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SECOND ORDER DIFFERENTIAL EQUATIONS
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AND MONOTONE NONLINEARITIES
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ABSTRACT. In a real Hilbert space H we consider the following perturbed
Cauchy problem

(Psé) {Eulslé(t) + 5“"55(15) + Auié(t) + B(’U,E(;(t)) = f(t)7 te (0’ T),
ues(0) = uo, uls(0) = ui,

where ug,u1 € H, f:[0,T] — H and ¢, § are two small parameters, A
is a linear self-adjoint operator, B is a locally Lipschitz and monotone
operator. We study the behavior of solutions ucs to the problem (P.s) in
two different cases:

(i) when e — 0 and § > 6o > 0;

(ii) when e — 0 and 6 — 0.
We obtain some a priori estimates of solutions to the perturbed problem,
which are uniform with respect to parameters, and a relationship between
solutions to both problems. We establish that the solution to the unper-
turbed problem has a singular behavior, relative to the parameters, in the
neighborhood of ¢ = 0. We show the boundary layer and boundary layer
function in both cases.
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1. Introduction

Let H and V be two real Hilbert spaces endowed with norms | - | and || - ||,
respectively. Denote by (-, -) the scalar product in H. The framework of our
studying will be determined by the following conditions:

(H) V C H densely and continuously, i.e.
[lul| > wo |u|, foralueV, wy>0.
(HA) A: D(A) =V — H is a linear, self-adjoint and positive definite operator,
i.e.
(Au,u) > wlul?, forallucV, w>0.
(HB1) Operator B: D(B) C H — H is A'/? locally Lipschitz, i. e. D(AY?) C
D(B) and, for every R > 0, there exists L(R) > 0 such that
|B(u1) — B(ug)| < L(R)|AY?(uy — uy)|, for all u; € D(AY?),
\Al/Qui| <R, fori=1,2;
(HB2) Operator B is the Fréchet derivative of some convexr and positive func-
tional B with D(AY/?) c D(B).
(HB3) Operator B possesses the Fréchet derivative B’ in D(AY?) and there
exists constant L1(R) > 0 such that
|(B'(w1) — B'(uz))v| < L1(R)|AY?(uy — uz) | |AY?v),
for all uy, ug,v € D(Al/z),
|AY 2| < R, fori=1,2.
The hypothesis (HB2) implies, in particular, that operator B is monotone and
verifies condition

%B(u(t)) = (B(u(t)),v'(t)), forallte[a,b]CR

in the case when u € C([a,b], D(A'?)) N C([a,b], H) (see, for example [15]).

Consider the following perturbed Cauchy problem
(Pos) euls(t) +0uls(t) + Aues(t) + Blues(t)) = f(t), te(0,T),
ues(0) = wp, ulg(0) = uy,

where ug,u; € H, f: [0,T] — H and ¢, § are two small parameters.
We study the behavior of solutions ugs to the problem (P.s) in two different

cases:

(i) e = 0 and 0 > Jyg > 0, relative to the following unperturbed system:

Sl5(t) + Als(t) + B(ls(t)) = f(t), te(0,T),

P
s) 15(0) = o,
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(ii) € = 0 and § — 0, relative to the following unperturbed problem:
(Po) Av(t) + B(v(t)) = f(t), t€l[0,T).

The problem (P.s) is the abstract model of singularly perturbed problems
of hyperbolic-parabolic type in the case (i) and of hyperbolic-parabolic-elliptic
type in the case (ii). Such kind of problems arises in the mathematical modeling
of elasto-plasticity phenomena and abstract results can be applied to singularly
perturbed problems of hyperbolic-parabolic-elliptic type with stationary part
defined by strongly elliptic operators.

For example in [3], the equation

PV + Yvg = o Av

is considered (where p,7,0 are the mass density per unit area of the mem-
brane, the coefficient of viscosity of the medium, and the tension of the mem-
brane, respectively), which characterizes the vibration of a membrane in a viscous

medium, which can be rewritten as
2uy +up = Au,  with e = (po)/? /.

In the case when the medium is highly viscous (y > 1), or the density p is
very small, we have ¢ — 0 and the formal “limit” of this equation will be the
following first order equation

Ut = Au.

Without pretending to a complete analysis, let us mention some works dedicated
to the study of singularly perturbed Cauchy problems for linear or nonlinear
differential equations of second order of type (P.s). The case when 6 = 1 was
widely studied by various mathematicians (see, e.g. [4], [5], [8], [10] and the
bibliography therein). In [6] the asymptotic behavior of solutions to singular
perturbation problems for second order equations, as e — 0 and § — 0, is studied.
In [13] the linear case is considered. In [2], [14], [16], some numerical results about
singular behavior of solutions to the problem (P.s) for some ordinary differential
equations and their applicability in modeling of different physical and engineering
processes are presented.

