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Partition Principles and Infinite Sums
of Cardinal Numbers

MASASI HIGASIKAWA

Abstract The Axiom of Choice implies the Partition Principle and the ex-
istence, uniqueness, and monotonicity of (possibly infinite) sums of cardinal
numbers. We establish several deductive relations among those principles and
their variants: the monotonicity follows from the existence plus uniqueness;
the uniqueness implies the Partition Principle; the Weak Partition Principle is
strictly stronger than the Well-Ordered Choice.

1 Introduction The Partition Principle states that the size of any partition of a set is
at most that of the original set. The uniqueness of the sums of cardinal numbers is the
principle that the direct sums of equipollent sets are also equipollent. (They are PP
and FB, respectively, in the next section.) They are immediate consequences of the
Axiom of Choice and the first two of seven applications presented by Zermelo [18]
to indicate the indispensability of the Axiom.

The deductive relations have not been settled among those three principles ex-
cept for the above-mentioned trivial ones. We partly answer by showing the implica-
tion FB ⇒ PP (Theorem 3.2).

We also establish that the Weak Partition Principle is strictly stronger than the
Axiom of Choice restricted to well-orderable families of sets; this solves two of prob-
lems in Banaschewski and Moore [1]. For other results, see the end of the next sec-
tion.

2 Preliminaries We work in the theory ZFU (the Zermelo-Fraenkel set theory with
atoms and without the Axiom of Choice) − Regularity, or ZF◦, unless otherwise
stated.

Some of our notation is borrowed from [1] or Rubin and Rubin [13]. We define
the relations ≈, �, ≺ and �∗ by

x ≈ y ⇔ there exists a bijection x → y,
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x � y ⇔ there exists an injection x → y,

x ≺ y ⇔ x � y and not y � x,

x �∗ y ⇔ x is empty or there exists a surjection y → x.

We use + and
∑

to denote direct sums; if necessary to be specific,

x + y = (x × {0}) ∪ (y × {1}),∑
i∈I

xi =
⋃
i∈I

(xi × {i}).

A set x is said to be idemmultiple if x + x ≈ x.
In ZF◦, the notion of cardinality is known to be undefinable (cf. Jech [7], The-

orem 11.2, see also Remark 2.1 below). So we use a local cardinal number instead,
by which we mean a nonempty set X such that (∀x, y ∈ X)(x ≈ y). Let

x∈̃X ⇔ for some y ∈ X, x ≈ y.

Nevertheless for x well-orderable, |x| denotes the least ordinal equipollent to x.
We consider following statements.

AC: The Axiom of Choice.
ℵα-AC: Well-ordered choice of length ωα.
DC: The Principle of Dependent Choices.
ℵ0-TC: Every Dedekind-finite set is finite.
PP: If x �∗ y, then x � y. (The Partition Principle.)
WPP: If x �∗ y, then y ≺ x. (The Weak Partition Principle. An equivalent for-

mulation: if x �∗ y � x, then x ≈ y.)
PPIdm: If y is idemmultiple and x �∗ y, then x � y.
FI: For every pair 〈xi : i ∈ I〉 , 〈yi : i ∈ I〉 of families of sets with the same index

set, (∀i ∈ I)(xi � yi) implies
∑

i∈I xi � ∑
i∈I yi.

FB: For 〈xi : i ∈ I〉 , 〈yi : i ∈ I〉 as above, (∀i ∈ I)(xi ≈ yi) implies
∑

i∈I xi ≈∑
i∈I yi.

LCR: For every family 〈Xi : i ∈ I〉 of local cardinal numbers, there exists a fam-
ily 〈xi : i ∈ I〉 of sets such that (∀i ∈ I)(xi∈̃Xi).

Idm: Every infinite set is idemmultiple.
PW: If a set has at least two elements, then it can be partitioned into well-
orderable blocks with at least two elements.

WU: The union of a well-orderable family of well-orderable sets is also well-
orderable.

Remark 2.1 Assume temporarily the Regularity Axiom and that the class of atoms
is a set. In this case every set x is assigned its cardinal number card (x) such that
x ≈ y ⇔ card (x) = card (y). For cardinal numbers mi, i ∈ I and m, we define
m to be a sum of 〈mi : i ∈ I〉 if there exists a family of sets 〈xi : i ∈ I〉 such that
(∀i ∈ I)(card (xi) = mi) and card

(∑
i∈I xi

) = m. Then existence, uniqueness and
monotonicity of the sum are equivalent to LCR, FB and FI, respectively.
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These principles are all consequences of AC and independent of ZF. The follow-
ing deductive relations are well known or easily seen (cf. Halpern and Howard [3],
Häussler [4], Howard [5], Jech [7], Moore [9], Pelc [10], Pincus [12], Rubin and Ru-
bin [13], and Sageev [14]), where arrows denote implications in ZF◦ and negated ar-
rows mean that the implications are independent of ZF.1

FI → FB
↓ ↘
PP WU →← (∗)

↙ ↓ ↘ ↗ ↑↓
WPP PPIdm (∀α)ℵα-AC →← DC →← ℵ0-AC

↘ ↓ ↑
Idm →← ℵ0-TC

↙ ↑ ↘ ↑ ↓
PW LCR → (∗)

The symbol (∗) stands for the Axiom of Choice restricted to countable families of
countable sets, which we include here to simplify the diagram.

