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On Saturation for a Predicate

SAHARON SHELAH*

Introduction We generalize the definition of saturated models by demand-
ing that the types contain a fixed predicate. This leads to a natural extension
of the notion of stability in which only those types which contain this predi-
cate are counted. Later, we translate some basic theorems from stability to
the new concept. In the same style, we also change the definition of "simple"
theory from [2], where we claimed that T^ά is simple and unstable. We prove
this fact here. In [2] we were interested in the following property. Given a
theory T, and two cardinal numbers λ, K such that λ = λ | Γ | > K: Does any
model M of T of cardinality λ have an elementary extension of the same
cardinality which is K-saturated? We denoted this property by SPγ(λ,κ)9 and
proved there that if T is nonsimple then SPτ(λ,κ) is equivalent to λ = λ < κ .
Let SPγ = ί(λ, κ):SPτ(λ, κ.)\. If T is stable, the answer is yes, so we can concen-
trate on simple unstable T. If λ is strong limit, SPτ(λ, K) <* λ = λ<κ. Hence,
assuming GCH, SPT = SPτoϊά (To rd

 = theory of linear order). It was also clear
that SPγ* is minimal, i.e., for any (simple unstable) T, SPγ 2 SPγ? d(λ, K). In
[2] we also prove the consistency of "for every (simple unstable) T, SPγ =
^ ί n d φ SPτoiά' W e a s k w h e t h e r t h i s follows from ZFC. We shall prove that if
we replace "^-saturated" by "/^-saturated for a predicate F\ the answer is
negative.

We assume familiarity with the introduction of [2] and with a number of
basic theorems from there (not with their proofs), and also with Sections II. 1
andl l .2of [1].

1 General theory

Conventions Let T be a fixed theory, and let P be a one-place predicate.
Assume that every formula is equivalent to an atomic formula.
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Definition 1.1 Let M 1= T. Then M is (λ, P)-saturated (compact) if when-
ever A C M, \A\ < λ, p e S(A), (\p\ < λ), P(x) e p, thenp is realized in M (cf.
the proof of Chang's 2-cardinal theorem).

Definition 1.2 The notation Qp(\, K) stands for the following assertion:
Every model M of T of power λ has an elementary extension N such that
\N\ = λ and N is (/Cj/^-saturated. We omit P when P(x) is equivalent to (x = x).
In [2] this was denoted by SPτ(λ, K).

Remark 1.2A By [1], Chapter VIII, Theorem 4.7, for λ > 2I7Ί, βΓ(λ,λ)
holds iff λ = λ< λ or T is stable in λ (which is equivalent to the statement
λ<W = λ).

Definition 1.3 The restriction of the theory T to P is Tp = \φ: φp e T\.

Definition 1.4 The theory T is stable for P if there is some cardinal λ such
that if | 4 | < λ, then \{q e S(A):P(x) e q\\ < λ.

Claim 1.5 The theory T is P-unstable iff there is a model M of T with
~an e M, for n e ω, such that for some φ, the set pk = \φ(x,a):k < n < ω\ U
\~φ(x, tn)\n < k\ U {P(x)i is consistent for every k < ω.

The proof is the same as the proof that an unstable theory has the order
property (see [ 1 ], Chapter II, Theorem 2.2, pp. 30-31).

Example 1.6 There exist T and P such that T is unstable for P but Tp

is stable.

Let B be the set of all two-place relations on ω. Let M = (ωUB,PM, RM\
where PM = ω, and RM={(a,b, c):a, b eω,ceB, (a, b) e c\. Let T = Th(M). To
conform to our convention we must add extra relations.

To see that T is P-unstable it is easiest to use Claim 1.5 rather than argue
directly from the definition. It is easy to see that a sequence of functions from
ω into ω of B, a\i e ω can be chosen so that if 0(αz ,α/, υ) is the formula that
says dί and a,j agree on υ, then for any n e ω, the type {φ(α, ,α7 , u):/ < n\ U
\~φ(aj9aj, v):i > n\ U \P(υ)\ is consistent. For example, let at be the identity on
{0,...,/- 11 and send / to/ + / for/ > /.

