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Vector Spaces and Binary Quantifiers

MICHAL KRYNICKI, ALISTAIR LACHLAN

and JOUKO VAANANEN

1 Introduction Caicedo [1] and others [3] have observed that monadic
quantifiers cannot count the number of classes of an equivalence relation. This
implies the existence of a binary quantifier which is not definable by monadic
quantifiers. The purpose of this paper is to show that binary quantifiers cannot
count the dimension of a vector space. Thus we have an example of a ternary
quantifier which is not definable by binary quantifiers.

The general form of a binary quantifier is

Qx1yι . . . xnynΦi(xi,yi) Φn(xn,yn)

An example of such a quantifier is (in addition to all monadic quantifiers) the
similarity quantifier:

Sxιyιx2y2φι{xι>yι)φ2(x2,y2) <-> φ^v) and φ2( , )
are isomorphic as binary relations.

We let JL(Q) denote the extension of first-order logic by the quantifier Q.
Recall the definition of Δ(.£(Q)) from [2]. It is proved in [4] that Δ(Z(5)) is
equivalent to second-order logic. Even monadic quantifiers can have very
powerful Δ-extensions. Thus, simple syntax (such as -£(β)) is no guarantee for
simple model theory.

2 Vector spaces—the main lemma Let K be an infinite field. We shall
consider vector spaces

Ψ = <F,+, , O JO

over K. Here + denotes addition of vectors, denotes multiplication of vectors
by an element of the field, and 0 is the zero vector. Thus V should be con-
sidered as a two-sorted structure. Let L denote the language associated with If
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consisting of symbols +, j_, J3 for the vector operations, a constant symbol c_ for
each c e K, and symbols for the field operations. The linear type of an ft-tuple
ai, . . ., an of elements of V is the set of linear equations

cxxx + . . . + cnxn = 0

satisfied by α l 5 . . ., an (cl9 . . ., cn e K).

Main Lemma Let Ψ and Ύ' be two vector spaces over K of dimensions d
and d' respectively. Let au . . ., an be an n-tuple from "If and au . . ., an an
n-tuple from I/1 of the same linear type. Suppose

n + 2<d, d'<\K\.

Then there is a bijectίon f: V -> If1 such that (x, y, au . . ., an) has the same
linear type in 1/ as {fx, fy, a\, . . .,an) in Ύ\ whatever x, y e V.

Proof: Let H be the subspace of If generated by alf . . ., an and H' the
respective subspace of ^ ' . Let G be a subspace of Ψ such that Ύ -H® G and
G' a similar subspace of V'. Note that G and G' have dimensions of at least 2,
since d, d' > n + 2. Let W be a maximal subset of G with respect to the
property

x Φ y &LX, ye W =>{χ, y\ free.

Then every vector in G has the representation λw for unique λ e K and w e W.
Let W' be defined similarly in G'.

From d<\K\ it follows that I V\ = \K\ (recall that K is infinite). Similarly
l#l = \G\ = 1̂ :1. Clearly |R/| >lAΊ.Thus \W\ = I ATI. By symmetry, \W'\ = \W\.

Now we shall define the mapping /. We let / be the identity on K. Let /
map W one-one onto W'. As a and α' have the same linear type, we have

(H, a) s (H't a')

and we can let / map H isomorphically onto H' such that f(a{) = a\ (i = 1,. . ., n).
Now if v e V, then v has a unique representation

υ = λw + h,

where λ e K, w e W, and h e H, and we can define

/(i;) = λ/(w)+/(Λ).

This clearly makes/onto. To prove the claim concerning linear type, let

Ml*l + M2*2 + M3Z1 + . . + μn+2zn = 0

be an equation satisfied by {bγ, b2, au . . ., an) in Ψ. Let

bi^λfWi + hi, ( ί = 1 , 2 ) .

Thus

MiλiWj + μ 2λ 2w 2 + Mx/Zi + μ2/z2

 + M3̂ i + . . + M«+2̂ « = 0.

As G ΠH = {0!, we must have

μ 1λ 1w 1 + μ 2λ 2w 2 = 0.
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By the very definition of W, either μ ^ j = μ 2 λ 2 = 0 or wx = w2 (and μ^ +
μ 2 λ 2 = 0). We also have

MiAi + μ2h2 + M3̂ i + . . . + M«+2̂ « = 0.

Now in any case

Miλi/Oi) + μ2λ2/(w2) = 0

and

Mi/(/*i) + M2/(A2)
 + M3«i + . • . + Vn+ia'n = 0,

whence

Mi/(6i) + M2/(*2> + Mafl'i + + Mπ+2^ = 0,

as desired. The converse is entirely similar.

