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A NOTE CONCERNING THE NOTION OF MEREOLOGICAL CLASS

CZESLAW LEJEWSKI

1 In mereology we have a number of equivalences which in various ways
characterize the notion of mereological class. Some of these equivalences
have been used, in some systems of mereology, as definitions while others
have been proved in these systems as theorems. In the present note I shall
be concerned with the following three equivalences:

El [Aa]:.AεA:[B]:Bεa . D . Bεe\(A) :[B]:Bεe\(A) ,^.[3CD].Cεa.
Dεe\(B) .Dεe\(C) :=.AεK\(a)

E2 [Aa] Λ A εA : [B]: [3C]. C ε e\(A). C ε e\(B) .=. [3DE] .Dεa.
Eεe\(B) .Eεe\(D) :=.AεK\(a)

E3 [Aa]::AεA:. [B]:.Aεe\(B) .=: [C]:Cεa .=>. Cεe\{B) :.=.AεK\(a)

Equivalence El, which is due to Lesniewski, is normally used as a
definition in systems of mereology in which the notion of mereological
element serves as the only undefined mereological notion.1 Thus, for
instance, El is used as a definition in the system based on the following
single axiom:

AA1 [AB]::Aεβ\(B) .=:•: B ε B >: [Ca] :•: [ϋ] Λ D ε C .=: [E]:Eεa .=>.
E ε e\(D): [E] : E ε e\(D) .=>. [3FG] .F εa .Gεe\(E) .Gεe\{F)::
Bεe\(B) .Bεa , o . Aεβl(C)2

It is not difficult to see that El is, in a sense, embedded in Al, whose
meaning becomes clearer once we have realized that the set of presupposi-
tions consisting of AA1 and El is inferencially equivalent to the set of
presuppositions consisting of El and

AA1.1 [AB]:.Aεe\(B) .=: BεB:[a]:Bεe\(B) .Bεa .z>. Aεe\(K\(a))

With the aid of symbols we state this equivalence thus: {AA1, El} ^
{AAl.ly El}, and we note that in {AΛi, El} El can be regarded as a defini-
tion whereas in {AA1.1, El} it cannot be so regarded in view of the fact that
the notion of 'K\9 already occurs in AA1.1. Consequently, {AAl.lf El} must
be treated as an axiom system involving two undefined mereological
notions, i.e., 'eP and 'Kl\

In 1954 I noticed that E2 could be used as the definition of 'KΓ in a
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system of mereology which is inferentially equivalent to the one based on
AAl.3 However, in order to be able to use E2 as a definition, we have to
replace AA1 by BAl, which reads as follows:

BA1 [AB] IIA ε el(B) .=x B εB x [CDa] x [E] Λ E εD .=: [F]: [3G].
Gεel(£).Gεel(F) .^. [3HΪ].Hεa ./ε e\(F) Jεe\(H) ::Bεe\(B).
Bεe\(C).Cεa ::=>. Aεe\(D)4

Now, it is easy to prove that {BAl, E2\ is inferentially equivalent to the
set of presuppositions consisting of E2 and

BALI [AB]:.Aεe\{B) .=: B εB :[a]:B εe\(B) .B εel(C) .C εa .=>.

Aεel(KI(a))

As in the case oi{AAl.l, EΪ\ we can regard {BA1.1, E2} as an axiom
system involving 'el' and 'Kl' as two undefined mereological notions.

E3 is a slight simplification of a thesis first proved within the frame-
work of a system of mereology by Tar ski.5 So far as I know, no one has yet
suggested an axiom system with 'el' as the only primitive mereological
notion and such that within its framework E3 could be used as the definition
of 'Kl'. It will be proved in the sequel that a system of this sort can be
based on the following single axiom:

CA1 [AB]y\Aεe\(B) .=:': B εB :: ~(B εe\(B)) .vx[C] :C εel (A) .3.
C εel {B) x [Ca] x [D] y.D εC .=/. D εD :. [E]:. D ε e\(E) .=: [F]:
Fεa .^.Fεe\(E) ::=>/. [G]:Gεβl(A) .3 . [3HI] .Hεa ./εβl.(G).
/εeK/f) :^. Aεel(C)

{CAi, £3} can easily be shown to be inferentially equivalent to the set
of presuppositions consisting of E3 and

CA1.1 [AB]y.Aεe\(B) .=:: B εB :: - (B ε e\(B)) .v.\ [C] :C εel (A) .^.
C ε el (JB) Λ [α] Λ [C]: C ε el (A) .=>. [3DE]. i) εa . £ ε el (C).
£εel(Z)) :=. A εel(KI(α))

CA1.1 and £"5 being regarded as axioms with 'el' and 'KΓ as undefined
mereological terms.

My principal aim is to prove that two systems of mereology, System %
based on AAl as the only axiom and System <£ based on CA1 as the only
axiom, are inferentially equivalent to one another. I shall also prove that
System 53 based on BAl as the only axiom is inferentially equivalent to
System 5ί. I wish to do this on the present occasion because the paper
referred to in footnote 4 is no longer easily available.