In what follows we need some notations. For k € N*, 1 < p < 400, (a,b) C
(—00,+o0) and Banach space X we denote by Wk’p(a, b; X) the Banach space
of all vectorial distributions u € D'(a,b; X), u¥) € LP(a,b; X), j = 0,1,...,k,
endowed with the norm

k ) 1/p
(Z I o) w00
7=0

max [|u?]] L oy

||u“Wk’P(a,b;X) =
p = oo.
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If p =2, and X is a Hilbert space, then W*2(a,b; X) is also a Hilbert space
with the inner product

k b
oy — @) @D (¢ dt.
(1,9) 5 () ;%/(U()w 1),

For s € R, k € N and p € [1, 0], we define the Banach space
WEP(a,b;X) = {f: (a,0) = H| fO(-)e™*" € LP(a,b;X), 1 =0,....k},

with the norm ||f||W5~P(a,b;X) = [l fe " lwrr(apx)-

2. Existence of solutions to the problems (P.5) and (Pjs)

DEFINITION 2.1. Let T > 0 and f € L?(0,T;H), A: D(A) C H — H,
B: D(B) C H — H. The function u € L?(0,T;D(A) N D(B)) with v’ €
L?(0,T; H) and v € L?(0,T; H) is called strong solution to the Cauchy problem

(2.1) u”’ (t) + ' (t) + Au(t) + B(u(t)) = f(t), forallte (0,7T),
(2.2) w(0) = ug, u'(0) = uy,

if u satisfies the equality (2.1) in the sense of distributions almost every ¢t € (0, 7))
and the initial conditions (2.2) .

DEFINITION 2.2. Let T > 0 and f € L?(0,T;H), A: D(A) C H — H,
B: D(B) € H — H. The function I € L%*(0,T;D(A) N D(B)) with I’ €
L?(0,T; H) is called strong solution to the Cauchy problem

(2.3) U'(t)+ Al(t) + B(l(t)) = f(t), forallte (0,7),
(2.4) 1(0) = uo,

if v verifies the equality (2.3) in the sense of distributions almost every ¢ € (0,7")
and the initial condition (2.4).

Based on the methods from [1], in [11] the following two theorems were
established.

THEOREM 2.3. Let T > 0. Let us assume that condition(H) is fulfilled,
the operator A: D(A) € H — H satisfies condition HA) and the operator
B: D(B) C H — H satisfies conditions (HB1), (HB2). If up € D(A), uy €
D(AY?) and f € WHY(0,T; H), then there exists a unique strong solution to
problem (2.1), (2.2), such that u € C2([0,T); H), AY?u € C'([0,T]; H), Au €
C([0,T); H). If, in addition, u; € D(A), f(0) — B(ug) — Aug — u; € D(AY?),
fe€W>Y0,T; H) and condition (HB3) is fulfilled, then A'Y/?u € W2°(0,T; H)
and u € W3(0,T; H).
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THEOREM 2.4. Let T > 0 and assume that condition (H) is fulfilled, the op-
erator A: D(A) C H — H satisfies condition (HA) and the operator B: D(B) C
H — H satisfies conditions (HB1), (HB2). Ifug € D(A) and f € W11(0,T; H),
then there exists a unique strong solution to the problem (2.3), (2.4), such that
1€ CY([0,T); H), Al € C([0,T); H). For this solution the following estimates

lelleo, ;) + 1AY2 1 L2045y < C Mo (8), for all t € [0,T7,
(2.5) HAI/QZHC([O, t;H) + Hl/||0([07t];H) + ||A1/2ZIHL2(O,t;H)
<C(w)My(t), forallte[0,T],
are valid, where
t
M) = | + [ (1£(5)1+ BO)]) s,
My (t) = |Auo| + || fllwr (0,0 + |B(O)] + [ £(0)]-

The problems (P.s) and (Pj) can be rewritten as follows:

pU/(s) + U, (s) + AUL(s) + B(Uu(s)) = F(s),&s € (0,T/6),

(Pp)
UM(O) = Uo, UL(O) = 6u17
and
) L'(s) + AL(s) + B(L(s)) = F(s), s € (0,T/),

L(O) = Uog,

where U,,(s) = ucs(0 s), L(s) = l5(s8), F(s) = f(s6) and u = £/6%. Using results
obtained in the paper [11] we get the following a priori estimates for solutions
to the problem (P,).

