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Conjunctive Normal Forms and Weak

Modal Logics Without the Axiom

of Necessity

SHIGEO OHAMA

In S5 it is known that any formula can be reduced to conjunctive normal
form (CNF) of degree 1; completeness easily follows from this fact (see, e.g.,
[5]). The purpose of this paper is to extend this method to prove completeness
for very weak modal logics, and to give some applications. Twenty modal
logics are dealt with here. We call them Lpq, DLpq (p = 0, 1 and q = 0, 2), L3,
DL3, and LN, where L is one of L00-DL3. We first define L-tautologies cor-
responding to each logic L, where L is either Lpq or DLpq, and characterize
them by the set L* of value-assignments having certain properties. Then, we
show that OA v ΠBί v . . . v ΏBn v C is provable in a modal logic L iff (1) C is a
tautology, or (2) A v Bj is an L-tautology for some i, where C, but not neces-
sarily A or Bj, contains no modal operator. Completeness for Lpq (or DLpq)
follows from this equivalence. For completeness of Lyy, where L is either Lpq
or DLpq, we shall also make use of the above equivalence for L. For the
remaining logics, a more direct method will be used.

The modal logics dealt with in this paper are defined in Section 1, L-
tautology definitions and characterizations are given in Section 2, completeness
proofs in Section 3, and applications in Section 4.

1 Weak modal logics We are given a countable set, Π, of propositional
variables, logical connectives, ~, Λ, V, -*, D, and parentheses, (, ). The other
connectives and formulas are defined as usual. We shall consider modal systems
obtained by adding the following axiom schemata and rules of inference to the
classical logical base.

Al Π{A-»B)^(ΏA^ΠB)
A2 UA -> OA
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R00 PC V-A ^B^ \-UA -+ΏB
n

RIO PC \~ /\ Ai->(A-+B)=> \-\3A-+ΠB, where 4, is an axiom

n n

R02 PC h A (PAi-»ΠBi)-+(A-+B\ h /\ (D4, -* D5,-) =* hΠ4->D£
1=1 1=1

R12 PC h Λ A,, -• ( Λ (•*/ -* DC,) -»- W -> i?)), h Λ (Π5/ "* Π φ =*
1=1 V=l ' /=1

hD^4 -• ΏB, where 4̂,- is an axiom
R3 l~A->B=>\-ΠA-*ΠB
R0N P C h ^ = > h D ^
R I N hΠA, where 4̂ is an axiom or a tautology
R2N hD U -> 5) =» hD (Dyl -> DJ5)

R3N \-A => \-BA.

o
In the above, ^ Ai~*A means A.

/=i

Now, we define the following modal logics:

LOO =A\,R00 : Z, 10 = 4 1 , JR 10 :L02 = Al,R02
L12 = 4 1 , # 1 2 : L 3 = 4 1 , ^ 3 -.100^ = 4 1 , ^ 0 ^
IIOΛΓ = A1, R lN : 102^ = 41, Λ0^, ^ 2 ^

112^ = 4 1 , ^ 1 ^ , ^ 2 ^ : 13^ = 4 1 , ^ 3 ^
DL = 42, L, where L is one of the above logics L00~L3N.

DL00 is Lemmon's D\, 100^ is 50.5°, and 112^ is P2°. 13, L3N, DL3, and
DL3τv are Lemmon's C2, Γ(C), D2, and T(D), respectively. T{C) and Γ(D) are
often called K and DK, respectively.

Lemma 1

1. ZOO (or L00N) h D(4 Λ B) ^-> (D4 Λ ΏB)
2. ZOO (or ZOOTV) h 0(4 vB)+-> (04 v OΛ)

3. ZOO (or ZOOTV) h - O - 4 <-* D4

4. ZOO (or ZOO^) h ~ D 4 <-• 0 - 4
5. ZOO (or ZOO^) h - 0 4 ^—> D - 4
6. DL00 (or DL00N) h 04, where A is a tautology
7. For any formula 4 , ZOO (or L00N) h 4 •-•(O41v D 5 n v .. . v D 5 l Λ l v C ^ Λ
. . . Λ (O4m v Di? m l v . . . v UBmnm v COT), w/zere C contains no modal operator.