2 In order to achieve our aim we deduce, within the framework of
System 51, the following theses:

AAl [AB]y.Aεe\(B) .=y. BεB y.[Ca]y. [D]:.DεC .=: [E]:Eεa .D.
E ε el(D): [E]:E εel(D) .3. [3FG] .F εa .G εe\(E) .G εe\(F)::
Bεe\(B).Bεa ::^>.Aεe\(C) [Axiom]

AD1{=E1) [Aa].\AεA:[B]:Bεa .3. B εel (A): [B]: B εel (A) .D. [3CD],
Cεa.Dεe\(B).Dεe\(C) :=.AεKI(α) [Definition]
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AD2 [AB]: [3C] .A ε KI(βl(C) Π el (B)) .=. A ε ingr (B) [Definition]
ATI [AB] :A ε e\(B) .^>.B tB [follows from AAl]
AT2 [Aa] :A εa .=>. A ε e\(A) [from AAl]
AT3 [Ea]::Eεa .=>/. [A]:.AεK\(a) .=:[B]:Bεa .=>. 5 εel(A) :[B]:

Bεe\(A) .=>. [3CZ>].Cεβ.Z)εel(£).Z)εel(C) [ADI; ATI]
AT4 [ABa]:Aεe\(B).Bεa .=>. A εβl(KI(α)) [A4i; AT^; AT3]
AT5 [Aa]:Aεa .~D. Aεe\(K\(a)) [AT4; AT2]
AT6 [Aa\\Aεa .=>. KI(α)εKI(α) [AΓ5;ΛΓi]
AT7 [Aa]:Aεa .-D.A = K\{A)
PR [Ae]::Hp(l) .^Λ
(2) Aεe\(A): [AT2; l]
(3) [B]:BεA .3.Sεβl(A): [2]
(4) [B]:Bεβl(A) .D. [3Z)£] .2) εA . ^ ε e\{B) .Eεe\(D) Λ [AT1;AT2]
(5) ΛεKI(A). [ A D i ; l ; 3 ; 4 ]
(6) i4εβl(KI(A)). [AT4; 2; 1]
(7) KI(A)εKI(A). [ATI; 6]

A = KI(A) [5; 7]
AT8 [AB]:.B εB :[a]:B εe\(B) .B εa .3. A ε el(KI(α)) o . A ε e l ( 5 )
PR [AB]/.Hp(2) Λ D .
(3) J5εel(J5). [ATI; l ]
(4) Aεe\(K\(B)). [2; 3; 1]
(5) J5=KI(5). [AT7; 1]

Aεe\(B) [4; 5]
ΛΓP(=>Ui.i) [ATI; AT4; AT5]
ATI6> [Λα]:Aεα .^. A = KI(el(A))
PR [Aα]::Hp(l) .=>/.
(2) [B]:5εβl(A) .=>. [3CD]. Cεel(A) .Dεel(^) .Dεel(C) Λ [AT2]
(3) AεKI(el(A)). [ADI; 1; 2]
(4) Aεel(A). [AT2; 1]
(5) KI(el(A))εKI(el(A)) [AT6; 4]

A=KI(el(A)) [3; 5]
AT11 [ABC]:Aεe\(B) .Bεe\{C) .=>. Aεel(C)
PR [A£C] :Hp(2) .=>.
(3) Aεel(KI(el(C))). [AT4; 1; 2]
(4) C ε C . [ATI; 2]
(5) C = KI(βl(C)). [AT10; 4]

Aεel(C) [3; 5]
ATI^ [A5]ΛAεA:[C] :Cεe l (A) . 3 . [3D].Dεβ\(C) .Dεe\(B) :Ό.

AεKI(el(A) n el (B))
PR [ A J B ] : : H P ( 2 ) :=)/.

(3) [C]:Cε el (A) n el (B) . D . C ε el (A):
(4) [C]:Cεel(A) . D . [ 3 ^ ] . D ε e l ( A ) Π el(J5). ^ ε e l ( C ) . £εe l (D) Λ

[2; AT11; AT2]
AεKI(el(A) Π el(5)) [ADI; 1; 2; 3]

ATI5 [AJBC] : Aε Kl (ingr (5)). Cε el (A) .D. [3DE] .Z)εel(fi).
.EεeKcO.EεeKZ))
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PR [ABC] x Hp(2) .=>::

[3DE].:
(3) Dεingr(£). \
(4) Eεel(C). [ADI; 1; 2]
(5) Eεe\(D): )

[3F]:
(6) 0 ε Kl (el (F) Π el (B)). [AD2; 3]

[3GH].
( 7 ) G ε β l ( * ) . | UZH β δl
(8) Hεe\(E).\ [AD1,6,5\
(9) # ε e l ( 0 ) . [ATU;8;S\

(10) /ίεel(C):: [ΛΓϋ; 8; 4]
[BDE].Dεe\(B).Ete\(C).Eεe\(D) [7; 10; 9]

ATM [AB] :Aεe\(B) JD.At ingr (B)
PR [AB]::Hp(l) .^Λ
(2) [C]:Cεβl(Λ) Π βl(5) .=). Cεe l(A) :
(3) [C]:Cεβl(A) .=). [3/>£].Z)εβl(Λ) n e\(B) .Eεe\(C) .Eεe\(D):.