On the other hand, in Tp every formula is equivalent to a Boolean combi-
nation of equalities. Otherwise, there would be sequences x, ~y, and a formula

φ such that /\ [(xj = Xj) = (>>/ = y,)] & φ(x) & ~φ(y). But, for such x, y in

L/,/ J
PM, there is a permutation σ of ω taking ~x to jp; it extends naturally to B, and
we get an automorphism of M.

Lemma 1.7 // T is unstable for P and λ > \D(T)\, then β£(λ,λ) iffλ<λ = λ.

Proof: If λ< λ = λ, then by [1], Chapter I, Theorem 1.7, QΓ(λ,λ), and, in
particular, β£(λ,λ). So, suppose λ< λ > λ. Choose the least K < λ such that
2K > λ, if it exists. Order/= 2<κ, \I\ < λ, lexicographically. Now by instability,
find a model M of T,\ formula 0, and at e M(t e I) such that for each s e I, the
set \φ(x,at):t > s,t el\ U \~φ(x,at):t <s,tel\ U \P(x)\ is consistent, and
\M\ = λ.
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Suppose N > M, \N\ = λ, and N is (λ, P)-saturated. For every η e K2> let
p η = {0<X α η l α ) :α < K & τ?(α) = 0} U {~0(JC, α η l β ) :α < K & τ?(α) = If U LP(x)i.
Using the lexicographic order each pη is consistent, and every pair is contra-
dictory. Each one is realized in TV. Therefore, \N\ > 2K > λ, a contradiction.
This completes the proof in case λ is not a strong limit cardinal.

Now suppose λ is a strong limit cardinal. Let / = 2 < λ , tη, M, N be as

before. Let λ = ]Γ/ λ, , where λ/+1 > 2 λ /, and express TV as (J Nj, where
ι<c/(λ) «<c/(λ)

|Λ//| < λ;. We now define, by induction on / < c/(λ), functions τ?z e
 ι2 such

that for / < i, r\j is an initial segment of 17/, and such that the typep η / + 1 has a
subset of two elements that is not realized in JV;. In the limit, we get a type
pη, with P(x) e pη9 consistent and having a subset of power c/(λ) that is not
realized in N.

Let T?Ϊ be defined, and let 0α be a sequence of a zeroes. Each of
φ(x, flτϊP5α) (<* < \*+i) defines a subset of TVZ . There exist α, β such that 0 < a <
β < λ/+1 and φ(x,'Sη<^o0) and φ(x>'ar{p<Qβ) are realized by exactly the same
elements of N/. Let τ?/+1 extend Tj/^OJpO) to an element of 2 λ / + 1 . Then
}0(x, 3η<"N6αX ~0(^ 5 ίηpδβ)! i s t n e required subset.

In fact, we have proved the following:

Conclusion 1.8 If λ is a strong limit cardinal and T is P-unstable, then
Qγ{\ (c/(λ))+) fails. This proof is essentially in [ 1 ].

Claim 1.9 Suppose T is P-stable (so Tp is stable). Then for any model M
and finite sequence ~a, tp(a,PM) is "definable," i.e., for each formula φ, there is
a formula ψ with parameters t e PM such that for all t e PM, φ(x, 6) e tp(a, PM)
iffM ^ψ(b,~c).

Proof: Otherwise, by [1], Chapter II, Theorem 2.2, there is some A C pM

such that |S(i4)| > λ = λ m > \A\, so there exist φ,pm e S(A), m e ω and tn e A,

n e ω such that φ(x,~an) e pk iff n < k. Choose bk realizing p^, and let qn -

\l\P(.Xi)) U \φ(bk,x):n < k < ω\ U \~φ(bk,x):k < n\. Clearly, the qn show
the P-instability except for the bar on x, which is easy to remove.

Alternatively, note that Rm(P(x), Δ, 2) < ω for every finite Δ (cf., [ 1 ]).