Proof: Straightforward.

Remark: We only need axioms of the form Ώ(X -> Y) -> ( D l - > D 7 ) and
D l ~> OX, where both X and Y are Boolean combinations of subformulas of 4
and B in the proof. We do not claim in 7 that 4/ and 5// are also in normal
form or deg(4/) = deg(2?/y ) = 0, since we observe here only outermost modal
operators.
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2 Characterization of L-tautologies Henceforth, unless otherwise specified,
we use L as a variable ranging over the modal logics Lpq and DLpq (p = 0, 1
and q = 0, 2).

Definition 1 A formula A is an L-tautology iff there exist axioms Ai of L

and L-tautologies £ ; -> C7 such that A Λ "* ( Λ (D^/ -* DC/) -• 4 J is a
1=1 /̂=1 /

tautology, where n1 = 0 if L = LOq (or DLOί/) and n2 = 0 if L = LpO (or DIpO).

Definition 1 is a definition by induction. So we can also define L-tau-
tologies as follows: (0) each axiom of L is an L-tautology (p = 0), (1) if Aj is an

axiom of L, Bj -> C7 is an L-tautology, and f\ At -* ( A ( π ^/ ^ ΠQ) -> ̂  1 is a
ϊ=l V/=l /

tautology, then A is an L-tautology.

Lemma 2 A-^ B is an Lp2 (or DLpD-tautology iffUA -• D ^ w α?2 Lp2 Γor
DLp2)-tautology.
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Proof: Since (ΏA -> ΠB) -> (DA -* ΠB) is a tautology, if A -+B is an I p 2 (or
Z)Z/?2)-tautology, so is ΏA -* D2? by Definition 1. Suppose now D 4̂ -> DZ? is an
Lp2 (or ZλLp2)-tautology. The proof proceeds by induction on the construction
of Lp2 (or DIp2)-tautologies: (1) if DA -• DJ3 is a tautology, so is A -> £,
hence ,4 -> 5 is an Lp2 (or DLp2)-tautology (2) let

n\ /n2 \

(a) Λ Λ - M Λ (•*/"* DC/)->(DΛ->D5))
/=I V=i /

be a tautology, where 4̂/ is a formula of the form Ώ{B -> C) -* (D5 -> DC) or
D2? -> ~D~i? and B; -* C7 is an I p 2 (or DZ,p2)-tautology. Substitute X for each
subformula of the form ΏX in (a) which does not occur in the scope of any
other D. Then we have tautologies (B -> C) -* (B -> C) and £ -> — 5 for

D(£ -> C) -> (D£ -> DC) and D ^ -• ~ D ~ ^ , respectively, so Λ (Pj ~* Q) ^
7 = 1

(̂ 4 -> 5) is a tautology. Thus, A -> ̂  is an L/?2 (or DLp2)-tautology, since
5/ -* C/ is an Lp2 (or DI^2)-tautology.

Definition 2 Let Φ be the set Π Uj D 4̂ \A is a formula!, where Π is the set
of propositional variables pu p2, . . .. V is the usual extension of ίμlμ : Φ -^ 2!
for ~, Λ, v, ->. L* is the set \μe V\ for any L-tautology ,4 μ(A) = 1!.

Lemma 3 (Characterization lemma) A is an L-tautology iff for any μ in L*,
μ{A)=\.