3 Equivalence of vector spaces We show that the dimension of vector
spaces cannot be distinguished in certain logics.

Let Q be a binary quantifier, that is, a quantifier of type

(*) β*iJ>i xnynΦi(Xi> JΊ . *) • 0Λ(*/I, JV 5).

Let ^.c?oω denote the infinitary language over the language L defined in
Section 2. If φ(z) is a formula of type (*), where each 0z (x/, >>/, z) is a quantifier-
free formula of J^oo^, and Γ a linear type of m-tuples, let

πκ(φ(ΐ), T)

be the true propositional symbol, if the statement (**) below holds, and the
falsity symbol otherwise:

(**) There is a vector space Ύ over K of dimension d, m + 2 < J < \K\ (z =
(z l 5 . . ., zm)) which satisfies φ(ί) for some m-tuple a of linear type T.

Let JLooω(Bin) be the extension of «Zooω by all binary generalized
quantifiers.

Elimination Lemma Suppose φ(x) is in £ooω(Bin) and a is a cardinal
exceeding the number of free variables in any sub formula ofφ(x). Then there is
a quantifier free 0*(3c) in JLooω such that

VJc(φ(ί) ^ > φ*(x))

holds in any vector space over K of dimension d, a + 1 < d < I ATI.

Proof: The proof proceeds by induction on the length of φ(x). To prove the
quantifier step, consider a formula φ(x) of type (*) above. Let S be the set of
all linear types of m-tuples. If T e S, let Pγ(z) be the conjunction of all
equations

(+) Cizx + . . . + cmzm=0

which belong to T as well as of all

cxzx+ . . . + c m z w £ 0
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such that (+) is not in T. Finally, let

0*(z)= V (Pτ&Λirκ(φ(z),T)).

To prove the claimed equivalence of φ(z) and φ*(z), let Ίf' be a vector space
over K of dimension > α . For a start, suppose Ίf' satisfies φ(a') where ~a' is an
m-tuple from Ίf'. As it turns out in a while, we may assume the 2' are all from
V (and not from K). Let T e £Γ be the linear type of α\ Thus Ίf' satisfies
Pτ(a'). By definition, πκ(φ(z), T) is true (take Ίf = Ίf' in (**)). Therefore 0*(2')
holds in Ίf'. For the converse, suppose Ίf' satisfies φ*(α'). There are a Γ e *5~,
and an m-tuple 5 as in (**). Now Ίf satisfies φ(a) and ~a and 5' have the same
linear type T. Let /: Ίf -* ̂ ' be as in the Main Lemma. If there happened to be
elements of K in α', /would be fixed on them, so they would cause no trouble.

By the conclusion of the Main Lemma, the sequences (x, y, a) and
(fx> fy> 2') n a v e the same linear type whatever xt y e V. This implies

V |= φάx, y, a) +-> Ύ' 1= φt(βc, fy, a')

for all / = 1, . . ., m and x, y e V. By the closure of Q under isomorphisms, we
get

Ίf tφ(a)*-+V \=φ(ar).

We have already observed that φ(a) holds in Ίf. Therefore Ίf* \= φ(af) as
desired.

Corollary 1 Let φ be a sentence in JLooω(Bin) and let a be a cardinal greater
than the number of free variables in any subformula of φ. Then either φ is true
in all vector spaces over K of dimension d, a + 1 < d < I K\, or true in none.

This result shows that £ooω{Biή) cannot distinguish two infinite-
dimensional vector spaces over R, and JLωω(Bin) cannot distinguish finite-
dimensional vector spaces over, say, Q from the infinite dimensional one.

Proposition Suppose Ίf and Ίf1 are two vector spaces over an uncountable
field K of different infinite dimensions. Suppose 96 and %>' are PC(JC(QI))
classes such that Ίf e 10 and Ίf' e 70\ Then TO Γ\ 96' Φφ.

Proof: By compactness there are vector spaces W e 90 and W' e 90* over a
field K1 such that Vf and 0Vf have uncountable dimension. This depends on the
fact that in any vector space over an uncountable field of dimension >n there
are uncountably many vectors, no n of which are linearly dependent (n > 2).
(Consider vectors with coordinates (x, x2, x3, . . ., xn) where x belongs to the
field. No n of these vectors are linearly dependent because

Xl X2 - - - Xyi

x\ X2- xn

= ΓT Xi(xi-Xj)Φ0

Ki<j<n

xl X2 - -xn
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if xu . . ., xn are nonzero and different.) We may assume 1^1 = 1 W'\ = \K'\ -
«!. Thus dim(W) = dim(W) = «x whence 5f ~ ?f'. This implies ^ Π ̂ ' =£ 0.