Claim 1.10 Suppose T is P-stable, and suppose M is a model such that the
restriction of M to PM is /c-saturated, where κ>\T\. Then M is (K, P)-saturated.

Proof: Let p e S(A), where p includes P(x), \A\ <κ. For each φ = φ(x,t) e p,
there is a φφ = ψφ(x,t), tePM, such that Λf 1= (Vx)[P(x) -> [0(x,α) <->
Ψφί^,"?)]]- Then ίψφiφ e p ! is consistent and has power less than K, and, hence,
is realized. Therefore, so is p.

Remark 1.11 We cannot omit the condition "K > | 7 Ί " although we may
deal with compactness instead of saturation. This is shown by the following
example.

Let \M\ = ωx U ωιωx. For each / < ωu let Ff1 be the unary operation
with values F/*(α) = a for a < ω l 5 and Ff{t]) = τ?(0 for 17 e ω i ω i . Let PM = coj.
Let M = (IM|, P M , F ^ , . . ., Ff, . . .). (To conform to our convention, we have
to add names for every definable formula.) Clearly, M is not (N^/O-saturated
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(not even (N0)JP)-saturated), (just consider the type {υ Φ Fj(id):i < ωχ\ U
\P(v)\, where id is the identity function), butMp is XΓsaturated (because every
formula is equivalent to a Boolean combination of equalities).

Claim 1.12 If Mp < N*, then there exists a model N such that M < N and
TV* •< Np.

The proof is like the proof of the Robinson Consistency Lemma.

Conclusion 1.13 For regular κ> \T\9 Q
p(\κ) iff Q P(λ,κ). (The assump-

tion of regularity is not really needed.) We are assuming tnat T is P-stable.

Proof: Clearly, Qf(λ,/c) implies Qτp(k,κ). Assume Q />(λ,/c). Let M be a
model of T of power λ. We must produce an elementary extension that is
(P, κ)-saturated and has power λ. Inductively define a continuous elementary
chain Af/(ι < K), starting with Mo = M. Given Λί, of power λ, there are Nf and
Mi+ι such that Aίf < Nf < Mf+1 and Nf is K-saturated. Now Mp

κ = | J Aίf =

U iVf is K-saturated (see [1], Chapter III, 3.11). Hence, Mκ is (P,/c)-saturated

by Claim 1.10.
(When T is not P-stable, we do not have our conclusion for λ, K but only

for λ, λ.)

Claim 1.14 If λ < κ = λ > 2 m , then β f (λ,/c). For example, if T is the theory
of linear order, we get equivalence. For T stable, we know that Qτ(\κ) iff
either λ<κ = λ or else T is λ-stable.

Question 1.15 Is there an unstable theory for which Qr(λ,/c) is not equiva-
lent to the condition λ < κ = λ?

Under GCH, the answer is "No", also the tree property for P (cf. [2])
implies the answer is " N o " .

Definition 1.16 Let Γ * d be the following theory, saying of a binary
relation symbol R(x,y) that it is symmetric, irreflexive, and except for these
conditions, everything else possible occurs. The axioms are R(x,y) = R(y,x),
~R(x,x), and

(VJΌ . . J>2»-i)Γ Λ (Λ *yn+i) •+ (3^)[Λ *U,Λ)Λ A ~R(x,yn+i)\\
\jj<n [_i<n i<n JJ

Claim 1.17 Γ^d is ^ 0 " c a t e g° r i c a l j has elimination of quantifiers, and is
unstable.

Theorem 1.18 // μ = μ<κ, μ < λ < 2μ, ίήe/i Q r * (λ, fc).
ind

Remark 1.18A The theorem is interesting when λ Φ λ<κ. For example,
assume 2K° = Nj, 2^J = K2, 2*2 = Kκ ?. If λ = KK l, μ = «2, K = «2, then λ < λ < κ ,
and the same conclusion follows from λ = N ω , μ = ̂ 2 , K = ̂ ^

Proof of Theorem 1.18: We shall give the proof in a number of stages. It is
sufficient to prove the following:

*i If \M\ = λ, there is a model N such that M <N, \N\ = λ, and for every
type p(x) over M, if | p | < K, then p is realized in Λf.
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(Remember that T^ά is countable, so we can work with compact models
instead of saturated ones.)