Proof: Let A be an L-tautology. Then for any μ in L*, μ(A) = 1, by the defini-
tion. Now, assume A is not an L-tautology. We construct μ in L* such that
μG4) = 0. It is sufficient to consider the case of DL12 since the others are
special cases of this one. We adopt the convention of association to the right
for omitting parentheses. Thus, A1 -> A2 -* . . . -* An means A1 -* (A2 "^ . . "^
(i4Λ_j -> yln) . . .). We say B is a iΓ-formula iff B is of the form Ώ(Bι -»52) -»
D ^ ! -> D 5 2 . If 5 is a ^-formula Ώ(Bλ -> ̂ 2 ) -> Dfij -+ D ^ 2 , then let 5^(5) =
n(Bx -*B2) Assume the given formula A is a Boolean combination of pί9.. .,pt,
ΠBU . . ., ΠBm, and let D^4l5 . . ., ΏAn be an enumeration of DΓ, D~Γ,
D 5 1 } . . ., D ^ m , where T is a fixed tautology, and let Z be the set of D ^ ->
. . . -* J5Z ̂ ) such that k>2, Bj. is one of v415 . . ., ̂ 4^, and Bj. ΦBih if; Φ h. Now
let AS = ί^l^ is a iΓ-formula such that 5F(^) in Z\.

It is clear AS is a finite set. Let {D 4̂/lz = 1, 2, . . ., r\ be the set of formulas
such that both ΠA'i and D^4 j occur among ΠAl9 . . ., Dy4«, and let {B[j) ->
. . . -> ̂ P l / = 1, 2, . . ., j} be the set of Z)112-tautologies such that D ^ y )

occurs among D ^ j , . . ., ΠAn and B^ φβ\n if hΦi(k= 1,2, .. ., <?/). Since ̂ 1
is not a D I 12-tautology,

(#) A (ΠA'i^OA'i)-* A B^h (nBγ')->Π(Bφ^...->Bψ))->A
z=l ^ e ^ 5 ;=1

is not a tautology. So, there exists some μ' in V such that
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μ'(h(ΠA'i-+OAί)) = μ'( Λ *) =
\/=l / \BeAS I

μ'(j\ (D£(/> -• Π(Bψ -• . . . ̂ 4 / } ) ) j = ! a n d M'W) = °

Let Πy4Λ + 1, . . . be an enumeration of all the formulas of the form ΠB except

ΏAU . . ., ΏAn. Now, let

(μ'(B) if Bis Pi orDA (l < / < ί, 1 <j<n)
KB) = {

U, ifBispi(i>ί)(ei = Oor 1) .
The next step i.s an extension of μ to formulas of the form ΏAj, for; > n + 1.
There are two cases to consider. In both we assume that μ is defined for all
/</.

Case 1. μ'(DΓ) = 0. Put μiΏAj) = 0 (/ > n + 1). μ'pyl/) = 0 for/ < w, since
Λ7 -> Γ is a £>L 12-tautology and μ\UAj -> Π Γ) = 1. Hence, for all /, μiΠAj) = 0.
This fact and the definition of DL12-tautologies imply that μ belongs to DL12*
andμC4) = 0.

Case 2. μ'(DΓ)= 1. F O Γ / > Λ + 1,

(Γ) if there exists some / < / such that ~Aj <-+ Aj is a tautology and
μ(Di4, ) = 1, then let μ(ΠAj) = 0,

k

(2°) if there exist il9 . . ., i^ < / such that ^ 4̂Z "^^4/ is a Z)L 12-tautology

/ A \ q = 1

and μ( /\ Dy4/ 1=1, then let μ(BAf) = 1,

(3°) if there exist iu . . ., i^ < / such that j \ Aj -* ̂ 4/ -̂  >1^ is 3.DL12-

tautology, μ( ̂  D̂ 4Z ) = 1, and μ(ΏAik) = 0, then let μ(ΠAj) = 0,

(4°) otherwise, let μ(ΠAj) = e} .

If both (1°) and (2°) hold for some /, we cannot define μ(ΠAj), since on
the one hand μ(ΠAj) must be 0, by (Γ), and on the other hand, it must be 1,
by (2°). The same situation occurs if both (2°) and (3°) hold. So we must show
that at most one of (1°) and (2°) holds, and similarly that at most one of (2°)
and (3°) holds.

