4, 1]

(5) ¢Cb: [T54, 4, 3]
[3 el.e Cd.eCb [2, 5]

T60. [abfgb]-::[Cd]‘:ch.cEa.D.[a el.eCd.eCb..
~(fCg).fCh.[Ca.D. g ifl.~GC).iCh.iCh

Proof:

labfghl::
(1) [cd]:c[d.c[:a.).[a el.eCd.eChb..
2 ~(fCg.
(3) fCh.
(4) fCa..D>..
(5) fCh. [D4, 2, 3]
©6) fCa.. [D4, 2, 4]
[3 el ¢
7 eCh.
& “Cuo. %[1,5,6]
©)] [17d.~Cch:
(10) X % (D4, 7]
(11) eCbh.. [D4, 8]
[:jij]-.~(i.Cj).iCb.iCb [9, 10, 11]
TG1. [abbl::bCa..lcdl:cCd.c Ea.D.[a el.eC d.elb
c.D.alCb
Proof:

[abhb)::
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(1) hCa.-.
) [cd]-:ch.cCa.D.[a el.eCd.eCb..D..
(3) bCa:
[3 cl. } [D4, 1]
(4) ~((hCc).
(5) ~(aCc) .. [s2, 3, 4]
6) [fgb]:~(/Cg).be./Ca.).[_:jij].:«..(z'Cj).iCh.iCb.'.
[Téo0, 2]
(7) aCbh .-. [T16, 6]
aCb (D4, s, 71
T62=BI1. labl::alCb.=..[3cl.c Ca..lcdlecOd.cCa.
D[a el.eCd.e(Cb [T58, T59, T61]
T63. labcgl::ldl..dCa.=:[lefl:~(eCf).eCd.D>.[3 gh].
~(ng).gCe.¢(g)::bCa.cDb::D.[3d].dl:c.gb(d)
Proof:
[abc¢]:-:
(1) [d..dca.=:[efl:~(eCNH.eCd.D.[5gh]l.~(gCh).gC

e.p(g)::

(2) 6Ca.
3 cCb::D ..
(4) bCa.. (D4, 2]
5)y - ~(cCh. }[04, 3]
(6) cCbh:
EWZIE
@ ~(gCh).
8) gCec. $[1,4, 5, 6]
)] o (g) .
(10) gl c.. (D4, 7, 8]
[y dl.dCc.¢(d (10, 9]
T64. lbefpl::[clecCb.02.[3dl.dCc.dp(d..~(eCf).eCbh
.'.D.[E\gb].~(ng).gCe.¢~(g)
Proof:
befgl::
(1) [c]-:ch.).[:l dl.d Cc.¢ (..
(2) ~(eCh. i
(3 echb..D..
(4) elCb.. [D4, 2, 3]
(q4d:
(5 - dCe. }[1,4]
6) Eﬁ(d)]:
) bl .~ (dCh):
(8) dgc e.. }[D4’ 5]

[3gb]-.~(ng).gCe.¢(g) [7, 8, 6]
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T65. [abqﬁ]t:-:[d].'.a’Ca.s:[e/].:~(eCf).eCa’.D.[:_\ ghl.
~(ng).gCe.<;S(g)::bEb.'.[C]I:ch.D.[a dl.dCc.

dd)::2.6Ca
Proof:
lab @] ::
(1) [d]..-.dCa.E:[ef].:~(eC/).ecd.D.[E ghl.~(gCh).gCe
.H(g)
2 C5b ..

3) [C]‘:C[:b.D.[a d.dCc.p(d::D..
(4) [e/’]‘:-(eC/).er.).[_] ghl.~(gCh).gCe.d(g) -

[T64, 3]
(5) bCa: (1, 4]
©) [gel.~@co.. (D4, 2]
bCa [D4, 6, 5]

T66. [aqS]«:-:[d].'.dCa.s:[e/]‘w-(eC/).eCd.D.[:lgb].
~(ng).gCe.¢v(g).'.D::[b]‘::bEa.s.'.bC-b.’.[c] 1 c
Cb.5.[3d.dCc.¢@ [Ts58, T63, T65]

It is clear from T62 and T57 that B1 and BD1 are derivable within the
framework of System . Moreover, T66 shows that any thesis that could
be added to System 9 in virtue of BR5, could also be derived in System ¥.