To prove *i, it is sufficient to prove:

*2 If IAf| = λ, there exist p, e Sι(\M\)(i < λ) such that for each p e S\\M\),
if \p\ < K, then p is included in some pz .

We shall prove more:

*3 If \M\ < 2μ, there are pt e Sι(\M\)(i<μ) such that if A Q \M\, \A\<K,

and p e S\A) is not algebraic, then p C pi for some /.

Now we translate *3 to a set-theoretic problem. Let p e S\A), A Q \M\.
Since 7^*d has elimination of quantifiers, it suffices to know just the atomic
formulas, and there are two alternatives, R(a,x) or ~R(a,x). Define fp:A ->
10,1} by fp{fl) = 0 if R(a, x) e p, fp(a) = 1 if ~R(a9 x) e p. For all p, q e S\A),
fp = fq implies that p = q. By elimination of quantifiers, for each function /
from A to {0, l!, there is some p such that fp = /.

Without loss of generality, we can assume that in *3, the universe of M is
2μ, and *3 can be translated to the following statement:

*4 There are functions fi'.2μ -> fO, l! (/ < μ) such that for all A^2μ with
\A\ <fc, for each f:A -> ίO, 1}, there exists/ < μ such that/C//.

We prove *4 by changing 10,11 to μ. More precisely, the functions// in

*4 will be given by /)•(«) = ga(i)9 where the functions ga satisfy the following:

*5 There are ga:μ -> μ(α < 2μ) such that for all ξ < K, a0,. . ., α r < 2μ,

distinct, and ; 0 , . . ., j$ < μ, there is some / < μ such that gΛQ(0 = /0, . ,

Sαf(0=7>.

This final statement, *s, is proved in [1], in the appendix as Theorem
1,5(1), and is due to Engelkind and Karlowich.

Just as we defined P-stable, we can define P-simple as in [2], and we get
similar results. Restricting ourselves to λ > 2IΓI, K > \T\, we get at least the
following possibilities:

(A) β£(λ, K) iff either λ = λ< κ or else T is (λ, /^-stable

(B) ρ^(λ,/c)iffλ = λ<'<

(C) Qp

τ{\κ)iϊϊQp

τtJ\κ).

Now by results in this section, (A) occurs when T is P-stable, and by the
remark above, (B) occurs when T is not P-simple; e.g., T is the theory of linear
orderings T0I<χ. By the previous discussion, if we assume GCH, then (A) and (B)
are the only possibilities. However, when there is μ<κ = μ < λ < 2μ, then (C) is
distinct from (A) and (B) (which are always distinct). By [2], it is consistent
that there are μ< κ = μ < λ < 2μ, however there are no more possibilities, at
least for/<> 171.

2 Answer to the problem We shall try to show that there are Γ, P such
that β£(λ, K) does not behave in any of the previous ways (in some universe of
set theory.)
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Definition 2.1 Let T3 be the following theory, in a language with the unary
relation symbols P and β, the binary relation symbol e, and the ternary relation
symbol R. The axioms say that Q and P are a partition of the universe,

xey-+Q(x)/\P(y)
R(x,y,z) -> ~(3u)[x e u Ay e u ΛZ e u]
R(x>y,z)-+Q(x)/\xΦy
R is symmetric, so R is a set of triangles from Q
R(x9y, z{) Λ /?(x,.y, z2) -+ zι = z2, so no two triangles have an edge in

common

Finally, except for the above conditions, everything else which is possible
occurs; i.e., let T3 be the model completion of the above. Then T3 almost has
elimination of quantifiers, i.e., every formula is equivalent to a formula of the

form φ(yx ...yn) = Oyn+i J>*) ( Λ V ^ O ^ / ^ e ) Λ Ψ) w h e r e Φ i s

quantifier free. Also T3 is P-unstable.