If Aiχ - > . . . - » Afk being a DL 12-tautology implies μ(θAil -•...-»
ElAjk) = 1 for all z1? . . ., ijς </, then at most one of (1°) and (2°) holds. For

k

assume that ~Aι +-> Aj is a tautology, f\ A\ -> Aj is a DL 12-tautology, and
/ k \ q = l A

μ(D^/) = μf /\ t\Aiq\ = 1, for some /, z1? . . ., ik </. Then, ̂ z Λ /\ ^^->~Γis

a £>Z12-tautology, since ~i47 Λ AJ -> ~Γ and 04/ -> -^4/) Λ ( f\ At -+ Af) ->
( k v \^=i /

(^4Z -> ̂  ^4; -> ~y47 Λ y47 J are tautologies.
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μiΠAi -> /\ UAi -• Ώ^T] = 1 by the hypothesis and μ(D4, ) =
Sk \ V flf-1 /

μί ^ Di4, j = 1 by the assumption, so we have μ(D~Γ) = 1. This contradicts

μ(DΓ -> ~D~:Γ) = 1 and μ(DΓ) = 1. Furthermore, if Aiχ -* . . . -> i4, ̂  being a
DZ, 12-tautology implies μ ί Π ^ -* . . . -• ΏAik) = 1 for all il9 . . ., ik<j, then at

* ! *2-l

most one of (2°) and (3°) holds. For assume that /\ A\ -> Aj and /\ A^ -*

Aj -* A/ĵ  are Z>Z,12-tautologies, μί ̂  π ^ ) = Ml Λ ΏAΐr)
 = l j a n d

μ(D^42) = 0, for some î , . . ., ikv i[, . . ., ϊkl </. Then, y\ ^ / | ? -* y\ ^ 4 ->^ f ̂

(
kl \ / *2-! \ /*1

/y i4/ ->4/) Λ (.4/ -> Λ ^ir "* ̂ k ) ~*( Λ ^ ^ "*
* 2 -l v , ^ ! v /*2-l v

^ i4/̂  -*Λ jt ) i s a tautology. μl/\ &Ai(\ = μί /\ EAΛ = 1 by the assump-

tion, so we have μ(ΏAi'k) = 1, by the hypothesis. But this contradicts
μ(Π4, Jt ) = 0 in (3°). If both (2°) and (3°) hold, then we can put μ(ΠAf) = 0
without any difficulty. If none of (l°)-(3°) hold, we may put μ(ΏAj) = βj (ey = 0
or 1) without any restriction. Thus, μ is well-defined.

We will now show by induction on the construction of DL12-tautologies
that μ is in Z>Z,12*. For any axiom of the form ΏB -• ~D~£, let ΏB be ΠAh

and Ώ~B be ΠAk in the enumeration of the formulas of the form DC. If
h, k<n, then μ(ΠB -> ~~Π~B) = μ {ΏB -+ ~Ώ~B) = 1. Now let n < h or n < k.
If h < k and μ{ΏAh) = 1, then μ{ΏAk) = 09 by (Γ), since ~Ah = ̂ 5 <-* ̂ 5 = i4Λ.
For the case μ(Π^4Λ) = 0, it is trivial that μ{ΏAh -* —α 4̂jt) = 1 If Λ < Λ and
μ{ΏAk) = 1, then μίDA^) = 0 by (Γ), since ~Ak - — B <—+ B = A^ For an
axiom of the form Ώ{Bλ -• 52) -> (D^! -> ΏB2), we have μ(D(^! -> B2) -+
{ΠB1 -> D52)) = 1 by an argument similar to the one for ΏB -> ~Ώ~B except
that we use (2°) or (3°) instead of (Γ). Let 5 be aZ>Z,12-tautology. Then there

"1 n2

exist Bi9 B1}, B2j, Ck, and Dk such that /\ {ΏBi-+~Ώ~Bi) -> ̂  {Ώ{Blf -• fi2/) "^
Λ 3 1=1 /=i

(D5 1 ; -> Π52/)) "^ Λ ( ° Q - * •jDfc) -*i? is a tautology, where each Ck-*Dk is a

DL 12-tautology and μ(DJ9, -> ~D~£/) = μ{Π{Blj-+B2j) -• (D51 7 -> D52/)) = 1.
And μ(DQ-> D ^ ) = 1, by (2°) or (3°), since Ck -+DkisaDLl2-tautology.