We now proceed to show that within System B we can derive Al, D4,
and any thesis that could be obtained in System Y by applying RS.

T66*BD2. [ ¢:aCA .=c.alCa..[bleb Ca.).[ﬂ cl.c Cb.
~(cCo [by applying BR5]
T66*1. [abl:aCb.D>.ala [B1=Te2]
T66*2. [al:aCA.D.~@CA)
Proof:
[d] :
(1) aCA.D.
2 aCa. [T66*BD2, 1]
~(aCAN) [T66*BD2, 2, T66*1]
T66*3. [a]l .~ (aCA) [T66*2]

TG66*4. [abcde]:b[c.a[b.d[e.a’Ea.).[i A.fCe.fCc
Proof:

l[abcdel::
(1) 6Cc.
2 aCb.
3) dCe.
4) dCa.D..
) l[fgl:/Cg.fCa.2.[3h.hCg.hCb.. [BI=Té2, 2]
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6) [fg]«:f[:g.f[:b.D.[ﬂ bl.bCg.bhCc..

7) [3 bl.hCe.bCb.-.
[EI /’]‘-ff__e.f[:c

T66*5. [abecl:bCc.alCb.>.alc
Proof:

labcl::

(1) bCec.

2) aCb.D> ..
(3) [3d.dCa..

(49 [del:dCe.dCa.d>.[3/1./Ce.f Cec.

alec
T66*6. labl:alCb.D>.aCbh
T66*7. [abl:aCh.>.[3 cl.~(aCo)
Proof:

[ab] .-.
1 alb.>:
[3 cl.
(2) clCa.
(3) ~(cCA):
(4) ~(aCA):
[3 cl.~(@Co)

T66*8. [abclia Cb.~(aCc).D.alCb .

Proof:
[abc]::
(1) aCbh.
(2) ~(aCc).D ..
3) [dl:dCa.>.dCbh .-,
(4) [3 dl.dCa:

5) ala..
alCb

T66*9 = D4. labl ..aCb.

it

T66*10. l[abcl:aCb.cCa.D.cCh

T66*11. [abcdel:aCb.~(cCd).cCe.cCa.
fCe.fChb

Proof:

labecdel .-.
(1) aCbh.
2) ~(cCd).

[B1=T62, 1]

[s, 3, 4]
[6, 71

[B1=1T62, 2]
[T66*4, 1, 2]
[B1=T62, 3, 4]

[T66*5, BD1 = T57]

}[31 - T62, 1]

[T66*3]
[BD1=T57, 2, 3]
[4]

[BD1 =Ts7, 1]
[BD1=T57, 2]
[B1 =T62, 4]
[3, sl

:aCb:[a cl.~(@Cc)

[T66*6, T66*7, T66*8]
[BD1 =T57]
3.[3 fgl.~(fCg.
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(3) cCe.

(4) cCa.D:

(5) cCbh: [T66* 10, 1, 4]
[y fel.~(fCo)-fCe.fCh 2, 3, 5]

T66*12. [abbi]::[cde]l:~(ch).cCe.cCa.D.[3/g].~(ng).
fCe./Cb.'.bEi.bCa.'.D.[if].f[i./[b

Proof:

[abbi::

(1) [cde]:~(ch).cCe.cCa.D.[3 fel.~(fcg).fCe.
fCh ..

2 b»Ci.

3) hpCa..D:

(4) [i cl.~(hCc): [T66*7, 2]

(5) hCi. [T66*6, 2]

6) hCa: [T66*6, 3]
[3 fel.

@) ~(fCg.

8) (ci. [1, 4, s, 6]

9 fCbh.