Theorem 2.2 If M 1= T3 and Φi(x,~cti) Λ PQC)0' < ω x ) tfre nonalgebraic, then
they cannot be pairwise contradictory. (Hence, T3 is P-simple.)

Remark The theory T3 is between T^ά and T0lά in the sense of β£(λ,κ).

Proof of Theorem 2.2: We can assume that φj - 0, so the length of 5/ is fixed.
We can also assume that {tf.i < ω) is 3-indiscernible (by Ramsey's Theorem).
We can assume that 3/ = {a[:% < ra>, and that any fixed components come first;
i.e., a\ = αβ for £ < n, and a1^ = αj* if either zΊ = i2 and Cj = £2< °r else β t = β2 < π.
If φi is not algebraic, we can assume 0;(x,α/) h ^ (x ^ αj) ΛP(X), and φ, is a

β<m

conjunction of basic formulas. By the almost elimination of quantifiers we can
assume 0, is quantifier free.

What happens if φλ Λ φ2 is contradictory? (The only contradiction is be-
tween the a\ e x and a\ $ x.) We do not have contradictions of the form aΆ e x Λ
αβ I x. So only Λ can cause problems. We can assume φx h α^ e x, αβ e x, and

^>2 ^~ ame x» where Λf 1= Ria^a^a^). By 2-indiscernibility, Λ(^,Λg,β^). Then
byHϊe axioxns, β^ = a*m. However, the a^ are distinct, for i<ωu so there can
be no such φf. 5ό no matter what size the model is, its Boolean algebra of
definable infinite sets satisfies the frVchain condition.

Theorem 2.3 It is consistent with ZFC that β £ 3 is strictly weaker than
Qτ0I(χ (both are statements about pairs of cardinals \,κ), and it is also consis-
tent with ZFC that β £ 3 is strictly stronger than β£.* .

Proof: The fact that Qγ is weaker than G r o r d and stronger than Qγ* is
clear. We shall show below that each "strictly" is consistent. In each case, the
pair of cardinals to be considered is λ = Kω, K = Klβ We can get CH + 2*1 > ttω

and a generalization of MA, such that every BA of power less than 2* 1 which
satisfies the K rchain condition is the union of X x ultrafilters with each set of
No elements with the finite intersection property included in one (see [2],
Theorem 3.10). Then Q£ 3 (N ω , NO holds, but Gr o r d(Nω> Ni) fails.
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For the other case we begin with a model of V = L and add #ω subsets
of ^ by the usual ^-complete conditions. Then, in the forcing extension we
have N*0 = Ni, since the forcing is Kx complete, and by hypothesis, ttx < ftω <
2*1. Thus, by Theorem 1.18, β£* (Kω, NO holds in the extension.

In order to show that Qγ (N ω , Nj) fails in the extension we will show that
its negation is implied by the following property (*). We then prove that (*)
holds in the extension.

(*) For each λ < N ω , λ > tt0 there is a set of triples R on λ++, no two with
a common edge, such that λ+ + is not the union of λ sets with no triangles.

Theorem 2.4 (*) implies ~ β £ 3 ( N ω , K x).

Proof: Let (An,Rn) exemplify (*) for λ = Nπ. Then \An\ = NΛ + 2, Rn is a set
of triples from An, and without loss of generality, we can assume the An are
pairwise disjoint. Let 04,/?) = [J 04,,,/?,,). We find M, of cardinality Xω,

such that Λί f= Γ3, Λi C β M , RM \ A = /?. Suppose Λί is KΓsaturated. We will
get a contradiction.

Let Λί = U Mn, where |Λίπ| = \Pn\ = Kπ. For every α e P M , w, let C(α,ή) =

ίZ? eyln:Z? ea\. Then C(a9n) Q An is triangle-free, and there are #n such α's.
Hence, ^ w φ | J (Λίπ Π C(a9ri)) (from (*)). The fact that there exist yn e An

aeP

such that yn 4 (J C(af ή) means: yne An C β M

? and for all a e PM, n, yn $ a.
aeP

Now \yn\n < ω\ Q QM, and this set is triangle-free. (The An are disjoint, Rn

is a set from An, and R = | J /?„.)