Corollary OT is a DL12~tautology but not a DL10~tautology.

Proof: {ΏT -» ~Ώ~T) -> (D-Γ -> DΓ) -> ̂ D-T 1 is a tautology, so OΓ is a
DL12-tautology. Let μ(Π5) = 1 for every formula B whose negation is a
tautology, and otherwise let μ{ΏB) = 0. Then μ belongs to ZλLlO* and
μ(0Γ) = 0. So OΓ is not a DL 10-tautology.
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3 Completeness

Definition 3 A structure 7?ι/ = (W, R, Q, P) consists of

(a) a nonempty set W C V,
(b) a relation RCWXW,
(c) sets Q,PCW such that QΓ\P=φ.

If a structure 7?i/ - (W, R, P>, then 7?ι/ is such that Q = φ. A structure 7?z/ is
called seπVz/ iff for any μ e W - Q U P there exists a p e W such that μi?*>. A
structure %/ is an L-structure iff both P C L* and #%• is serial if L = DLpq.

Definition 4 Let / ^ = (W, R, Q, P) be a structure. Then for any μ e W and
formulas 4̂ and B,

(1) if yl is a propositional variable, then {7b/9 μ> 1= A iff μ(v4) = 1,
(2) for X = ~A, A v B, A Λ B, or 4 -> B {7b/, μ) 1= X is defined as usual,
(3) {7Π/,μ)^ΏA iff (i) μ φ Q UP and for any v such that μRv, {7ϊu, v) ^A,

or (ii) μeP and μ(Di4) = 1.

We will write:

7h/ ^ A iff for any μ e W - P < 7?ι/9 μ> 1= A
L \=Aiff for any L-structure 7?ι/ = {W, R,Q,P)7?i/^A
LN 1= A iff for any L-structure 7?ι/ ={W, R, P)7?i/\=A.

In the following lemmas, C is a formula which contains no modal operator.

Lemma 4 // L (or LN) t= 0,4 v DJ?X v . . . v D ^ w v C, then either (α) C is α
tautology, or (b) A v Bi is an L-tautology, for some i (1 < / < ή).

Proof: Assume neither (a) nor (b) holds. Then there exist μ0, Mi, . . ., μn by
Lemma 3 such that μ 0 Φ μz , μz e L* and which satisfy μo(C) = 0 and μ/G4 v B() =
0(1 <i<n).

Let W = !μ0, Mi, . . .,μn\,P= \μl9 . . ., μΛ}, β = Φ, μ0Rβi 0 <i<n\ and
ẑ/ = <R/, Λ, Q, P). Then <̂ Z/, μo> t^ 0̂ 4 v D^j v . . . v UBn v C. This is a contra-

diction. So either (a) or (b) holds. In the case where C is missing, we can choose
μ0 such that μ0 Φ μ, , for / = 1, 2, . . ., n.

Remark: In Lemma 4, OA or Dl?z is possibly missing even if Cis missing or is
not tautology. If OA is missing then L y t= ΠBx v . . . v ΏBn v C, and if n = 0,
then L = DLpq.

Lemma 5 If A -^ B is an L-tautology, then L \~ A -+B and L h ΠA -> DA

Proof: We proceed by induction on the construction of L-tautologies. If
"1 " 2

Λ ^i "* Λ (D j B/ "^ D C / ) "* 04 -*£) is a tautology, ^[/ is an axiom, and 5/ -• C7

1=1 /=1

is an L-tautology, then L h ΏBj -> DC/, by induction hypothesis, s o L h ^ - > 5 ,
and L h D ^ ^ D £ , by R00-R12, respectively.

Corollary Let L = J9I00-DL12. / / ^ is an L-tautology, then L h OA.
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Proof: Assume A is an L-tautology. Then so is ~A -> ~Γ, where T is a given
fixed tautology. By Lemma 5, L h Ώ~A -> Π~T. So, L h O Γ - * O A L hOΛ,
since DLOO h OΓ, by 6 in Lemma 1.