(10) fCi. [Te6*s, 8, 7]

(11) fCb: [T66*8, 9, 7]
[3 A.fCi.fCb [10, 11]

T66*13. [abb]::[cde]:~(ch).cCe.cCa.3.[3 fel.~(fCg.
fCe.fCb.hCac.>.bCh
Proof:
labh]::
(1) [cde]:~(ch).cCe.cCa.D.[3 fegl.~(fCg .[Ce.fCh.".
2 hCa..D.

(3) [ij]-:iCj..iCa.D.[ﬂ A.fCi.fCb.. [T66*12, 1]
(4 alb.. [BI=T62, 2, 3]
hCb [T66*s, 4, 2]

T66* 14. [ab]::[ca’e]:~(ch).cCe.cCa.D.[3 fel.~(fCcg.f
Ce.fCb..D.acCbh

Proof:
[ab]::
(1) [cde]:~(ch).cCe.cCa.3.[3 fel.~(fCg).fCe.fCb
PP RV
(2 Bl:hCa.>.hCh.. [T66*13, 1]
aChbh [BD1=T57, 2]

T66*15 = Al [ab]-.‘.aCb.E:[cde]:~(ch).cCe.cCa.).[3 f
gl.~(fCg).fCe.fCh [T66*11, T66*14]
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T66*16. [aefgpl ii[bl::0Ca.=. b Cb.".[cl:cCb.D>.[74d
.dCc.qb(d):-:eCa.~(ng).fCe:-:D.[ahi]\.~(bCi).
hCf.o(h)

Proof:

laefgel it

(1) [Bl::bEa.=...0 Cb.'.[c]:c[b.).[3 dl.d Ec. ¢ (d)::

(2) eCa.

3 ~(fCg).

(4) fCe::D.m.

(5) ~(eCg). [T66*10, 4, 3]

6) eCa. [T66*8, 2, 5]

(7) fCe.. [T66*8, 4, 3]
[3 b] : } )

(8) bhCf.

) & (b) : (1,6, 71
(10) [3 i].~MhCi): [T66*7, 8]
(11) hCf.. [T66*6, 8]

[3b6d.~(kCi).bCl.$(h) (10, 11, 9]

T66*17. [ce¢l ::[fgl:~(fCg).fCe.D.[3 hil.~(hC).hCf. ¢
(b).‘.cCe.'.D.[a dl.dCc.¢(d

Proof:

[cegl::
() [fel:~(fcg.fCe.d>.[ghil.~(hCi).hCf. ().
2) c Ce..D:

3 [3 lo~Ch: [T66*7, 2]

(4) cCe: [T66*6, 2]
[3 bil.

(5) ~ (b Ci)

© bee. [1, 3, 4]

7) & (b) .

(8) hCec [T66*8, 6, 5]
(3d.dCc.¢ (@) (s, 71

T66*18. [aejpliilbl::b6 Ca.=.".b Cb.‘.[c]:ch.D.[a dl .

dCc.¢>(d):-:[fg]‘:~(ng)./Ce.).[3 bhil.~(hCi).
hCf.¢kh)...jCe::Dd.jCa
Proof:

laejopl::

() Ble:6Ca.=..b Cb.'.[c]:ch.).[ad].dCc.qS(d):-:
) [/g];~(ng).fCe.3.[3 bil .~(Ci).hCf.¢(h)..

3 jCe::D..

(4) [c]:c[e.).[a dl.d Cc.¢(d).. [T66*17, 2]
(5) eCe [B1=T62, 3]
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6) eCa.. [1, s, 4]
iCa [Té66*s5, 6, 3]

T66*19. [ae p]li:i[b]::b Ea.s.'.bEb.'.[c]:cL-.b.D.[3 dl.d
Cc.q&(d):o:[/g]:~(ng).fCe.D.[3bi]..:v(bCi).bCf.
¢(h)::D.eCa

Proof:

laed]::

(@)) [b]::bEa.-:-.'.b[:b.‘.[c]-:c[:b.).[a dl.dCc.¢(d)::

) [/g]:-(/Cg).fCe.D.[3 hil.~(hCi).hCf.p(h)::D.-.