[AT11; 1;AT2]
(4) AεKI(βl(i4) Π el(£)) . [ΛZ)1; 1; 2; 3]

A ε ingr (B) [AD2; 4]
^ T i 5 [AB]:AεK\(mgr(B)) .^.A=B
PR U-B]::Hp(l) .3/.
(2) [C]:Cεe\(B) .o.Cεe\(A): [ATM; ADI; 1]
(3) [C]:Cεβl(A) .=). [3Z7£] .Z)ε βl(B) . £ ε βl(C) .£εβl(J9) Λ [AT13; 1]
(4) AεKI(βl(5)). [ADJ; 1; 2; 3]
(5) Aεel(A). [AT2; 4]
(6) 5 ε 5 . [3; 5; ATI]
(7) B = KI(el(5)). [ATi(9; 6]

A = 5 [4; 7]
ATI^ fAJ5]/.AεA:[C]:Cεel(A) .-D.[3B].Dεe\(C) .Dεe\(B) :=).

A ε e l ( 5 ) β

PR [AB]. .Hp(2) : 3 .
(3) AεKI(el(Λ) Π el (5) ) . [AT12; 1; 2]
(4) A ε ingr OB). [ΛD2; 3]
(5) Λεel(KI(ingr(JB))). [AT5; 4]
(6) KI(ingr(B))εKI(ingr(5)). [ATI; 5]
(7) Kl(ingrφ)) =J3. [ATI5; 6]

Aεel(E) [5; 7]
AT17 [ABCa]:A εK\(a) .C εe\(A) .C εe\(B) .3. [3DJB].Dεα.

Eεe\(B).Eεe\(D)
PR [A5Cβ]:Hp(3) . 3 .

[3JD£].
(4) Dεa. \
(5) Eεβl(C). } [ADI; 1; 2]
(6) £εel(Z>) )
(7) £ ε e l ( £ ) . [ATil; 5; 3]

[3DE]. D εa . E ε e\(B). E ε e\(D) [4; 7; 6]
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AT18 [ABEa]:AεK\(a) .Dεa.Eεe\{B) .Eεe\(D) .=>. [3C].Cεe\{A) .
Cεe\(B)

PR [ABEa]: Hp(4) . 3 .
(5) Dεe\(A) . [,4Z>i; 1; 2]
(6) £εel(,4). [ATU; 4; 5]

[3C].Cεel(A).Cεel(J3) [6; 3]
AΓiS [AFGa]:: [ # ] : [3C]: C ε el (A). C ε e\(B) .=. [3DE]. Dεa . Eεe\(B).

Eεe\(D) :.Fεa.Gε e\(F) : . D , [3H]. # ε el(G). Hε e\(A)
PR [AFGtf]::Hp(3) .-.3.
(4) Gεel(G). [AΓ2; 3]

[3#].#εel(G).#εeltA) [l; 2; 4; 3]
AΓ£<9 [AFa]::[B]:[3C].Cεe\(A).Cεe\(B) .=. [3DE].Dεa.

Eεe\(B) .Eεe\(D):.Fεa : . D . Fεel(^L)
PR [AF«]::Hp(2) Λ=>Λ

(3) [G]:Gεe\(F) .^>.[3H].Hεe\(G) .Hεe\(A) .\ [AT19; 1; 2]
Fεel(A) [AΓi5; 2; 3]

AT2i [ACα]:: [B]: [3C]. C ε e\(A). C ε e\(B) .=. [3DE] .Dεa.Eεe\(B).
Eεe\(D) Λ C ε el (A) .-.=>. [32>£]. 2>εβ. ^ ε el(C). ̂ ε e\(D)

PR [AC«]::Hp(2) .-.=>.
(3) Cεβl(C). μ r ^ ; 2]

[3Z)E].Z)εα. J5εel(C) .Eεel(Z)) [l; 2; 3]
i T 2 2 U«] Λ A εA : [B]: [3C]. C ε el (A). C ε el(J5) .=. [3DE] .Dεa.

Eεe\(B) .Eεe\(D) P . A ε Kl(α)
PR [Aα]::Hp(2) o . .
(3) [5]:J5εΛ .=). £εe l (A) : [AT20; 2]
(4) [5]:J5εel(Λ) . 3 . [3D£]. Dεα . Eε el(J5). E ε el(D) .\ [ΛT2I; 2]

AεKI(β) [ADi; 1; 3; 4]
AT23(=E2) [AT22; ATI7; AT18]
AT24 [ABCa]:Aεe\{B) .Bεe\(C) .Cεa . D . Aεe\(K\(a))
PR [ABC«]:Hp(3) .=>.
(4) Aεel(C). [AΓiJ; 1; 2]

Aεe\(K\(a)) [AT4; 4; 3]
AT25 [AB]:.BεB:[Ca]:Bεe\(B) .Bεe\(C) .Cεa .Ό. Aεel(KI(«)) :=>.