In the following lemmas, LN means one of L00χ~DLl2N.

Lemma 6 If A is an L-tautology, then L/y \~~ A and L^ h DA

AΌO/. Assume /\ A\ -+ f\ (ΠBj -> DC/) -> ̂ 4 is a tautology, 4/ is an axiom,
/=1 7=1

and Bj -> C/ is an L-tautology. By induction hypothesis, LN h D(5 ; -> C/), so
LN h DJ5/ -^ D Q , therefore, LN \- A.

( "1 n2 \

Λ Ai ~* Λ ( D 5 / -* D C /) "^ ̂ ) by ^°^ (or RIN), SO L̂ V H
1=1 y = l ^

"1 "2

y\ DΛ -^ Λ EfflS/ ^ D C / ) -> D ^ , therefore L,v h D ^ , by ΛOTV (or R \N) and
ί = l 7 = 1

R2M with D(57 -• Cj) being provable.
Corollary Let L = DL00-DL12. If A is an L-tautology, then LN h OA.

Proo/: Lyv h DA So L^ h O A

Remark: In the proof of Lemma 6, we may assume that each Aj, Bj, and C/, is
a Boolean combination of sub formulas of A, by Lemma 3 and (#). Further-

« n

more, there exists a proof of D f\ Xf <—> /\ DXZ where we need only modal
/-i /=i

axioms of the form Π(X -> 7 ) -> ( D l -> ΠY) such that both X and Y are
«

Boolean combinations of sub formulas of f\ Xj. Thus, by induction on the
/=i

construction of L-tautologies, we have a proof of DA in Lemma 6 where both
X and Y occurring in each modal axiom of the form D ( J - > 7 ) - > ( D l ^ D F )
or ΠX -> OX are Boolean combinations of subformulas of D A We say in such a
case that ΏA has the Λ/-subformula property. We also have the same result for
Lemma 5.

Lemma 7 //L (or LN) 1=0̂ 4 v ΠB1 v . . . v DJ5Π v C, ί/zen L (or LN) h O i v
D^ x v . . . v ΏBn\ι C.

Proof: By Lemma 4, we have either (1) C is a tautology, or (2) A v # z is an
L-tautology for some i (1 < z < «).

If (1) holds, then trivially L (or L^) h O i v ΠB1 v . . . v ΠBn v C. If (2)
holds, we have three cases: (1°) If A is missing, then L^ 1= DJ5 X V . . . V Di?w v C,
by the Remark following Lemma 4, and for some i, Bi is an L-tautology by
Lemma 4. Thus, we have LN h D5, by Lemma 6. Thus, L# H D5i v . . . v
D^« v C.

(2°) If w = 0, then L = DLpq, by the Remark following Lemma 4, and 4̂ is
an L-tautology. So, L (or L v) h 0^4, by the corollaries to Lemma 5 and
Lemma 6.
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(3°) In the remaining case, L (or L#) h Π~A -> D2?z , by Lemma 4 and
Lemma 5 (or Lemma 6). Thus, L (or LN) h 0̂ 4 v ΠB1 v . . . v ΠBn v C.

Remark: It is easily seen that there exists a proof of 0̂ 4 v ΠB1 v . . . v ΠBn v C
with the same property mentioned in the Remark following Lemma 6.

If a structure Thy = (W, R, Q) or <W, R), then Ths is such that P = φ or
P = Q ~ Φ, respectively. ^ is an L3-structure iff #z/ = (W, R, Q>, and 7>v is a
ZλL3-structure iff %/ = W, /?, β> and 7h/ is serial. Let L be L3 oτDL3. L^A
iff for any L-structure Tru = (W, R, Q), Tfr t= A, and L^ 1= ̂ 1 iff for any
structure ??is = (W, R), Tϊu^A.

Lemma 8 Let Trui = (Wiy Riy Qt) (i e / ) , M!{ Π W} = φ if i φ j (z, / e /), α^J

%/ = (W, R, Q), where W = \J Wif R = \J Rif and Q = \J Qt. Then, for any
i i i

formula A and any i e I, μe W(, (?%/, μ) (= A iffilftsi, μ> 1= A.