Our results are indicated below by double arrows.

FB + LCR
⇓
FI → FB ⇒ PP → WPP ⇒ PPIdm ⇒

⇐ (∀α)ℵα-AC

⇑ ⇓
FB + PW ⇒ Idm PW

.

We thus answer two of the open problems mentioned in [1]:

(13) Does CB∗ (or even WPP) imply DC?

(14) Does PP follow from the proposition that for all α, ℵα-PP?

the former affirmatively (Corollary 4.2), the latter negatively (Corollary 5.2).

3 Partition principles and direct sums Pincus (see [10]) proved that

PP ⇒ (∀α)ℵα-AC.

Here PP can be weakened to the following principle.

PP−: If y is idemmultiple and there exists a surjection onto an ordinal f : y → λ

such that for each ξ < λ, f −1[{ξ}] is Dedekind-infinite, then λ � y.

The condition “y is idemmultiple” above, which makes PP− a consequence of PPIdm,
is not relevant to the arguments in this section but is necessary for the proof of Corol-
lary 4.2.

Lemma 3.1 PP− is equivalent to (∀α)ℵα-AC.

Proof (Sketch): The necessity is straightforward. For the other direction, a slight
modification of Pincus’s proof will do. Let

〈
xγ : γ < ωα

〉
be a family of nonempty

sets. Assuming PP− and (∀β < α)ℵβ-AC, we prove
∏

γ<ωα
xγ = ∅.
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Let Cγ for γ < ωα denote the set
∏

δ<γ xδ, which is nonempty by (∀β < α)ℵβ-
AC. We define families

〈
Dγ : γ < ωα

〉
of sets and

〈
λγ : γ < ωα

〉
of cardinals induc-

tively as follows.

λγ = max

{
ℵ

(⋃
δ<γ

Dδ

)
, sup

δ<γ

λ+
δ

}
,

Dγ = ω × Cγ × λγ,

where ℵ(·) denotes the Hartogs function:

ℵ(x) = min{α ∈ Ord : α � x}.

Let D = ⋃
γ<ωα

Dγ, λ = supγ<ωα
λγ .

Since the projection f : D → λ such that f (∗,∗, µ) = µ satisfies the premise
of PP−, we get an injection g : λ → D. Using g, we can define a choice function in∏

γ<ωα
xγ . �

Theorem 3.2 FB implies PP.

Proof: Consider the following auxiliary statement.

PP′: If there exists a surjection f : y → x such that for each u ∈ x, f −1[{u}] is
finite or Dedekind-infinite, then x � y.

PP′ implies PP− and so ℵ0-TC by Lemma 3.1. Thus PP′ is in fact equivalent to PP.
Let x, y and f be as in the premise of PP′. Assuming FB, we show x � y.
We define families 〈yu : u ∈ x〉 and 〈zu : u ∈ x〉 as follows.

yu = f −1[{u}],
zu =

{ |yu|, yu is finite,
yu ∪ {0}, yu is Dedekind-infinite.

Then we have (∀u ∈ x)(yu ≈ zu) and, by using FB,∑
u∈x

yu ≈
∑
u∈x

zu.

On the other hand, surjectivity of f implies (∀u ∈ x)(0 ∈ zu). Hence we get

y =
⊔
u∈x

yu ≈
∑
u∈x

yu ≈
∑
u∈x

zu ⊇ {0} × x ≈ x,

accordingly x � y. �
Here we refer to two cancellation laws.

Theorem 3.3 (Tarski [16], Corollary 5) If x + n × z ≈ y + n × z for some natural
number n, then x + z ≈ y + z.

Theorem 3.4 (Fillmore [2]) Assume ℵ0-AC. If (∀n < ω)(n × x � (n + 1) × y),
then x � y.2
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Lemma 3.5 Assume LCR. If two families of sets 〈xi : i ∈ I〉 and 〈yi : i ∈ I〉 and a
natural number n satisfy

(∀i ∈ I)((n + 1) × xi � yi),

then for some 〈zi : i ∈ I〉,

(∀i ∈ I)(n × xi + zi ≈ yi).