Aεe\(B)
PR [AB].\ Hp{2) o .
(3) J5εel(J5). [AT2;i\
(4) Aεel(KI(B)). [2; 3; 1]
(5) B=K\(B). [AT7;1]

Aεe\(B) [4; 5]
AT26(=BA1.1) [ATI] AT24; AT25]
AT27 [Ga]::Gεa .=).•. [A]:.AεK\(a) .=: [B]:[3C].C εe\(A) .C εe\(B) .=.

[3DE] .Dεa.Eεe\{B).Eεe\(D) [AT23; AT2; ATI]
AT28 [ABCDa] :•: A ε el(B) :. [E] :.EεD .=: [F]: [3G]. Gε el(E) .

Gε el(F) .=. [3HI] .Hεa .Iεe\(F).7ε e l (#) : :Bε βl(J?).5ε βl(C).
Cεα : : 3 . Aεel(D)

PR [ABCDa] >: Hp(5) : : 3 : :



256 CZESLAW LEJEWSKI

(6) [E]:.EεK\(a) .=: [F]: [3G]. Gε e\(E) . Gεe\(F) .=. [3HΪ\.Hεa.
Iεe\(F).Iεe\(H):: [AT27; 5]

(7) [E]:EtD .=. EεK\(a):. [2; 6]
(8) Aεe\(K\(a)). [AT24; 1; 4; 5]

Aεe\{D) [Extensionality; 7; 8]
AT29 [AB]':':B εB -,:[CDa]y.[E]:. E εD .=: [F]:[3G].Gεe\(E) .

Gεel(F) .=. [3HI] .Hεa Λεe\(F) Λεe\(H) ::B εe\(B) .B εel(C).
Cεa : θ . Aεel(D) : o . Aεe\(B)

PR [A5]::Hp(2) :.:=>::
(3) JBεeltB)/. [ΛT2; 1]
(4) [E]. .£εKI(J5) .=: [F]:[3G].Gεe\(E) .Gεe\(F) .=. [3HI].

HεB .Iεe\(F).Iεe\(H):: [AT27; 1]
(5) Aεe\(K\(B)). [2; 4; 3; l]
(6) J5 = K\(B). [AT7; l]

Άεel(^) [5; 6]
AT5 (̂=jBAi) [ATi; ΛT^5; AT2P]
AT31 [ABCa]:A εK\(a) .A ε e\(B) .C εa .=>. Cεβl(B)
PR [ABCα]:Hp(3) .=>.
(4) Cεβl(Λ) . [ADI; 1; 3]

Cεelφ) UTiI; 4; 2]
AT32 [A-BDα]::ΛεKI(α):[C]:Cεα .D. C εe\(B):. D εe\(A) /.=>. [3E].

^ ε el (J9). £ ε βl (5)
PR [A5Z)«]::Hp(3) Λ=).

(4) Eεa. \
(5) Fεel(D). [AD2; 1; 3]
(6) Fεe\(E). )
(7) Eεe\(B). [2; 4]
(8) Fεel(J5). [ATii; 6; 7]

[3E].Eεe\(D).Eεe\(B) [5; 8]
AT33 [Λ5Λ]. .AεKI(α):[C]:Cεα .=>. Cεel(-B) :=). Aεel(-B)
PR [ABα]::Hp(2) P :
(3) [C]:Cεel(Λ) .=>. [3Z>] .Z)εel(C) .Z)εel(^) Λ [AΓ32; 1; 2]

Λεel(.B) [ΛΓIβ; 1; 3]
AT34 [Aa]::AεK\(a) .=>/. [ 5 ] Λ A εel(B) .=: [C] :Cεβ ."=>. Cεel.(B)

[AT3i;AT33]
AΓ35 [AB]:Aεe\(B) .=>. .BεKI(Λ u-B)
PR [AB]::Hp(l) .=>/.
(2) 5εΰ. [AT2; 1]
(3) £εel(JB): [AT2; 2]
(4) [ c ] : C ε A u £ .=). C ε e l ( ^ ) : [1; 3]
(5) [C]:Cεβl(-B) . 3 . [3JDE] .DεA U B . E ε e\(C).Eε e\(D):. [ATI; AT2]

BεK\(AUB) [ADI; 2; 4; 5]
AT36 [AB]:Aεe\(B) .Bεe\(A) .^.AεB
PR [AB]:Hp(2) .=>.
(3) iεAU5. [1]
(4) K I ( A u 5 ) ε K I ( A u 5 ) . [AT6; 3]
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(5) AεK\(AuB). [AT35; 2]
(6) BεK\(AuB). [AT35; 1]

AεB [4; 5; 6]
AT37 [Aa]::AεA:.[B]:.Aεe\(B) .=: [C]: C εa . 3 . C εel(B) : . 3 .