LEMMA 2.5. Let S > 0. Let us assume that condition (H) is fulfilled, the
operator A: D(A) C H — H satisfies condition (HA) and the operator B verifies
conditions (HB1), (HB2). Ifug € D(A),u; € D(AY?) and F € W1(0, 00; H),
then there exists the constant C(wp,w) > 0 such that for every strong solution
U, to the problem (P,) the following estimate holds:

ik < Mo,

||A1/2U/‘||C([07s];H) + HU//LHW(O,S;H) + (B(UH(S))
for all p € (0,1] and for all s € [0, 5],
2 S
WU leo,sm + 10N eo,sm) + AU oo,y < Ot MM,
for all p € (0,1] and for all s €0, 5],

2 .
1AUL]| ¢ po,s)sm) < CMaeOF HHD2,
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for all p € (0,1/2] and for all s € [0, 5], where
Mo = |AY?ug| + |ur| + [B(uo) "2 + | Fllwa.0,00:0)
Mz = |Aug| + [AY?us| + |B(uo)| + |B(uo)|? + || Fllw1.1 0,00,
My = (L(Mz) + 1) M;.
3. Relationship between solutions to the problems (P.s5) and (PJ)
in the linear case

In what follows, for all i > 0, denote by

K(s,1,p1) = (Ki1(s, 7, ) + 3Ka(s, 7, 1) — 2K3(s, 7, 11)),

T

Ky 38—27‘} (23—7’)
1(s, 7, 1) = exp :
2,/us

Soh(5)
b o[

The properties of kernel K (¢, 7,¢) are collected in the following lemma.

where

Ks(s, 7, 1) = exp

{
TR
t

LEMMA 3.1 ([9]). The function K(t,T,€) possesses the following properties:

(a) K € C([0,00) x [0,00)) N C?((0, 00) x (0,00));

(b) Kt(t T,€) =K, (t,7,6) — K- (t,7,¢), for all t >0 and all T > 0;
(c) eK,(t,0,e) — K(t,0,e) =0, for all t > 0;

(d) ForallT>0

K(O7T7€) = Eexp{ 7l}7

(e) For everyt > 0 fized and every q,s € N there exist constants C(q, s, t,€)
>0 and C3(q, s,t) > 0 such that

|8,;987‘?K(t,7', €)| < Ci(q, s, t,¢) exp{—Ca(q, s,t)T/e}, for all T > 0;

Moreover, for v € R there exist Cy, Co and g¢, all of them positive and
depending on vy, such that the following estimates are fulfilled:

/ €7T|Kt(t,7', 5)| dr < Cre et forall e € (0,g0], for allt >0,

0

/ 67T|K.,-(t,7',€)| dr < Cre et forall e € (0,e0], for allt >0,
0

/ 677|K77(t,7', €)| dr < Cre2e%t for all e € (0,e0], for all t > 0;
0

(f) K(t,7,e) >0, for allt > 0 and for all T > 0;
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(g) For every continuous function ¢: [0,00) — H with |p(t)] < M exp{vyt}
the following equality is true:

lim
t—0

:0,

/000 K(t,r,e)o(r)dr — /OOO e "p(2eT)dr

Jor every e € (0,(27)71);
(h) / K(t,r,e)dr =1, forallt>0,
0

(i) Let v > 0 and g € [0,1]. There exist C1,Cs and e¢ all of them positive
and depending on v and q, such that the following estimates are fulfilled:

/ K(t,7,e) |t — 7|%dr < Cy eC2t V2,
0
for all e € (0,e0], and for allt > 0. If v <0 and q € [0, 1], then
/ K(t,m,e) e |t —7|7dr < Ce?? (1+ V1),
0

for all e € (0,1] and for all t > 0;

(j) Letp € (1,00] and f: [0, c0) — H, f(t) € Wvl’p(07oo;H). If v > 0, then
there exist C1, Co and €q all of them positive and depending on v and p,
such that

ft) — /000 K(t,r,e)f(r)dr

for all e € (0,&0], and for allt > 0. If v <0, then

<0 6C2t Hf/|‘Lg(O,oo;H)E(pil)/Qp7

- [ K@
0
—1 _
< COnp) I 22 0oesry (1 4+ VE) V™D Pelp-1/20,

for all e € (0,1] and for all t > 0.