This proposition shows that we cannot hope to separate the vector spaces,
which were proved to be inseparable by binary quantifiers, by PC-classes of
~£(Gi) Other examples have to be used if one wants to show the undefinability
of ΔC^ίQi)) by binary quantifiers. The same applies to such extensions of
Z(βi) as £Pos and £(aa). Thus we have:

Corollary 2 We can replace Zooω(Bin) in Corollary 1 by A(Z(Qi)), Δ(£Pos)
and Δ(-£(αα)).

4 Logics which can separate vector spaces The most straightforward
example of a logic capable of distinguishing infinite dimensional vector spaces
from finite dimensional ones is £ωχω'. consider the sentence

Λ 3 * ! . . . *„ V/i . . ./„ e KifiXi + ••• +fn*n=0 +-+fι = . . . = / « = 0).

This sentence is in fact in the fragment JLHYP where HYP is the smallest
admissible language containing ω. Thus we have1:

Proposition Δ(Z(β 0 ) ) ̂  £ωω(Bin).

By considering the sentences

QXXB(X)A Λ \/x1...xneB\/f1...fneK

( Λ X , * J C , ^ ( / 1 J C 1 + . . . + / Π * Π = 0 < - * / 1 = . . . = / Π = 0 ) )
\l<i</«ίn /

nQlXB(x) Λ Vx V 3x1...xneB3fι...fne K(x=flXl + . . . +fnxn),
n<ω

and bearing in mind thatZ^rp < Δ(^.(βo> Gi))3

 o n e β e t s :

Proposition Δ(Z(Q0> Qi)) 1̂  £ooω(Bin).

Corollary 3 Z ^ J β i ) ^ jL*>Jβiή).

We shall now introduce a ternary quantifier Q which is not definable in
£ooω(Biri). For a ternary predicate /)(*,.)>, z), constants co,cl9 and a unary
predicate B(x) consider the formulas:

Φo(x, y> u, v) +-+ xΦuhxΦυhyΦuhyΦυh
((x=yMizzυ)\i(xΦyNuΦυr\ n3z(D(x,^, z) AD(U, υ, z))
Λ3Z((Z)(JC, U, z) Λ Z)(M, >/, z)) v (D(x, u, z) Λ D(^, v, z)))))

Φx(x, ^, M, v) <—• (0O(^ ̂ , «, y)Λ (3z(D(x, M, z) ΛD(y, υ, z))^x= y)

φ+(x, y, z) <-> Ξwi ίψ^Co,x, u, v) Λ φχ(«, υ, y, z))

F(x) ^-^ D(x, c0, c θ

0.(X, 7, Z) ^—> X = Z = Co V (X = Cj Λ Z = y) V (F(X) AX ΦCO AX Φcλ

A 3uv(φo(ch u, x, υ) A φo(u, y, υ, z) A D(U, υ, c0) A D(y, z, c0))
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0i(λ,x)<->λ = cov x = c0

ψ+(λi,. . ., K> X\, .,Xn)<r-*3uυw(φχ\ux1,u)

Λ ΦXλ2,x2iυ)/\ φ+(u,υ,w)/\ 0+"1(^i>λ3> ,λ«, w,x3, . . .,*„))

/ W ( x 1 ? . . ., χn) «-* V ^ . . . ^ ( ( F ^ ) Λ . . . Λ F ( X J
Λ φWλj, . . ., λΛ, Xl5 . . ., *„) "> λj = . . . = λn = C0)

Fr(5) <-* Λ \/xx . . . xn CB( Λ xt Φxf-+Freen(xu . . . χn)\.

Definition βxjzD(x, 3/, z) <—•> there is an uncountable set 5 such that
Fr(5) holds for some choice of c0Φcx.

Suppose now that V is a vector space over a field iΓ. Define

Dv{x, y,z)<-+3λeK(x = λy + (l- λ ) z )
("x, j ; and z are on the same line").

Then for this interpretation of D and any choice of c0Φ cίf Fr(B) holds if and
only if B is a free set of vectors. This shows that one can separate dimensions of
vector spaces using Q.

Proposition The class of countable dimensional vector spaces is definable
in Z(Q).

Corollary 4 JL(Q) iC JL00ω(Bin), that is, there is a ternary quantifier which
is not definable using binary quantifiers.

Problems: Is there an (72+ l)-ary quantifier not definable using n-ary quan-
tifiers for n > 2? Is Δ(^(Qi)) definable using binary quantifiers?

NOTE

1. Recall that Δ(Z(β0)) = ^HYP-
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