AεKI(α)
PR [Aα]::Hp(2) ΛDΛ

(3) Aεel(A): [AT2; 1]
(4) [ c ] : C ε α .=>. Cεel(A).\ [2; 3]
(5) ~(Aεel(Λ)). [ATI]
(6) [3C].Cεa: [2; 5]
(7) KI(α)εKI(α): [AT6; 6]
(8) [ C ] : C ε α .=>. C ε el(Kl («))/. [ADI; 7]
(9) Aεel(KI(α)). [2; 8]

(10) Kl (a) ε el (A). [A 7\?3; 7 4]
AεK\(a) [AT36; 9; 10]

AT38{=E3) [A T34; A T37]
AT39 [AFa]:: [C]: C ε el (A) .^. [3ZλE]. Z) ε a . E ε el (C). £ ε el (D):.

Fεe\(A) /.=). [3D].D ε e\(F).D ε e\(K\(a))
PR UFα]::Hp(2) / . D .

[3DE].
(3) Dεa. j
(4) Eεβ\(F). [1; 2]
(5) £εel(Z)). )
(6) Dεel(KI(β)). [AT5; 3]
(7) Eεe\(K\{a)). [AT11; 5; 6]

[Ξ^.^εel^.^εeKKI^)) [4; 7]
AT40 [ABa]:.Aεβ\(B):[C]:Cεe\(A) .^. [3DE]. Dεa . Eε el(C).

£εel.(D) :=>. Aεel(KI(α))
PR [ABfl]::Hp(2) o . .
(3) [C]:Cεel(yl) .^. [3D].Dεe\{C) .Dεe\(K\(a)) :. [AT39; 2]

Aεel(KI(β)) [ATi5; 1; 3]
AT4i [ACα]: A ε el (Kl («)) .Cεe\(A) .^. [3DE]. D ε a . E ε e\(C). E ε e\ (D)
PR [ACα]:Hp(2) .z>.

(3) KI(α)εKI(α). [ATI; l]
(4) Cεel(KI(«)). [AT11; 2; 1]

[3Z)E].Dεα.Eεel(C).£εel(Z)) [ADI; 3; 4]
AT4^ [AB]::Aεe\(B) .z>. . [α] Λ [C]: C ε el (A) . D . [3DE]. Dεa .

Eεe\(C).Eεe\(D) :=. Aε el(KI(α)) [AT40; AT41]
AT43 [A]y.[a]:.[C]:Cεe\(A) .=>. [3DE].Z) εa . £ εel(C). Eεe\{D) :=.

Aεel(KI(β))::D. AεA
PR [Λ]xHp(l) ::=)/.
(2) [C]:Cεel(Λ) .=>. [3DE] . D ε A . Eεe l (C) . Eεe\(D):. [AT1;AT2]

AεA [1;4]
AT44 [AB]::[C]:Cεe\(A) .^. C ε el(£) Λ [α] Λ [C]: Cε el (A) .=>. [3DE].

Dεa.Eεe\(C).Eεe\(D) :=. A ε el(KI(α)) : . D . Λ ε el(J5)
PR [A5]::Hp(2) / .3 .
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(3) AεA. [AT43; 2]
(4) Aεe\(A). [AT2; 3]

Aεe\(B) [1; 4]
AT45(=CA1.1) [ATI; AT2; AT11; AT42; AT44]
AT46 [ABCa] ::Aε el(B) :: [D] y.DεC .=:. DεD:. [E] :Dεe\(E) .=: [F]:

Fεa . 3 . Fεe\(E)y.[D]:Dεe\(A) . D . [3EF].Eεa .Fεe\{D).
F ε e l ( E ) : . o . Aεel(C)

PR [ABCa]\':Ep(2) x=>.\

(4) Aεel(KI(«)): [AΓ40; 1; 3]
(5) [D]: Z)εKl(a) .=. DεC :. [2; AT38]

A ε el (C) [Extensionality 5; 4]
ΛT47 [Λ5CGα];;Aεel(5)::[Z)]::i)εC .=/. DεD:. [E]:. Dεe\(E) .=: [F]:

F ε α .^. Fεel(E):.:Aεel(C).Gεeiμ) : o . [ 3 £ F ] . ^ ε β .
FεeKGj.Fεel^)

PR [A^CGβ] ;;Hp(4) >O.\
(5) Gεel(C): [AT11; 4; 3]
(6) [D]:DεC .=. i)εKI(α)Λ [2; AT38]
(7) Gεel(KI(α)). [Extensionality; 6; 5]
(8) KI(«)εKI(α). [ATI; 7]

[3EF]. Eεa . Fε e\(G). Fεe\(E) [ADI; 8; 7]
AT48 [AB]::Aεe\{B) ,Dχ [Cα] :•: [/)] : :DεC .=/. Z) ε D :. [E] Λ Z) ε el (£) .=:

[F]:Fεa .^. Fεe\{E) : P . . [G]:Gεβl(Λ) .^. [3#/].f fεα.
7εel(G)./εel(^) :=.Λεel(C) [AT4^;AT47]