3 [l:jce.>.jCa.- [T66*18, 1, 2]
eCa [BDI=T57, 3]

T66*20.[a¢]:-:[b]::bCa.D.'.bCb.’.[c]:c[b.).[3 dl.dCc
.qS(d)::).'.[e].'.eCa.s:[/g]:~(/Cg).fCe.).[3bi].
~(hCi).hCf.(h) [T66*16, T66*19]

From T66*15, T66*9, and T66*20 we see that Al, D4, and any thesis
introduced into System Y by applying R5 are all obtainable within the
framework of System B, which completes the proof that the two systems
are inferentially equivalent.

We continue by giving an outline of the proof that System Q is inferen-
tially equivalent to System B.

In the first stage of the outline we propose to show that CI and, say,

CDI1. labl::aCb.=.".alha..[cl:aAc.D.bAc

which in System § could be used as the definition of strong inclusion in
terms of partial inclusion, are both derivable within the framework of Sys-
tem B. In addition we will show that System @ yields any thesis obtain-
able in System @ in virtue of CRS5.

By applying R4 within System B we get

T66*BD3. [ab]:aAb.s.[ac].c[:a.ch

Further deductions proceed as follows:

T66*21. [abl:aCb.>.aAa [T66*1, T66*BD3]
T66*22. [abcl:aCb.aAc.D.bAc

Proof:
labcl..

(1) aCb.

2 aAc.D:

[3 d)

3) dCa. .

“ iCec. }[T66 BD3, 2]

(5) dCb: [T66*5, 1, 3]

bAc [T66*BD3, 5, 4]
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T66*23. [abl :aAb.D>.bAa [T66*BD3]
T66*24. [abdel::[cl:aAc.D. bAc...dCe.d Ea.'.).[a fl.
fCe.fC?
Proof:
l[abdel::
(1) [cd:aAc.D.bAc..
2) d(Ce.
3) dCa..D:
(4) alAe. [T66*BD3, 3, 2]
(5) bAe. [1, 4]
6) eAb: [T66*23, 5)
[3 l.fCe.fCb [T66*BD3, 6]
T66*25. labl::alAha..[clJcalAc.D.bAc..D.aCb
Proof:
[ab].::
(1) alAa--
2) lel:aAc.D.bAc...D.".
€)) [3 cl.cCa.. [T66*BD3, 1]
(4) [cd]ccEd.cEa.).[g el.eCd.eCb.. [T66*24, 2]
alb [B1=T62, 3, 4]

m

T66*26 =CD1. [abl::alCb.=..alha..[cl:aAc.D.bAc

[T66*21, T66*22, T66*25)

T66*27. l[abcdl:cCa.cCb.cAd.>D.aANd.bAd [T66*22]

T66*28. [ab]‘::aAb.D.‘.[i cd..cAa..[d:cAd.>.aAd.bAd
Proof:

[ab] :-:
(1) aAb.D::
[3 cl ..
2) cCa. }[T66*3D3, 1]
(3) cCbh.
(4) cAc. [T66*21, 2]
(5) alAc. [T66*22, 2, 4]
6) cAa.. [T66*23, 5]
7) [dl:cAd.>.aAd.bAd:: [T66%27, 2, 3]
[3 cdo.cAas.ldl:cAd.D.aAd.bAd {6, 7
T66*29. [abcl::cAa..[dl:cAd.>.aAd.bAd.".D.aAb
Proof:
[abel::
(1) cAa..