LEMMA 3.2 ([9]). Let B =0. Assume that A: D(A) C H — H is a linear,

self-adjoint, positive definite operator and F' € L3°(0,00; H) for some v > 0.
If U, is the strong solution to the problem (P,) with U, € W,f’OO(O,oo;H) N
L(0,00; H), AU, € L (0,00; H), then for every 0 < p < (4y)~" the function
W, defined by

W) = [ " K(s ) Uy (r) dr.

is the strong solution in H to the problem

W/ (s) + AW, (s) = Fo(s,p)  for a.e. s >0 in H,
Wu(o) = Pu-
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{ZGXp{ } (ﬁ) - /\(;\/j)]&n +/OOOK(S,T, W) F(r) dr,

NG
/ e "U,(2ur)dr

Fo(s,p) =

4. Behavior of solutions to the problem (P.),
when ¢ - 0 and § > §5 > 0

Using results obtained in the paper [11] we get the relationship between the
solutions to the problems (P.5) and (Ps) in the case § > §g > 0, presented in the
following two theorems.

THEOREM 4.1. Let T > 0, § > 09 > 0 and p > 1. Let us assume that
condition (H) is fulfilled, the operator A satisfies condition (HA) and the ope-
rator B verifies conditions (HB1), (HB2). If ug € D(A), u; € D(AY?) and
f € WYP(0,T; H), then there exist constants C = C(T, p, 6y, wo,w, L(m)) > 0,
g0 = eo(wo, w, L(m)), g9 € (0,1), such that

luss = Uslloo,rysm + |4 2ues = AYV2Us| oo po
< C e (|Aug| + [AY2ur| + [ B(uo)| + [Buo)|"2 + | flwr.v0.m:m))

for all e € (0,e¢], where u.s and ls are strong solutions to problems (P-s) and
(Ps) respectively, f = min{1/4, (p — 1)/2p},

m(Ta 50;“03ulaf) = C(|A1/2u0| + |B(U0)|1/2 + ‘U1| + ||f‘|W1,P(O,T;H))~

THEOREM 4.2. Let T > 0, 0 > 69 > 0 and p > 1. Let us assume that
condition (H) is fulfilled, the operator A satisfies condition (HA) and the op-
erator B satisfies conditions (HB1)-(HB3). If ug, Aug, B(ug),u1f(0) € D(A)
and f € W2P(0,T; H), then there exist constants C = C(T,p, o, wo,w, L(m),
Li(my),||B'(0)]]) >0, eg = e¢(wo,w, L(m)),eo € (0,1), such that

—52 13 —§2 1>
||u'€5 - lfs + Hese ot/ HC([O,T];H) + HAl/2 (u/sé - :5+ Hse o )HLQ(O,T;H)
3
< C &’ (|Aug| + [Awr| + [B(uo)|"* + |AHos| + || fllw2 v (0.0:m) + 1)

for all € € (0,e9], where ues and ls are strong solutions to problems (P.s) and
(Ps), respectively,

H.s =61 f(0) —up — 0  Aug — 6 B(ug), B =min{1/4,(p —1)/2p},
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5. Behaviour of solutions to the problem (P.s),
when ¢ - 0 and 6§ — 0

For the case e — 0, § — 0 and in the linear case (B = 0) in [12] the following
theorem was proved.

THEOREM 5.1. Let T > 0 and p > 1. Let B = 0. Let us assume that
condition (H) is fulfilled, the operator A satisfies condition (HA). If ug € V,
uy € H, f € WYP(0,T; H), then there exist constants C = C(p,T,wp,w) > 0
and g9 = go(wo,w), €g € (0,1), such that

ues — v = hslloqorym < C(|AY2uo| + [ut] + | fllwrw o, O(E, 5),

for all € € (0,e0] and for all 6 € (0,1], where uess and v are strong solutions to
the problems (P-s) and (Py), respectively,

]
O(c.0) = sy + V6,  B=min{l1/4, (p —1)/2p}.

The function hg is the solution to the problem

S (£) + Ahs(t)

=0, te (0,7),
hs(0) = ug — A~ £(0),

and
|hs(t)] < |uo — ATLF(0) e, t € [0,T].
If, in adition, u; € D(AY?), then
lues = v = hsllcqorym < C(1A 2ol + [AY2ur| + || fllwo .o ) ©1(<, 0),

for all e € (0,g0] and for all § € (0,1], and

e(r—1)/(2p)

@1(6,5) = W + \/S

The main result of this paper valid for the nonlinear case is presented in the
following theorem.