AT45 [AB]': i [C]: C ε el (A) .D . C ε el (5) :•: [Cα] :•: [D]::2)εC .=.-. DεD:.
[E]:.Dεe\(E) .=: [F]:Fta .=>. F εe\(E) : o . . [G]:Gεel(Λ) .3.
[3#J] .Hεα ./ε βl(G)./ε βl(J3) :=. A ε el(C) : P . A ε e\(B)

PR Uj5]::Hp(2) :•:=>/.
(3) [G]:Gεel(A) .^. [3HI].H εA .Iεe\(G) .Iεe\(H) :. [ATI; AT 2]
(4) Aεel(KI(A)). [2; AT38; 3]
(5) ;4 = KI(i4). [AΓ7; 4]
(6) Λεel(Λ). [4; 5]

Aεe\(B) [l; 6]
AT50(=CAi) [ATI; ATIi; AT48; AT2; AT49]

It is evident, from AT30 and A7£3, that any thesis derivable within the
framework of System 53 is also derivable within the framework of System
"21. And AT50 and AT38, between them, show that within the framework of
System $1 we can derive any thesis derivable within the framework of
System <$.

3 In this section a number of theses will be deduced within the framework
of System Φ. It will appear from them that in this system we can prove any
thesis which is derivable within the framework of System SI. Our deduc-
tions proceed as follows:

BA1 [AB]: A ε el(B) .=,: BεB x [CDa] x [E] :.EεD .=: [F]: [3G].
Gεel(£).Gεel(F) =. [3HI].H εa ./εel(F) ./εel(#) ::B εe\(B).
£ ε e l ( C ) . C ε a ::^.Aεe\{D) [Axiom]
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BD1(=E2) [Aa]:.AεA:[B]:[3C].Cεel{A).Cεe\(B) .=. [3DE].Dεa.
Eεe\(B).Eεe\(D) :=.Aε K\(a) [Definition]

BT1 [AB].Aεe\(B) . 3 . BεB [BAl]
BT2 [Aa]:Aεa .=>. Aεe\(A) [BAl]
BT3 [Fa]::Fεa .3/. [A].\AεK\(a) .=: [B]: [3C]. C εe\(A). C εe\(B) .=.

[3DE].Dεa.Eεe\(B) .Eεe\{D) [BD1; BT2; BTl]
BT4 [ABCa]:Aεe\(B) .Bεe\(C).Cεa . D . A εel(KI(α))

[BAl; BT3; BT2]
BT5 [Aa]:Aεa . 3 . KI(α)εKI(α) [EΓ4; £Γ2; £ Π ]
£Γ6 [Aβ]:Aεfl . 3 . A = KI(Λ)
PR U«]::Hp(l) .3.-.
(2) [5] : [3C]. C ε el (A). C ε el (B) .=. [3DE] .DεA .E εe\(B) .E ε el (Z)).\

[1]
(3) AεK\(A). [BT3; 1; 2]
(4) KI(A)εKI(A). [.BT5; 1]

A = K\(A) [3; 4]
BT7 [A5C]: A ε el (5). B ε el (C) . 3 . A ε el (C)
PR [ABC]:Hp(2) . 3 .
(3) C ε C . [ £ T i ; 2]

(4) AεeKKI(C)). [^T4; 1; 2; 3]
(5) C = KI(C). [BT6;3]

Aεel(C) [4; 5]
ETS [ABa]:AεK\(a) .Bεa .=>. 5εel(Λ)
PR [ABαj:Hp(2) . D .
(3) J5εel(J5). [5T2; 2]

(4) 5εβl(KI(β)). [5T4; 3; 2]

(5) KI(α)εKI(α). [J5Ti; 4]

(6) Λ = KI(fl). [1; 5]
Bεβl(A) [4; 6]

BT9 [ABa] :AεK\(a).Bεe\(A).^.[^CD].Cεa.Dεe\(B).Dεe\(C)
[BD1; BT2]

BT10 [Aa]:.AεA:[B]:Bεa . D . 5 ε e\(A): [B] :B ε e\(A) . 3 . [3CZ>].
Cεα.i)εβl(5)./>εβl(C) o.AεKI(α)

PR [A«]::Hp(3) o . .

(4) [BC]: C ε el (A). C ε el (5) .=>. [3Z)£]. Z> εa . £ ε el (B). £ ε el (D):

[3;BΓ7]
(5) [J5Z)£]:Z)εβ.£εel(-B).£εel(Z>) . 3 . [ 3 C ] . C ε β l ( A ) .

Cεel(J5). . [2;5Γ7]
AεKI(α) [£Di; 1; 4; 5]

BT11(=E1) [BT10; BT8; BT9]

BT12 [AB] Λ BεB:[a]:Bεe\(B) .Bεa .^.Aε el(KI(«)) o . A ε el (B)

PR U ^ ] . .Hp(2) o .
(3) J5εel(5). [,BT^; 1]

(4) Aεe\(K\(B)). [2; 3; l]
(5) 5 = KI(.B). [BTβ; 1]

Aεe\{B) [4; 5]
BT13{=AA1.1) [BTl; BT4; BT12]
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BT14 [ABCa]:-:Aεe\{B):.[D]:.DεC ,=:[E]:Eεa .D. E ε e\(D): [E]:
Eεe\(D) .=>. [3FG] .F εa . Gεe\(E). Gε e\(F):: Bεa :O. Aεe\(C)

PR [ABCα] x Hp(3) ::=>::
(4) [D]. .DεKI(β) .=: [E];Eεa .z>. £ ε el(D): [£] : £εel(D) .3 . [3FG].

