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A SUBSTITUTION PROPERTY

ALAN C. WILDE

Let (X, +, ©) be a commutative ring with identity 1, and let X'=
{xe X|x* = x}. Also,letxUy=x+9-xy,xNy=xy, and X =1- x. Then it
is known that (X', U, N, -) is a Boolean algebra. We want to explore a
property of a function u: (X" — X' and a function %: (X')" — X' that are of

the form u(xy, . . ., %m) =21 @;...ip %0 ... %0 and k(y, ..., ¥.) =
Z;b in yl(u) e e o Yn () Where Zk; atl...m’ bil...i,,e {07 1}: xi(l) = Xi, and
x; 2 x; (i.e., disjunctive normal form). If we let v(x;) =u(x,, ..., i,

., %p) with all variables constant %xcept X;, We can prove thenfollowing:
Theorem o(i(y,, . . ., ) = (1) 20 [Lo) o) O T bs,...5, LT o® ()
+o(D00) 20, ., b,,.. H v (y,). (1)

Proof: We verify equation (1) by truth-value analysis, and then the
Stone-Representation Theorem shows that (1) holds in a Boolean algebra.

Substituting truth values j, .. ., j, for y,, . .., ¥,, we see that all terms
vanish except those in which 4 =j, (1 < k < n). Thus it reduces to
0(R(Gyy + .+ oy Jn)) = 0(D)0(0) + bj.e.j, v(1) 0(0) + bjy..j,, v(1) 0(0). (*)

If bj,...j, = 1, the RHS® of (*) becomes v(l)v(O) +0(1)v(0) = v(1); if b;,
0, the RHS of (*) equals v(1)v(0) + v(1) v(0) = v(0). But the LHS of (¥) equals
v(bj,...;,) in any case. Thus we did the first part, and we are done.

Smce v(D)v0)v() = 0 and v(1)v(0)v(¥) = 0 (by truth-value anal-
ysis and then Stone-Representation Theorem), terms of the form

2D (1) v®(0) ’}_Iv(ik)(yk) where one 7, does not equal i also equal 0. The
=1

question occurs as to what are all the forms of v(%(y,, . . ., ¥,)) that are
linear combinations of conjunctions containing v(1), v(0), v(y,), . . ., v(,).
All conjunctions are of the kind we discussed above and also of the form

1. The abbreviations RHS and LHS stand for ‘‘right-hand side’’ and ‘‘left-hand side’’
respectively.
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(1) 2(0) H o), v® (1) 0 4D(0) H 00 (3,), and 2(1)0(0) kHl v(9,). The middle

kind are not 0 for all # and occur in (1), but the last kind is not 0 for all
and does not occur. We have then this:

Corollary An expression for v(h(y,, ..., ¥,)) as a linear combination of
conjunctions containing v(1), v(0), v(y,), . . ., v(y,) is then RHS of (1) plus a

linear combination of tevms of the form v® (1)v® (0) Ev(ik) (v,) wheve at
least one i does not equal ©.

A simpler way of writing (1) is the following:

vy, . . ., ¥) = v(1) 0(0) 1}_11 v() +v(1) (0 AWy, . . ., v(¥,))
+ (1) 0(0) R (,), . . ., v(3,)), (11

where A(y,, ..., ¥)=1-h®,, ..., ¥). This substitution property holds
for all u# and .
The theorem has as a corollary the ‘‘generalized distributive law,”’
see [1]:
u(x, y = z) = u(x, y) = ulx, 2) = ux, 0). (2)

Noting again that o(1)2(0)v(y) =0 and v(1)v(0)v(y) =0, and using the
notation of this paper, we see that (2) takes the form

v(y7 + 32) = [0(y) 20&) + 20) v(2)] 20) + [0(v) 2(2) + D) 9(@) 2(0)
= v(y) v(2) v(1) v(0) + v(y) v(2) v(1) v(0) + v(¥) v(2) v(1) v(0)
+ v(y) v(2) (1) v(0) + v(y) v(2) v(1) v(0),

which we get also by (1).
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