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Prime Spectrum of α Tetrαvαlent

Modal Algebra

ISABEL LOUREIRO*

1 Introduction Tetravalent modal algebras were introduced by Monteiro in
1978 as an example of DeMorgan algebras. They also provide a very interesting
generalization of the three-valued Lukasiewicz algebras. The aim of this paper
is to characterize the prime spectrum of a tetravalent modal algebra.

2 Tetravalent modal algebras Let us consider the following definition.

2.1 Definition: A tetravalent modal algebra 04, Λ, V, ~, V, 1), or simply
A, is an algebra of type (2,2,1,1,0) which satisfies the following axioms:

Al x A (x v y) = x
A2 x Λ (y v z) = (z Λ x) v (y Λ X)
A3 ~~x = x
A4 ~(x Λ y) = ~x v ~y
A5 ~x v Vx = 1
A6 X Λ ~X = ~X Λ V x

It immediately follows that A is a distributive lattice [7] and a DeMorgan
algebra [4], [5].

We assume that the reader is familiar with the basic notions of lattice
theory.

Of the properties which can be derived from the definition axioms, the
following should be retained, since it will be needed later:

B x < V x ( c f . [2])

*I am very grateful to Professor Alasdair Urquhart for his remarks and suggestions.
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A tetravalent modal algebra A that verifies the axiom A7 V(x Λ y) =
Vx Λ Vy is a three-valued Lukasiewicz algebra [6].

Following A. Bialynicki-Birula and H. Rasiowa [ 1 ], for each prime filter P
of A (i.e., each prime filter of the subjacent lattice) we define the prime filter
Φ(P) = A\~P, where \ denotes the set-theoretical complement and ~P -
\~x: xeP\.

It is easily checked that:

Cl Φ(ΦCP)) = P for each prime filter P of A.
C2 If P and Q are both prime filters of A such that PQQ, then Φ(Q) C Φ(P).

I will call this correspondence Φ the Birula-Rasiowa transformation
associated with A.

2.2 Lemma Let A be a tetravalent modal algebra, a e A. If P is a prime
filter in A, then VaeP iff a e P or a e Φ(P).

Proof: =•: Let Vα e P and suppose a 4 Φ(P). It follows ~a e P. By using
Axiom A6 we have ~a Λ Vα = ~a /\a e P, which implies a e P.

<=: If a e Λ from Condition B we get Va e P.
If a e Φ(P), then ^a 4 P and since 1 e P and P is a prime filter, from Axiom

A5 it follows that VaeP.

2.3 Definition (A. Monteiro) The prime spectrum of a tetravalent modal
algebra A is the couple <π, Φ> where π is the set of all prime filters of A and Φ
is the Birula-Rasiowa transformation associated with A

We are going to describe briefly a representation of a DeMorgan algebra in
terms of ordered topological spaces established in [3] and [8].

If A is a DeMorgan algebra, the dual space J(A) is defined as follows:
(a) 7Γ is the set of all prime filters of A (b) if a e A, set σ(a) = \P e π: a e P\ and
(Γ is the topology having as a subbase the sets of the form σ(a) and π\σ(α) for
each a e A; (c) π is ordered by the set-theoretical inclusion; and (d) Φ is the
Birula-Rasiowa transformation associated with A.

By [3] J(A) is a compact totally order disconnected space and Φ is a
continuous decreasing map from π into π. Thus, following [8], J (A) is an
Ockham space. Therefore by Theorem 1 of [8], A is isomorphic to the dual
lattice D(A) of J {A)\ i.e., the lattice of all clopen increasing subsets of J(A),
with the definition, for each a e D(A):

D ~α = φ-^πW] = \P e π: Φ(P) i OL\.

2.4 Lemma // A is a DeMorgan algebra, then A can be expanded to a
tetravalent modal algebra iff its prime spectrum satisfies the condition:

R XCY=>(Φ(X)=YorX=Y).

Proof: =*: Consider A a tetravalent modal algebra and let X, Y e π such that:

(a) XCY and X Φ Y.

From (a) we get:

(b) Φ(Y) C Φ(X), where C means strict inclusion.
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From Lemma 2.2 and (a) it immediately follows:

(c) Φ ( I ) C r U Φ ( 7 ) .

It is easy to check that (c) implies either:

(d) Φ(X) C Y

or

(e) Φ(I)CΦ(7) .

Since (e) contradicts (b) then (d) holds. Similarly from Lemma 2.2, (b), and
Cl we get Y C X U Φ(X) which implies either:

(0 YCX

or

(g) YCΦ(X).

Since (0 contradicts (a), we have (g). From (d) and (g) it follows Φ(X) = Y and
condition R is satisfied.

<=: Consider A a DeMorgan algebra such that its prime spectrum satisfies
the condition R. Let D(A) be the lattice of all clopen increasing subsets of
J(A). As we have stated, A is isomorphic to D(A). For each α: e D(A) we
define:

(a) Vα = α U Φ [ α ] ,

Since Φ[α] = fΦ(P): Pe αi, from D and Cl it easily follows:

(b) Φ[α] = π\~α.

Since a is clopen, then ^α: is clopen, hence by (b), Φ[α] is clopen. Thus
Vα = a. U Φ[α] is clopen.

Let us prove now that Vα is increasing. Let P, Q e it such that P e Vα and
P C Q. By condition R it follows that either:

(c) P=Q

or

(d) Q = Φ(P).

From (c) we get Q e Vα. From (d) and Cl we obtain:

Qe Φ[Vα] = Φ [ α U Φ [ α ] ] = α U Φ [ α ] = Vα.