F ε α . G ε e l ( £ ) . G ε e l t F ) : : [BΓii; £Γi3]
(5) [Z)]:DεKI(β) .=. DεC:. [4; 2]
(6) £ ε e l ( £ ) . [BT13; 3]
(7) Aεel(KI(α)). [J5TJ5; 1; 6; 3]

A ε el(C) [Extensionality; 5; 7]
BT15 [CB]:Cεe\(B) .^. [3DE] .DεB. E εe\(C). E εe\(D)
PR [CJ5]:Hp(l) .=>.
(2) BεB. [BT13; 1]
(3) Cεel(C). [JBTi5; 1]

[3Z)£].2)εJB.£εel(C) .£εel(i)) [2; 3; 1]
BT16 [AB]::BεB: :[Ca]:-:[D]:.DεC .=: [E]:Eεa .3. ̂  ε el (D): [E] :

E ε e\(D) .3. [3FG] .F εa .Gεe\(E).Gε e\(F) ::Bε e\(B).
Bεa ::=). Aεel(C) x=). Aεe\(B)

PR [A^];;Hp(2) V D : :

(3) [D].:DεK\(B) .=: [Ejr^ε^ .3. £ ε el(D):[E]:Eεel(D) .D. [3FG].
FεB.Gεe\(E).Gεe\{F):: [BT11; 1; BT13]

(4) .B ε el (B). [£Γi3; l]
(5) Aεel(KI(i?)): [2; 3; 4; l]
(6) [C]:CεB . D . C ε e l ^ ) / . [4]
(7) BεK\(B). [BTϋ; 1; 6; BT15]
(8) Kl^εKI^). [5Γi5; 5]
(9) B = K\(B). [7; 8]

Aεel(^) [5; 9]
BT17(=AA1) [BT14; BT16]

It is evident, from BT17 and £ Γ i i , that any thesis derivable within the
framework of System % can be derived within the framework of System 53.

4 In this section we go on to show that any thesis derivable within the
framework of System % can be derived within the framework of System <$.
This we prove by deducing, within the framework of System <£, the following
theses:

CA1 [AB]\'\Aεe\(B) .=:\ B εB V: ~(Bεe\{B)) .vx [C]: C εe\(A) .3.
C ε el(B) v [Ca] x [D] xD εC .=:. DεD:. [E] Λ D ε el(E) .=: [F]:
Fεa .^.Fεe\(E) ::^:.[G]:Gεe\(A) .=). [BHl].Hεa.
I ε el (G). / ε el (H) :=. A ε el (C) [Axiom]

CD1(=E3) [Aa]::AεA:.[B]:.Aεe\{B) .=: [C]:Cε« . 3 . Cεelί.B) ΛS. AεKI(α)
[Definition]

CT1 [AB]:Aεe\(B) .^>.BεB [CAl]
CT2 [Aa]:Aεa .D.Aεel(A) [CAl]
CT3 U^C]:Aεel(.B).^εel(C) .^>.Aεe\(C)
PR [ABC]:Hp{2) .=).
(3) CεC. [CT1; 2]
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(4) Cεβl(C). [CT2; 3]
Aεel(C) [CA1; 2; 4; 1]

CT4 [AGa]:Aεa.Gεe\(A) .z>. [3^/] . # ε α ./εβl(G) ./εel(#) [CT2]
CT5 [Λα]:Aεβ .=>. A εβl(KI(α))
PR [A«]::Hp(l) .=>.-.
(2) Aεel(A): [CT2; l]
(3) [G]:Gεel(A) . 3 . [3ffj] . F ε α ./εβl(G) ./ε el(#) Λ [CT4; l]

Λεβl(KI(α)) [CA1; 2; CDi; 3]
CT6 [Aa]:Aεa .3 . KI(σ)εKI(α) [CT5; CTl]
CT7 [Aa]:AεK\(a) .^.A = Kl(α)
PR U«]:Hp(l) .^.
(2) ~(Aεel(Λ)). [CΓi]
(3) [ 3 C ] . C ε α . [CDi; 1; 2]
(4) KI(α)εKI(α). [CTO; 3]

A = KI(fl) [1;4]
CT8 [Aa]:Aεa .^.A = KI(Λ)
PR Ua]xHp(l) .=)::
(2) [B].\Aεe\(B) .=: [C]:CεA . 3 . C ε β l ( 5 ) : : [ l ]
(3) AεK\(A). [CD1; 1; 2]

A = K\(A) [CT7; 3]
CT9 [ A B α ] : i 4 ε K I ( β ) . 5 ε α .=>. 5 ε β l ( Λ )
PR [ABa]:Hv(2) .=>.
(3) Bεβl(KI(β)). [CT5; 2]
(4) A = KI(fl). [CT7; 1]

