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NOTE ON G. J. MASSEY’S CLOSURE—ALGEBRAIC OPERATION

BOLESEAW SOBOCINSKI

1. In [1] it was shown by Massey that a binary operation defined as follows:
Dfl A % B=p/[-(-AN*xAN-xB)UA]N[(-AN*AN-xB)U-(ANB)]

where *,M, Uand - are the symbols of closure, intersection, union and
complementation operations respectively is functionally complete in closure
algebras in the same sense that an operation of nonunion (-(AUB)) is
functionally complete in Boolean algebras. In order to prove this Massey
used a well known fact that closure algebras are in some sense strictly
related to system S4 of Lewis, and, therefore, Dfl corresponds to the
following definition in the latter system:

Df2 A% B =p/(~A.0A.~OBDA).[¥(~A.0A.~0OB)>~(A.B)]

Subsequently, using Kripke’s semantics for S4 he has proved that the
functor defined in Df2 can be adopted as a single primitive term of the
modal system S4. Hence, operation * defined in Dfl also possesses the
required properties.

2. Below, using elementary algebraic calculations I shall show that in the
field of closure algebras Dfl is inferentially equivalent to a much shorter
formula, and, subsequently, starting from this new formula I shall prove
algebraically the results which in [1] are obtained semantically. Moreover,
it will be shown that a formula due to Massey in which the definability of
intersection by operation % is established can be substituted by a shorter
one. An acquaintance with Boolean and closure algebras, as also with
paper [1], is presupposed. Instead of * the more common C will be used as
a symbol of closure operation, and 0 and 1 will mean algebraic zero and
unit elements. In the proof lines the calculations obtained by Boolean
algebra will be indicated simply by BA. From closure algebras only the
following theses will be used:

Cl [abl:aeA.beA.D.C(aUb) = CaUCh
C2 [aliaeA.D.as<Ca

Cc3 [a]:aeA.D.CCa=Ca

C4 CO0=0
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DC [a]:aeA.D.-C-a=la

Cs Cil=1

C6 [abdl:acA.beA.D.Clanb)<Ca

c?7 labcl:aeA.beA.ceA.D.ClanbNc)<Ch
c8 [al:aeA.D.las<a

Clearly, Cl1 - C4 are proper axioms of closure algebras, DC is a defi-
nition of the interior operation, and C5 - C8 are elementary theorems of
these systems.

3. Let us assume a closure algebra % = (4,0, -,C) and add to it Massey’s
definition:

D1 [ab]:aeA.beA.D.a%b=[-(-aNCan-CdUalN[(-aNCan-CHU
-(and)]

Then, in the field of ¥ D1 is inferentially equivalent to:
Tl [abl:acA.beA.D.a%b=(aU-CaUCbd)N(-aU-b)
Proof: [abl:aeA.beA.D.

1. a%b=[-(-anCan-Ch)Ua]n[(-aNCan-C b)U-(aNd)] [D1]
2. =(aU-CauCbN[(-anNCan-CHU(-auU-b)] [1;BA]
3. =(aU-CauCb)N[(-au-b) N(CaU-aU-b) \(-CbU-aU-b)] [2;BA]

=(aU-CaucC d)N(-au-b) [3; BA]

Thus, D1 is inferentially equivalent to T1.

4, Assume now algebra % together with T1 as a definition of operation .
Then:

T2 [al:aed.D.a%ka=-a

Proof: [al:aeA.D.

1. a%xa=(aU-CaUCa)N(-aU-a)=1N-g=-g [T1, 8/a; BA]
T3 [a):aeA.D.a%-a=1

Proof: [a]:aeA.D.

1. a%-a=(aU-CaUC -a)N(-aU--a) [T1,8/-a]

= (au-cau-aUC-a)N1 =1 [1; C2,a/-a,BA]
T4 = -1 [BA]
T5 [abl:aeA.beA.D.-(a%b)=(-anCaN-ChHU(and) [T1; BA]

T6 [a):aeA.D.-(a%1)=a

Proof: [a]:aed.D.
1. -(a%x1) =(-encan-c1)uU(anl) = (~eNCaN-1)Uua [T5,5/1;C5;BA]
=(-aNCaNO)Ua =0Ua =a [1; T4; BA]