Then the set of formulas \yn ex:n < ω ! is consistent. No element of

(J ΛfΛ = Λί realizes it. Therefore, Λί is not NΓsaturated.
n

Proof of'(*): Recall that we are forcing with a product X of copies Xa of
the usual ^-complete conditions for adding a subset of Xl9 viz., mappings from
a countable subset of ωx to 2. There is a copy for each α < ttω and a condition
in X may be nontrivial in countably many coordinates. Let G be X-generic.
Then V[G] contains no new reals and has the same cardinals as V since X is
ttΓcomρlete and satisfies the N 2 ~ c n a i n condition since V 1= CH. Fix λ < ttω for
the rest of the discussion. We will construct in V itself R as described in (*),
except that R will be a set of triples on λ+ +Xλ instead of λ++. Of course, R
must work for unions of λ sets in V[G], not only in V.

Suppose first that R e V is some possible candidate, but that R does not
work in V[G]. Then V[G] \= 3P "P:λ++Xλ+ -* λ Λ VX,^,Z e λ++Xλ+ [P(x) =
P(y) = P(z) -> ~R(x,y9 z)]" . Now, for any P:λ++Xλ+ ^ λ in K[G], there is a set
5 C χ ω j 5 = χ + + such that ? e F[G 5 ] where Gs is generic over the product
of the Xa\ from a e S. Now, since R e V, using an automorphism argument,
it is clear that we could find some P satisfying " " above in V[Gλ++] where
Gλ++ is generic over the product of the first λ+ + coordinates, which we will
call Y\++. Thus, in constructing R we will only worry about those P e V[Gλ++].
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First, since the GCH holds in V we may enumerate all subsets of λ++Xλ+

of power λ+ in a list lC7!7 < λ++. We will make use of the following known fact,
a proof of which is included for the reader's convenience.

Lemma 2.5 For each a < λ++ there is a function /α:λ+ Xλ+ -> a Xλ+ such
that for 7 < α, // CΊ Q a Xλ+, and A is a subset o/λ+ of power λ+, then there
is a pair of ordinals (/,/) e A such that fa(ij) e Cy.

Proof: Let f^ ξ < λ+! be a list of all subsets of λ+ of power λ. Let \CLΛ < λ+!
be a list of all Cy, y < α, CΊ C a Xλ+.

We will define fa by induction. Assume that so far we have only defined
fβj) for i < j < I Now we define /(/, ξ) for / < ξ so that if /, ξ < f, B% C ξ,
then for some/ e B^,f(j9 ζ) e Cι. This is easily shown. -

Now, if A Cλ + has power λ+, and / < λ+, then for some £, B$ C A, and for
some ξ e A, /, ξ < ζ, B% C f. Hence, for some; e B$ QA,f(j, ζ) e Cι.

We now return to the central argument. We define R to consist of all
triangles of the form

((α,0,(α,/),/β(/,/))

for a < λ++, i < j < λ+. It is immediate that R contains no triangles with an
edge in common.

Now assume q0 Ih '7z:λ++Xλ+ -• λ". For each (α, j8) e λ++Xλ+ there is an
raβ > Qo such that raβ Ih "h(a,β) = δ(δj3)" for some δ(α, β) < λ.

For a fixed a there is a, Dα ίΞ λ+, Z)α = λ+ and fixed δα < λ such that

Kβ'.βeDJ

forms a Δ-system with "heart" ra, and for each β e Z)α, rα« Ih Λ(α, j3) = δα.
Similarly there is anjE* C χ++

s £ = λ++ and δ < λ such that \ra:a e E\ forms
a Δ-system and VaeE \/β e Da raβ Ih h(ά,β) = δ. We need the following fact
about our forcing conditions.

(**) // we have a Asystem of length λ+ with a "heart", then any extension
of the "heart" is compatible with all but at most No members of the system.