Pro of: S tr aight forward.

Lemma 9 Let Thsi = {Wif Rif Q/> and μ, e M̂  (1 < z < m). For eac/z 2%/,-, μz ,
and propositίonal variables plf . . ., p«, /7zere βx/̂ r̂  ^/ z = <H//, Λz , Ql) such that
μ\ e Wl W\ Π R//= 0 /// Φj\ and (7b>u μ, ) 1=̂ 4 iff (9^1 μl> \=A, for any formula
A having only propositional variables px, . . ., pn.

Proof: Straightforward.

Lemma 4' Let L be 13 or DL3. If L for L^ t= <M v D^! v . . . v DJ?Λ v C,
f/ẑ n either (1) C is a tautology, or (2) L for L^ ^ A v i?z /or some /.

The proof is similar to the proof of Lemma 4 except that we make use of
Lemma 9.

Thus, Lemma 7 with the Remark following it hold for L3 (or L3jγ) and
DL3 (or DL3N), by induction on modal degrees of formulas.

The completeness theorem follows by 7 in Lemma 1, Lemma 7, and by
checking that each axiom is valid and that each rule of inference preserves
validity.

Theorem Let L be L00-DL3. Then L (or LN) ^AίffL (or LN) h A.

4 Applications

Derivability of the rule \~ΏA => h 4 £2° based on the PC is formulated as
L12N+ \tΠA => K41 inZeman [10] and Bowen [1].

We show here the rule hD^l => \~A is derivable in L00jγ-DL3j^. Hence, we
can see this rule is redundant in the S2° formulation.

Corollary Let L be L00-DL3. If LN h ΠA, then LN h A.

Proof: Suppose Lyy h D A Then Lyv ̂ UA. So L̂ γ \=A. Therefore, L^ \~ A.

Decidability First we show that it is decidable whether A is an L-tautology
or not, where L is one of L00~DL\2. We consider only the case of DL\2 as in
the proof of Lemma 3. Our proof proceeds by induction on the construction
of Z)L12-tautologies and modal degrees of formulas. It is decidable whether A is
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an axiom of DL\2 or not. Assume that for any formula A such that degC4) < n,
we can decide whether A is a DL12-tautology or not. Let A be a Boolean
combination of p 1 ? . . ., pti ΏBU . . ., ΏBm and deg(,4) = n. Then we can
construct (#), as in the proof of Lemma 3, in a finite number of steps since
degCδ^ - > . . . - • i ? ^ ) < rc. It is easy to decide whether (#) is a tautology or
not. Thus, we can decide whether or not A is a Zλ£12-tautology. We can also
decide whether or not L (or LN) h OA v OBl v . . . v D2?π v C by Lemmas 4-6.
For L3-DL3χ, we have the same result by Lemma 4' and induction on modal
degrees of formulas. So each formula in conjunctive normal form is decidable.
Any formula is equivalent to its conjunctive normal form, by 7 in Lemma 1,
and for any given formula we have a method for deriving its conjunctive normal
form. Therefore, each logic here is decidable.

M-subformula property Let L be L00-DL3jv. We say a formulae! provable
in L has the M-subformula property iff there exists a proof of A in L such that
each formula X, Y occurring in any modal axiom of the form Π(X -> Y) ->
(ΠX -> ΏY) or ΠX -* OX in the proof consists of a Boolean combination of
subformulas of A. A logic L has the M-subformula property iff each formula
provable in L has the M-subformula property.

Theorem Let L be L00~DL3N. Then L has the M-subformula property.

m

Proof: Assume L h A. By 7 in Lemma 1, L h A <—> /\ (OAj v ΠBiι v . . . v

UBini v C, ). Since L h A, L h 04/ v ΠBn v . . . v ΏBini v Q, for each /. Thus,
this formula has the Λ/-subformula property by the Remark following Lemma 7.
Hence, A has the M-subformula property by the Remark following the proof of
Lemma 1.
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