T7 [abl:aeA.beA.D.-(a%xb)Na=aNnd

Proof: [abl:aeA.beA.D.
1. =la%dna=[(-anCan-CduUland)]Na [T5]
=(-aNCaN-CbNa)U(aNd) =0U(aNd) =anbd [1;BA]
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T8 [abl:acA.beA.D.Clanb)N-Ca=0

Proof: [abl:aeA .beA.D.
1. Cland)N-Ca = clanb)NCaN-Ca =0 [c6;BA]

T9 [abliaeAd.beA.D.C(-aNCaN-Cd)N-Ca =0

Proof: lab):aeA.beA.D.
1. C(-anCanN-Ch)N-Ca = C(-aNCaN-CH)NCC aN-Ca
[c7,a/-a,b/Ca, c/-Ca;BA]
=C(-aNCan-CHNCaN-Ca=0 [1;c3;BA]

T10 [ab]:aeA.beA.D.C-(a%d)N-Ca=0
Proof: labl:aeA.beA.>.

1. C-la%xb)N-Ca= C[(-anCan-CHU@NB]N-Ca [T5]
2. = [c(-anCan-Chuc(and)]n-Ca

[1;C1,a/-anCanN-Cb,b/anb]

3. = [C(-aNCan-C b)) N-C a]u[c(and)N-C a] [2; BA]

=0U0=0 [3;T9;T8;BA]

T1l [ab]:aecA.beA.D.-(-(a%xbd)*a) = aNbd
Proof: lab):aeA.beA.D.

1.  -(-la%d)%ka) =[--l@axd)NC-(axd)N-Ca]U[-(a%d)Nd]
[T5, a/-(a%b), b/a)
2. = [(a%b)N0]U(and) = 0U@Nd) = aNb  [1;T10; T7; BA]

T11 shows that there is a shorter definition of intersection by operation
%, than that which is given in [1]. Namely, there Massey introduced an
auxiliary definition:

D2 [abl:aeA.beA.D.a®b=-(a%bd)

and later defined intersection as:

T12 [ab]:aed.beA.D.(a®b)o(aol) =anbd [T11;T6; D2]
T13 [a]:aeA.D.aU-(a%0)=Ca

Proof: [a]:aeA.D.

1.  aVU-(a%0) = aU[(-anCan-C0)U(ano0)] [T5, 5/0]
2. aU[(-aNCan-0)U0]=aU(-aNCanl) [1;Cc4;BA]
aU(-aNCa) = (aV-a)N(aUCa) =1NCa=Ca [2;C2;BA]

T14 [d]:aeA.D.aN(-a%x0)=la
Proof: [a]:iaeA.D.

1.  an(-a%0) = aN[(-au-C -aUC0)N(--aU-0) [T1; a/-a, b/0]
2. = an[(- aUlau0)N(aUl)] = aN(-aUla) [1;DC; C4; BA]
=(anN-a)U(aNla) =la [2; Cc8;BA]

Thus, since theses T2, T3, T11 and T13 are consequences of ¥ on the
base of definition T1(or D1), it is proved that operation % can be adopted as
a single operation in closure algebras in the sense given in [1].
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5. In an entirely analogous way it can be shown that in the field of modal
system S4 constant % defined by Df2 can serve as the single primitive term
of this theory. In *wukasiewicz symbolism with symbol W taken for %
Massey’s definition Df2 has the following form:

DI EWpgKCKNpKMpNMqpCNKNpKMpNMqNKpq

And, in an elementary way it can be proved that DI is inferentially equiva-
lent to:

W1 EWpgKCNpCMpNMqCpNg
since in any system of modal logic the following formula:
W2 EKCKNpKMpNMqpCNKNpKMPpNMgNKpgKCNpCMpNMgCpNg

is provable. Then, using deductions analogous to those which were given
above we can prove that in the field of S4 W1 implies the following theses:

W3  EWppNp

w4 EWpNpT

W5 ENWNWpqpKpq
W6 EApNWpHFMp
W7 EKpWNpFLpD

i.e. theorems corresponding to those proven above in the field of Y: theses
T2, T3, T11, T13 and T14,

6. It should be remarked that in both cases, i.e. in 2 or in S4, the desired
formulas are proved only with the use of all proper axioms of closure
algebras or of S4. This suggests that the above deductions do not hold in
systems weaker than closure algebras or S4. I did not investigate this
problem.
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