Now, for each α e ί we partition Da into λ+ pairwise disjoint subsets,
ίZαξ!ξ< λ+, each of power λ+. Each Zα>£ appears in our original list ίC 7 ! 7 < λ++.
List E = \βi i < λ++! in increasing order. Choose a* e E such that for each
/ < K a :

(i) α*>ft,
(ϋ) Zβ.tξ appears before the α*th place in the list of Cτ's.

For each / < #2> consider {/ e Da*:ra*j and rβ. are compatible).
By (**)> for some / this set has power λ+ since for each /, all but <N0/'s

work. Let β* = ft for such an /.
For each ξ < λ+ we want to know for how many 's in Da* is ra*j com-

patible with all >#*,£, for k e Zβ*^.
For a fixed; such that /*α*,/ is compatible with rβ*, ra*j is compatible with

all but <μ r^*^, k e Dβ*, by (**). Hence, all but <N 0 ?'s work for it. So, for
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some f, W = {/ e D α * '.ra*j is compatible with r&*tk for every k e Zβ*^\ has
power λ+.

Now ίβ*l XZ^*fj. appears in the list before the α* t h entry, so by the
definition of R, there are j \ Φj2 in W and fc e Z^* ̂  such that ((α*,/Ί), (α*,/2),
(β*,fc))isinΛ.

Now, A β*^ and r a * 7 l are compatible since /Ί e W. Similarly, r^*^ and
ra*,j2 are compatible since /2 e W. In addition, rα* 7 l and ra*tJ 2 are compatible
since j u j 2 e Dα*. Then, r* = r^*,^ U /*α*,/2 U rβ*fk is a forcing condition and
extends each of the three. Thus,

r* lhΛ(ά*,/1) = δ

r* \\-h(ά*J2) = δ

r* \hh(β*,k) = δ

and we are done, since r*, an extension of g 0 forces each vertex of a triangle
in R to be in the same part of the partition with name h.

Concluding remarks

(1) There was nothing special, of course, about the cardinals we used. By
doing the two forcing arguments for cardinals far apart, we can get a universe
of set theory in which β f is strictly weaker than Qτ and strictly stronger
t h a n β ? f n d .

(2) We can define a theory Tn^, 3 < n < ω, 2 < £ < n in analogy with
T3: R will be a symmetric rc-place relation on β, P(x) <—• ~β(*)> Λ: e j^ ->

β(x) Λ P(y), R(xu . . ., χn) -> -(3w) y\ x/ e M, /?(xb . . . ,%„)-> /\ x{Φxh

1 = 1 Z</<Λ

and^(x 1 ? . . .,Xβ,^fi+i, . . .,yn) *R(xu ., ̂ c^c+i, . ., zn)^ Λ V ^/=z/»
1*5=2+1 /=2+l

i.e., any two «-gons intersect in <β points. Tn^ is the model completion of the
theory just described.

We now repeat the proof of the first part of Theorem 2.3 without using
the full power of the relevant generalization of MA (cf. [3]). We can start with
V=L and iterate just the forcing needed to make Qξ. (N ω , t^) true.

If M is a model of Tn^ and BM the Boolean algebra of nonalgebraic
formulas over M, then BM satisfies:

(+) For any Άx nonzero elements of aι of B, there are [n/%] which have
a common lower bound, and a\ < α/, a\ Φ 0 such that any finite set of them
has nonzero intersection iff any subset of at most n elements has a nonzero
intersection.

We have to iterate forcing which makes such a Boolean algebra the union
of few filters. The required set of forcing conditions will satisfy a correspond-
ing strong chain condition. The hope is then to imitate the proof of the second
part of Theorem 2.3 for showing that in this universe Qj g fails for the
corresponding pair of cardinals. In this way we can hope to prove that there
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may be infinitely many distinct Qγ{T simple), and even ones incomparable
under inclusion. However, this suggestion has not been carried out and checked.

(3) In section 1 we have restricted ourselves to K > | T\, and here we use
K = tt0 = I Γ3|, but these restrictions are inessential to the overall argument.
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