Thus Vα is increasing and we have Vα e D(A). Finally it is easily checked that
the operation V defined in (a) OYQTD(A) satisfies Axioms A5 and A6. Therefore
A can be expanded to a tetravalent modal algebra.

3 Characterization of the prime spectrum of a tetravalent modal algebra
In order to be able to characterize the prime spectrum of A, we need to intro-
duce the following ordered set theory definitions of Monteiro.
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3.1 Definition Let β(<) be an ordered set. We write a\\b\ i.e., a and b are
comparable (a, b e β) if a < b or b < a.

If this condition is not satisfied we say a, b are not comparable.

3.2 Definit ion We say t h a t a e β and b e β are joined {a ^ b) if t h e r e is a
finite s e q u e n c e x1} . . ., xn of e l e m e n t s of β such t h a t Xjll.x/+1(z = 1, . . . , « - 1),
xx- a a n d Λ ^ = Z>.

3.3 Remark: It is easy to check that » is an equivalence relation in β.

3.4 Definition The equivalence classes \a\(a e β) for the relation « are
called the connected components of β.

Now let y4 be a tetravalent modal algebra whose prime spectrum is
<π, Φ>.

We consider the set π ordered by set-theoretical inclusion.
For each P e π, it is well known that if there is an ultrafilter U oϊ A such

that P C [ / , then by Definition 3.1, PllU (in π(C)) and therefore \P\ = I I/I. For
this reason, to know each connected component of π(C) it is sufficient to
determine the equivalence class of each ultrafilter U of A.

We have the following result:

3.5 Proposition If K C π is a connected component of π(C), then the set

Φ(K) = \Φ(Pi)\pieκ is a^so a connected component of π.

Proof: Let K C π be a connected component of π(C). We are going to prove
that the set Φ(K) = \Φ(Pi)\(pi€κ) is an equivalence class for the relation « of
Definition 3.2; i.e., that Φ(K) verifies the following conditions:

(1) Φ(i> ), Φ(Pf) e Φ(K) implies that Φ(P, ) « Φ(P; ).
(2) Q e π and Q « Φ(PZ ) e Φ(^) imply that Q e Φ(K).

For (1), let Φ(P/), Φ(/; ) e Φ(^Γ). Since K is a connected component of
π(C) we have Pi ^ P}\ i.e., there is a finite sequence P(, . . .,Pή of elements of Γ̂
such that Py\\Py+1(y = 1, . . ., n ~ 1), P[ = P/ and ^ = P ; .

The above conditions together with property C2 of Section 2, imply that

Φ(i> ) « Φ(P;).
For (2), let β e π and assume that Q ^ Φ^/) e Φ(X"). By the above result

(1) and property Cl of Section 2, it follows that Φ(β) « Φ(Φ(P/)) = Λ; i.e.,
Φ(β) e ^ and therefore Q = Φ(Φ(β)) e Φ(iΓ).

3.6 Definition (A. Monteiro) The sets K U Φ(X) where K is a connected
component of π(C), are called Φ-connected components ofiπ, Φ>.

3.7 Remark: If AT is a connected component of π(C) and K Π Φ(K) Φ φ,
then K = Φ(A') and it is a Φ-connected component of <τr, Φ>.

According to our aim, we shall prove the main result of this paper:

3.8 Theorem A DeMorgan algebra A can be expanded to a tetravalent
modal algebra iff the Φ-connected components of its prime spectrum (π, Φ) are
of the following types:
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Type I: \U, Φ(U)\ where U and Φ(U) are not comparable and they are both
ultrafilters and minimal prime filters.

Type II: \U\ where U = Φ(U) is an ultrafilter and a minimal prime filter.
Type III: \U, Φ(U)\ where Φ(U) C U, U is an ultrafilter, andΦ(U) is a minimal

prime filter.

Proof: =*: By Lemma 2.4, (π, Φ> satisfies condition R.
We have seen that it is sufficient to determine the Φ-connected com-

ponents that contain the ultrafilters of A. Let U be an ultrafilter of A and sup-
pose that U and Φ(f/) are not comparable. If Φ(U) were not an ultrafilter of A,
then there would exist a prime filter P of A such that:

(a) Φ(U)CP.

From (a) and condition R it follows that P = Φ(Φ(£/)) = U and so Φ(U) C U
which contradicts the hypothesis, therefore Φ(U) is an ultrafilter of A.

Similarly it is proved that Φ(U) is a minimal prime filter, using condition
R. Thus \Φ(U)\ is a connected component of π(C) because Φ(U) is the only
prime filter comparable with itself. Hence, by Proposition 3.5, \U\ = ίΦ(Φ(ί/))ί
is also a connected component of π. Therefore, in this case \U, Φ(U)\ is a
Φ-connected component of Type I.

If (b) U=Φ(U) or (c) Φ(U) C £/, it can be proved that Φ(U) is a minimal
prime filter, in a similar way.

If we have (b) then \U\ is a Φ-connected component of Type II.
If we have (c), it is easily proved that there is no prime filter P such that

Φ(U) C P C U, using again condition R. Therefore Φ(U) is the only prime
filter strictly contained in U and U is the only one which strictly contains Φ(U).
Thus \U, Φ(U)\ is a Φ-connected component of Type III.

*=: It follows straightforwardly that if these conditions hold, then the
prime spectrum of the DeMorgan algebra A satisfies condition R of Lemma 2.4
and thus A can be expanded to a tetravalent modal algebra by the same lemma.

3.9 Corollary The Φ-connected components of the prime spectrum of any
tetravalent modal algebra A are of Types /, //, /// of the previous theorem.
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