JBεel(A) [3; 4]
CT10 [ABa]: A ε K\(a).Bε e\(A) .3 . [3CD]. C εa .D εe\(B) .D ε βl(C)
PR U^«]:Hp(2) .=).
(3) Aεe\(A). [CT2; 1]
(4) A = K I ( α ) . [CT7;1]
(5) Aεβl(KI(α)). [3; 4]

[3CZ)].CεΛ.Dεβl(J5) .Z)εel(C) [CAI; 3; CJ9I; 5; 2]
CΓIi [A]:AεA . D . A εKI(βl(A))
PR [A]: :Hp(l) . 3 : :
(2) Aεel(A)/. [CT^; 1]
(3) [B]. .Aεβl(5) .^: [C]:Cεβl(A) . D . Cεel(-B)/. [CAI; CT2]
(4) [5]/.[C]:Cεβl(A) . 3 . Cεel(jB) :=>. Aεβl (5) : : [2]

AεKI(el(A)) [CD1; 1; 3; 4]

CT12 [AEFa]::[B]:Bεa . D . 5εβl(A) Λ Aεβl(£) . F ε α /.=>. Fεβl(E)
PR [AEFα]::Hp(3) /.z>.
(4) Fεe\(A). [1; 3]

Fεel(£) [CT3; 4; 2]
C773 [A£α] Λ A ε A : [J5]: B ε el (A) . 3 . [BCD]. C ε a . D ε el (J5). 2) ε el (C):

[ F ] : F ε « .=>. Fεe\(E) :.^>.Aεe\(E)
PR [A£α]::Hp(3) :=>/.

(4) Aεel(A). [CT2; 1]

(5) [3F] .Fεe l (£) . [2; 4; 3]
(6) ^ ε ^ . [CTl; 5]
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(7) EεK\(β\(E)). [CTll β]
(8) E=K\(e\(E)): [CT7; 7]
(9) [B]:Bεe\{A) .=>. [3CD].C εe\(E) .Dεe\(B) .Dεel(C) Λ [2; 3]

(10) ,4 ε el (Kl (el (£))). [CA1; 4; CZλZ; 9]
Aεe\(E) [10; 8]

CTi4 U α ] . \ A ε A : [ £ ] : £ ε α .=>. ΰ ε el (A): [#] :B ε βl(A) .=>. [3CZ)].
Cεa.Dεel(B).Dεe\(C) :=>.AεKI(β)

PR [Λβ]::Hp(3) P : .
(4) [B]:.Aεe\{B) .=>: [C]:Cεα .=>. Cεel(£).\ [CΓI£; 2]
(5) [β]:.[C]:Cεfl .̂ >. Cεel(JS) o . A ε el(B) Λ [CTi5; 1; 3]

AεKI(tf) [CZ)I; 1; 4; 5]
CT15(=E1) [CT14; CT9) CTIO]
CT16 [ABa]:Aεe\(B).Bεa .=>. A εβl(KI(β)) [CT5; CT5]
CTiZ [ΛB] Λ 5 εJB : [α]: B ε el (5) . ΰ ε α . ^ . A ε el(KI(α)) o . A ε el (B)
PR [AB].\Hp(2) :̂ >.
(3) Bεe\{B). [CT2;1]
(4) Aεel(KI(^)). [2; 3; 1]
(5) B = K\{B). [CT8;1]

Aεe\(B) [4; 5]
CT18(=AA1.1) [CT16; CT17]
CT19(=BT14) [CT15; CT18]
CT20(=BT15) [CT18]
CT21(=BT16) [CT15; CT18; CT20]
CT22(=AA1) [CT19; CT21]

It is evident, from CT22 and CT15, that any thesis derivable within the
framework of System $1 can be derived within the framework of System <£.
This result, together with the results obtained in sections 2 and 3, show that
System 51, System 53, and System & are inferentially equivalent to one
another. Note that AA1 and BA1 consist of twelve ontological units each,
while CA1 consists of fifteen such units. This may indicate that CA1 can be
shortened without preventing us from using E3 as the definition of 'Kl\

NOTES

1. See Lesniewski [5] , vol. 33 (1930), p. 82, see also Lejewski [2] . For a general introduction to

mereology see Luschei [6] , Sobociήski [7] and Sobociήski [8] .

2. This is a slightly simplified version of an axiom first proposed by Sobociήski. See Sobociήski

[7] , vol. 2 (1950), p. 257, Sobociήski [8] , Lejewski [3] .

3. See Lejewski [2] .

4. BA1 is a simplified version of the original single axiom proposed in Lejewski [2] .

5. See Lesniewski [5] , vol. 33 (1930), p. 87.

6. The proof of A T16 involving the use of AD2 as an auxiliary definition differs from the original

proof given by Lesniewski and involving a different definition. See Lesniewski [5], vol. 31

(1928), pp. 274-277; see also Lejewski [2] . For a proof involving no auxiliary definition see

Clay [ 1 ].
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