2 [dl:cAd.>D.aAd.bAd..D:
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3) [ dl.dCec: [T66*BD3, 1]
(4) cAc. [T66*BD3, 3]
(5) cCa. .
6 cCb: }[TGG 25, 4, 2]
alAb [T66*BD3, 5, 6]
T66*30 = C1. [ab]::aAb.s.’.[i clo.cAa. . ldl:cAd.D>.aA
d.bAd [T66*28, T66*29]
T66*31. [afgplii[bl::60a.=.".6Cb..[c] :CEb'D'[i d.d

CC.¢(d):-:/[a.ng:-:D.'.[3b].'.bAb.’.[i]:hAi.
D.gAi..¢(h)

Proof:
lafggpl::
(1) [b]‘::b\:a.z.'.be.'.[c]:c[:b.).(3 d].dl:c.q.’>(d):-:
(2) fCa.
(3 fAg::D::
[3 el ::
(4) elCf. .
(5) elCg:: }[T66 BD3, 3]
3 A ..
(6) hCe.
7 é (b) . }[1’ .
(8) bAb. [T66*21, 6)
9) hCg.. [T66*5, 5, 6]
(10) [(l:hAi.D.gA%:: [T66*22, 9]
(360 hAb . [:hAiD. gAi . G (D) (8, 10, 7]
T66*32. [ae(ﬁ]?E[b]::bCa.s.'.be.'.[c]:cCb.).[3 dl.dC

c.qﬁ(d):‘:eAa:-:Dr:[a N :':eA/:':[g]'::ng.D.'.
(3l bAb . [d:bAi. D . gAi." ¢ (h)

Proof:

[aee] it
(1) [b]-::bl:a.a.'.bCb.'.[c]vzth.D.[a dl.dCc.¢(d)::

2 eAa::D::
[3 fl::
(3) fce- *

@ /Ca. }[T66 BD3, 2]
(5) fAf. [T66*21, 3]
(6) eAf:: [T66*22, 3, 5]
(7) [g]::/Ag.D.‘.[ﬂ blo.bAb .. [d:hAi.D.gAi..
XGOEE [T66*31, 1, 4]
(3AiedfeilelicfAg. DIy e bAb T :ihAE.D.
gAi..$(h) (6, 71

T66*33. [de f¢liilglssfAg.D. 0y Bl hAb.[d:hAi.D.
gAi.‘.qS(b):-:e[:/.dCe:-:).[a bl.bh C d.e¢(h)
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Proof:
[defol::

(1) [g]::/Ag.D.‘.[a blo.bAb -~ lil:hAi.D.gAi. . p(b)::
(2 eCf.

(3) dCe::D::

4) dCf. [T66*s5, 2, 3]

5) dCd. [T66*1, 4]

6) fAd:: [T66*BD3, 4, 5]
[3 bl ::

) bAb..

(8) [lebAi.D.dA.. }[1’6]

9 ¢ (h)::

(10) bhCd:: [T66*25, 7, 8]
[3 bl.hCd.¢(h) [10, 9]

T66*34. l[aefpl ii[bl::b6 Ca.=.bCb.[cl:cCb.D.03 4.
dCc. ¢ (d :-:eA/:-:[g]-::ng.).'.[a bl .bAb ..
[d:bAi.D>D.gAic.p(h)::D.eAa

Proof:

laefdl i
(1 [Ble:bCa.=.c.b Cb.‘.[c]-;ch.D.[a dl.dCc.¢(d)::
(2) eAf:-:
(3) [g]::/Ag.).'.[i BloobAb o [dehbAi.D.gAi.. ¢ (b)::

D
[; & .. .
@ i e Ce. [T66*BD3, 2]
(5) gCf.
6) gCg.. [T66*1, 4]
@) [d:dCg.2>.[3 Al.hCd.¢ (). [T66*33, 3, 5]
(8) gla:: (1, 6, 7]
eAa [T66*BD3, 4, 8]

T66*35. [a¢].§-§[b]‘::bCa.s.'.be.‘.[c].:cCb.).[a d.dCc
.¢(d)::3§§[e]§EeAa.s:-:[3 flezeAf::lgl::fAg.D

by bl bAb ol ib A D g A B (D)
[T66*32, T66*34]

It is evident from T66*30, T66*26, and T66*35 that any thesis derivable
in System § is also derivable in System . In order to complete the outline
of the proof that System 9 and System € are inferentially equivalent, we
now go on to derive Bl = T62 and T66*BD3 from CI = T66*30 and
CD1 = T66*26. We shall also have to satisfy ourselves that any thesis
that could be added to System L in virtue of BRS, is obtainable in System
€ as well. Our deductions proceed as follows:

T66*35*1. [abl:aAb.D.alAa [C1 = Té66*30]
T66*35*2. [abl:aAb.D>D.bAa [c1 =Te66*30]
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T66*35*3. [abl:aAb.D.bAD [T66*35+*2, T66*35%1]
T66*35%4. [ab]‘:aAb.D.l[J cl.cCa.cCb
Proof:
labd] :-:
(1) aAb.D>::
{3 o .-
2 cAa.. .
(3) dl:cAd.D>D.aAd.. }[C1=T663O’1]
4) - [dl:cAd.D.bAd.".
(5) cAc:: [T66*35%1, 2]
[3 cl.cCa.cCb [CD1=Te66*26, 5, 3, 4]

T66*35*5. tabcdl:c Ca.cCb.cAd.D.aAd.bAd
[CD1 = T66*26]

T66*35*6. [abl:c Ca.cCb.D.alAb

Proof:

[ab].::
(1) cCa.
2 cCb.>..
(3) alAc. [CD1 =T66*26, 1]
(4) cAa.. [Te6*35*2, 3]
5) [dl:cAd.D.aAd.bAd. . [T66*35*5, 1, 2]

alAb [C1=T66*30, 4, 5]

T66*35*7 = T66*BD3. [abl:alAb.= [3 cl.cCa.cCb
[T66*35*4, T66*35*6]

T66*35*8. [abl:a Cb.>.aCa [cD1 = T66*26]
T66*35*9. [abcl:bCc.alb.>.alc [CD1 = T66*26)
T66*35*10. labcdl:aCb.cCd.cCa.>.[jel.eCd.eCb
Proof:

[abcd ..

() alCb.

2 cCd.

3 cCa.D:

4) cCo: [T66*35%9, 1, 3]
[3 el]l.eCd.eCbh [2, 4]

T66*35*11. [ab/]::[cd]:c[:d.ci:a.).[a el.eCd.eCb..
aAf. .D.bAf

Proof:

l[abfl::
(1) [cd]-:c[:.d.c[a.D.[a el.eCd.e(Cb..
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(2 alAf...D>..
[3 gl
3) ¢Ca. }[T66*35*4, 2
(4) [g[]/:
3 el .
(5) eCf. €[1’4’3]
6) eCb ..
bAf [T66*35%6, 6, 5]
T66*35*12. [abf]::/[a,-,[cd]:e[d.cCa.D.[a el.eCd.e
b...D.alb
Proof:
[abf] [
(1) fCa..
2) [cd]-:ch.cCa.D.[a el.eCd.eCb..D..
(3) alAa.. [T66*35*5, 1]
4) [cleaAc.D.bAc .. [T66*35*11, 2]
alb [CD1 = T66*26, 3, 4]

T66*35*13 = B1. [ab]::a[b.z.'.[a cl.cCa..ledl:cCd.c
a.D.[a el.eCd.eCb
[T66*35*8, TG66*35*10, T66*35*12]
T66*35*14. labcplileliieAa.=::(3 flezeAfi:lgl::fAg.
dolyblecbAb s ld:hAi D gAic (b)) ib Ca.
chE-i).('a dl.dCc.¢(d

Proof:
[abc o] i
(1) [e]-EEeAa.E:':[a 1l :-:eA/:-:[g]::/Ag.D.'.[a bl ...h Ab
S bAi D g AL B (h)
2 bCa.
3) cCbiid::
4) cCa. [T66*35*9, 2, 3]
5) cCec. [T66*35*8, 3]
6) cAa:i: [T66*35*6, 5, 4]
(3 Az
7 cAf: [1, 6]
(8) [g]::ng.D.'.[i bloobAb - [dl:hAi.D.gAi.".
b (b) :-: [\1, 6l
9) fAc:: [T66*35*2, 7]
[3 A1.-.
(10) bAb .-,
(11) [(1:pAi.D.cAi.. }[8’9]
(12) ¢ (h) .
(13) hCc:: [cD1 = T66*26, 10, 11]

[3d.dCc.¢@) [13, 12]
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Te6*35%15. [bfgepl::lcl:cCb.>.[3 dl.dCc.¢@.[Ch.{
Ag.'.).‘.[a blo.bAb . [dlehAi.D.gAi.. ¢ (h)

Proof:

6fg el

(1) [c];ccb.a.[3 dl.dCc.¢ (..