Proof: Let 〈xi : i ∈ I〉, 〈yi : i ∈ I〉 and n be as in the hypothesis and 〈Zi : i ∈ I〉 de-
termined by

Zi = {z ⊆ yi : z ≈ xi + w for some w such that (n + 1) × xi + w ≈ yi}.

Then for each i ∈ I, Zi = ∅.
Suppose z, z′ ∈ Zi. There exist w and w′ satisfying

(n + 1) × xi + w ≈ (n + 1) × xi + w′ (≈ yi),

z ≈ xi + w,

z′ ≈ xi + w′.

By Theorem 3.3, we have xi + w ≈ xi + w′, and so z ≈ z′. Hence each Zi for i ∈ I
is a local cardinal number.

By using LCR, we obtain a family 〈zi : i ∈ I〉 such that (∀i ∈ I)(zi∈̃Zi), for
which (∀i ∈ I)(n × xi + zi ≈ yi) holds. �

Theorem 3.6 FB plus LCR implies FI.

Proof: Suppose two families of sets 〈xi : i ∈ I〉 and 〈yi : i ∈ I〉 satisfy (∀i ∈ I)(xi �
yi). Then, for each n < ω,

(∀i ∈ I)((n + 1) × xi � (n + 1) × yi).

By Lemma 3.5, we get a family 〈zi : i ∈ I〉 such that

(∀i ∈ I)(n × xi + zi ≈ (n + 1) × yi).

Therefore, by FB,

n ×
∑
i∈I

xi +
∑
i∈I

zi ≈ (n + 1) ×
∑
i∈I

yi,

and so
n ×

∑
i∈I

xi � (n + 1) ×
∑
i∈I

yi.

Applying Theorem 3.4, we conclude that∑
i∈I

xi �
∑
i∈I

yi.

�
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4 Idemmultiplicity As far as idemmultiple sets are concerned, some aspects of car-
dinalities are quite simple.

Proposition 4.1 WPP implies PPIdm.3

Proof: Let x �∗ y ≈ y + y. We have y � x + y �∗ y + y ≈ y. By WPP, We get
x + y ≈ y and so x � y. �

Corollary 4.2 WPP implies (∀α)ℵα-AC.

Proof: Combine the proposition with Lemma 3.1. �

Corollary 4.3 Assume Idm. Then PP and WPP are equivalent.

Lemma 4.4 FB plus Idm implies FI.

Proof: Let 〈xi : i ∈ I〉 , 〈yi : i ∈ I〉 be such that (∀i ∈ I)(xi � yi). We define the
family 〈zi : i ∈ I〉 by

zi =
{ |yi| − |xi|, yi is finite,

yi, yi is infinite.

Using Idm, we get (∀i ∈ I)(xi + zi ≈ yi); and hence, due to FB,
∑

i∈I xi � ∑
i∈I yi.

�
In the lemma above, Idm can be replaced by (apparently weaker) PW. We shall show
this through a generalization of the theorem in König [8].4

For partitions y, z of the same set, we denote by z � y that

(∀v ∈ y)(∃w ∈ z)(v � w).

(I.e., z is everywhere strictly coarser than y.)

Lemma 4.5 Assume PW. Suppose y is a partition (of its union) with at least two
blocks. Then there exists a coarser one z such that

z � y,

(∀w ∈ z)({v ∈ y : v ⊆ w} is well-orderable).

Proof: Due to PW, there exists a partition z′ of y such that each w′ ∈ z′ is well-
orderable and consists of at least two blocks of y. Then

z =
{⋃

w′ : w′ ∈ z′
}

suffices. �

Theorem 4.6 PW plus FB implies Idm.

Proof: Suppose x is an infinite set. Assuming PW and FB, we shall show that x is
idemmultiple. If x is well-orderable, then we are done. So assume otherwise.

We denote by P the set

{y : y is a partition of x into well-orderable blocks},
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Then P is nonempty, and each y ∈ P has infinitely many blocks. For y ∈ P, let z be
a coarser partition as in Lemma 4.5. Thus for each w ∈ z,

{v ∈ y : v ⊆ w} is well-orderable,

w = ⋃{v ∈ y : v ⊆ w};
by WU, w is well-orderable. Therefore z ∈ P. Accordingly we have shown that

(∀y ∈ P)(∃z ∈ P)(z � w).

By using DC, we get a sequence 〈yn : n < ω〉 in P such that

(∀n < ω)(yn+1 � yn).

We define the partition yω by

yω =
{⋃

n<ω

vn : 〈vn : n < ω〉 ∈
∏
n<ω

yn and (∀n < ω)(vn ⊆ vn+1)

}
.

Then each block v of yω is the union of a strictly increasing sequence of well-
orderable sets. Again by WU, v is well-orderable and infinite, and thus idemmultiple.

By virtue of FB, we have∑
v∈yω

v ≈
∑
v∈yω

(v + v)

≈
∑
v∈yω

v +
∑
v∈yω

v.