(2) fC&.

(3 fAg..D::

[ h] * *

@ ] by, }[T66354,3]

(5) hCg.

(6) hCb: [T66*35*9, 2, 4]
[ 4.

(7N dCh. }[1,6]

(® ¢ (d) .

(9) dCg:: [T66*35*9, s, 7]

[37)].'.bAb.‘.[i]:bAz‘.D.gAi.‘.qS(b)[CD1=T66*26,9,8]

T66*35*16. [abi¢]§:5[e]-§EeAa.E:-:[a fliceAfe:lgl::fAg.
Sl AlebAb o ldih AT D g A (b)) Bl
CEb'D'[i dl.dCc.¢pd..bAjidD.alAj

Proof:

labje] i

(1) [e]EEeAa.s:-:[a f]:-:eA/:-:[g].::ng.D.'.[a bl :. b Ab

Sl ibAi D gAdc. B (b) i
(2) [C]:ch'3°[3 dl.dCc.¢(@)..

(3) bAjiD::
[3 k] ;o
(4) ECb. *35%
s = [T66*35%4, 3]
(6) ECk. [T66%35*8, 5]
(7) FAR [T66*35%6, 5, 6]
(8) [g]::kAg.D..[a blobAb .- [il:hAi.D.gAi..
& (b) :: [T66*35%15, 2, 4]
©) jAai: (1, 7, 8]
ahj [T66*35*2, 9]
T66*35%17. lab @l tileliieAa.= :-:[3 fleceAf:lgl::fAg.D

Sy BleebAb L b ALLD g Ai (B Db
[c];'ccb.a.[3 dl.dCc.¢@dd>.bCa
Proof:
[ab @] i
(1) [eliieAa.=:: [3 fl i e Af [g]::ng.D.‘.[a bl..
bAb . [d:hAi.D.gAi..¢(h):i
2 bCh. .
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(3) [C]:cL__b.).[i d.dCc.¢(d)iid.

4) bAb . . [T66*35+6, 2]
) [el:bAc.D.alAc.. [T66*35*16, 1, 3]
bCa [CD1 = T66*26, 4, 5]

T66*35*18. ladliileliieAa.=::[7 fliieAf::[gl:sfAg.D
-0 h]'.-.bAb:.[i];bAi.).gAi.-.qs(b)s\z);:[b]
::bCa.z.‘.b[b.‘.[c]:ch.D.[a dl.dCc.¢(d

[T66*35*8, T66*35* 14, T66*35*17]

By deducing T66*35*13, which is equiform with BI, T66*35*7, which
is equiform with T66*BD3, i.e. with a thesis which defines partial inclu-
sion in terms of strong inclusion, and T66*35*18 we have shown that Sys-
tem B is contained within System §. This completes our outline of the
proof that Systems B and § are inferentially equivalent.

It is interesting to note that out of our three systems of Boolean Alge-
bra with definitions System 8B appears to be comparatively the neatest. Its
axiom contains six elementary propositional functions and the definitional
frame for writing nominal definitions contains five such functions. In Sys-
tem Y the axiom and the definitional frame contain seven and six elemen-
tary propositional functions respectively. The axiom of System € is short-
er than any of the other two axioms as it involves only five elementary
propositional functions, but the definitional frame constructed with the aid
of the functor of partial inclusion is rather cumbersome. It has the form of
an expression which involves seven elementary propositional functions.

What was said just now applies to the present state of affairs. The
possibility of finding a way to simplify the foundations of our systems is
by no means excluded.

To be continued.
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