On the other hand,
x =

⊔
v∈yω

v ≈
∑
v∈yω

v.

Therefore x is idemmultiple. �

Corollary 4.7 FB plus PW implies FI.

5 Levy’s model Recall the model described in [7], Theorem 8.9. We begin with the
universe V of ZFU + AC + “the set A of atoms is of size ℵα+1.” The permutation
model V is determined by the group G of all permutations of A and the normal ideal
I = {X ⊆ A : |A| ≤ ℵα}: V is the class satisfying

A ⊂ V

and
(∀x)(x ∈ V ↔ x ⊂ V and (∃E ∈ I)(fix(E) ⊆ sym(x))),

where

sym(x) = {π ∈ G : πx = x},
fix(x) = {π ∈ G : (∀y ∈ x)(πy = y)}.

V is known to be a model of ZFU + (∀α)ℵα-AC + ¬AC (and more). The transfer
into ZF is obtained by Pincus (see also Pincus [11]).
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Theorem 5.1 In the model V ,

1. PW does not hold;5

2. PPIdm does not hold.

Proof: We work in the universe V .
(1) Suppose x is a partition of A into (well-orderable)V nontrivial blocks. Let

E be in I. Since for every y ⊆ A,

(y is well-orderable)V ⇔ |y| ≤ ℵα,

there exist two atoms a, b ∈ A \ E which do not belong to the same block of x. We
denote by π the transposition of a and b. Then π ∈ fix(E) and πx = x. Therefore
x /∈ V .

(2) Let, for each X ⊆ A, [X] = {Y ⊆ A : X ! Y is finite}, and let P (A)/fin =
{[X] : X ⊆ A}. Note that

V |= (P (A)/fin)V �∗ P (A)V ≈ P (A)V + P (A)V .

We want to show that
V |= (P (A)/fin)V � P (A)V .

Suppose f : (P (A)/fin)V → P (A)V is an injection. (P (A)V = {X ⊆ A : X ∈
I or A \ X ∈ I} and for each X ∈ P (A)V , [X]V = [X].) We show that f /∈ V , i.e.,
for each E ∈ I, we find π ∈ fix(E) such that π f = f . We define the function ˜:
P (A)V → I by

X̃ =
{

X, X ∈ I,
A \ X, otherwise.

Case 1: For some X ∈ P (A)V , f̃ [X] ⊆ E. Let π be the transposition of an ele-
ment of f̃ [X] \ E and one in A \ ( f̃ [X] ∪ E). Then π ∈ fix(E). On the other hand,
[X] = [πX] and π( f [X]) = f [X], so (π f )[X] = (π f )[πX] = π( f [X]) = f [X],
hence π f = f .

Case 2: For all X ∈ P (A)V , f̃ [X] ⊆ E. Let X ∈ P (A)V and π ∈ fix(E) be such that
[X] = [πX]. Then f [πX] = f [X] = π( f [X]) = (π f )[πX]. We also get π f = f . �

Corollary 5.2 Assume that ZF is consistent. Then in ZF, (∀α)ℵα-AC does not im-
ply PW nor PPIdm, a fortiori WPP.

Acknowledgments This paper is based on part of the author’s dissertation at the University
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NOTES

1. By virtue of Howard [6], Theorem 2.3, the implication WU → ℵ0-AC is independent of
ZFU.

2. Fillmore’s result is formulated in the language of cardinal algebras (cf. Tarski [17]).

3. Sierpiński [15] shows that ω1 � R and R/Q � R, instances of PPIdm, follow from WPP.
Our proof is essentially the same as the arguments therein.
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4. König deduced Idm from the principle “every infinite set has a partition whose blocks
are all at most countable and not singletons” by implicitly using FB and DC.

5. The author thanks Tatsuya Shimura for pointing out that this model witnesses ZF " PW.
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et Physiques, vol. 26 (1978), pp. 585–589. Zbl 0434.03029 MR 80k:03053 2, 3

[11] Pincus, D., “Zermelo-Fraenkel consistency results by Fraenkel-Mostowski methods,”
The Journal of Symbolic Logic, vol. 37 (1972), pp. 721–743. Zbl 0268.02043
MR 49:2374 5

[12] Pincus, D., “Cardinal representatives,” Israel Journal of Mathematics, vol. 18 (1974),
pp. 321–343. Zbl 0302.02021 MR 51:2913 2

[13] Rubin, H., and J. E. Rubin, Equivalents of the Axiom of Choice. II, North-Holland, Am-
sterdam, 1985. Zbl 0582.03033 MR 87c:04004 2, 2

[14] Sageev, G., “An independence result concerning the Axiom of Choice,” Annals of Math-
ematical Logic, vol. 8 (1975), pp. 1–184. Zbl 0306.02060 MR 51:2915 2
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