THEOREM 5.2. LetT > 0 andp > 2. Let us assume that condition (H) is ful-
filled, the operator A satisfies condition (HA), the operator B wverifies conditions
(HB1), (HB2). If ug € D(A), uy € D(A'Y?) and f € W'?(0,T; H)N R(A + B),
then there exist constants C = C(T,p,wp,w, L(m)) > 0, Cy = Co(T, L(m)) > 0,
g0 = eo(wo, w, L(m)), g9 € (0,1), such that

(5.1)  |ues — v — hsllc(o, ;)

< O (|Auo| + [A2us| + | B(uo)| + [B(uo)|"* + I f lw.r o.1:)) O, 6),
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for all e € (0,e0] and for all § € (0,1], where ucs and v are strong solutions to
the problems (Pe5) and (Py), respectively, the function hs is the solution to the

problem
(5.2) 05 (t) + Ahs(t) + B(l5(t)) — B(v(t)) =0, te (0,T),
. hs(0) = uo — (A + B)~'£(0),
c1/4
@(575) = m + \/S
and

m(T,ug,uy, f) = C(}A1/2u0| + |B(uo) |2 + |u1| + [l lwe(o,rm)) -

PRrROOF. During the proof, we will denote by C all constants depending on
T, p, wo,w and L(m) that may vary from line to line and let

My = |Aug| + |AY2ur| + | B(uo)| + |B(uo) "2 + || fllw.o 0,711

Consider the function f € W1P(0,T; H). Define on [0,00) the function f as
follows:

Ft), 0<t<T,
ry 2T —t
f(t) = 7 f(T), T<t<o,
0, t> 2T,

and get

- 1 1/p
53 Wlhwssiooey < CODMwrsorn, Co1) = (1) T4

If we denote by U ., the unique strong solution to the problem (P,), defined on
(0, 00) instead of (0,5) with S = T/6 and f instead of f, then, from Lemma 2.5,
it follows that U, € W2°(0,00; H) N W12(0,00; V), AY2U, € L(0,00; H),
Aﬁ# € L3°(0, 00; H) with v = vy(wo,w, L(p)).

Moreover, the estimate (5.3) implies that

||FHLP(O,OO;H) < Cp,T) 6| fll Lo o721

for p € (1,00), for all § € (0,1],
||F/||Lp(o,oo;H) < Cp,T)8 2| f'll oo i)

for p € (1,00), for all § € (0,1],

1F 100,000 < C@T) O P fllwro oz,
for p € (1,00), for all 6 € (0,1].

(5.4)




CONVERGENCE ESTIMATES 1103

Due to these estimates and Lemma 2.5, the following estimates
1/2 —1
(55) ||A / U ||C’(0 s|;H) + || MHL2 0,s;H) < o /p’

(5.6) ||U, m + 1470, +[|AT, < CM 6P,

HC’ ([0,s];H ||L2(O,S;H) HC([O,S];H)

for all 6 € (0,1] and all s € [0, 5], are valid.
By Lemma 3.2, the function W,,, defined by

(5.7) W, (s) = /O - K (s, 7, 1) Uy,(7) dr,

is the strong solution in H to the problem

(5.) {WL(S) + AW, (s) = Fy(s,p) for ae. s> 0in H,

W (0) = ¢p,
for every € € (0,¢e¢], where

ﬁO(Svl’(‘) =5f0(5»M)U1

+ OOO K(s,7,p) F(r)dr — Ooo K(s,7, 1) B(U,(7)) dr,

Lol EP D))
o = /O e Uy (2ur) dr

Using properties (f), (h), (j) from Lemma 3.1, and (5.5), we obtain that

cl/4

(5.9) Hﬁ# - WuHc (0, s}; H) = <Cults Upv 1+ Vs <O §3/4+1/p°

for all € € (0,¢eq], for all § € (0,1], for all s € [0, 5].

Denote by R(s,u) = L(s) — W, (s), where L is the strong solution to the
problem (Py) with f instead of f, T = oo and W, is the strong solution of (5.8).
Then, due to Theorem 2.4, R(-, u) € WA} (0, 00; H) and R is the strong solution
in H to the problem

R'(s,p) + AR(s, p) + B(Z(s)) — B(Wy(s)) = F(s,u) forae. t>0,
R(O,M) = ROa

where Ry = up — W,(0) and
(5.10) F(s,p) / K(s,7, ) F () dr — 6 fo(s, 1) uy

+/OOO K (s, 7, 1) B(U,(7)) dr.
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Taking the inner product in H by R and then integrating, we obtain
s 2
RGP 42 [ ARG ) de
0
2 [ (BIE©) - BOV).2(0) ~ Wile)) de

S
<IROWP +2 [ |7 nIRE ) de
0
for all s > 0. Using the property of monotonicity of the operator B, we obtain
S 2 S
Rl +2 [ A€ [ de < IROWP +2 [ 76 ) IRE w0 de
0 0

for all s > 0. Applying Lemma of Brézis (see, e.g. [7]), we get

s 1/2 s
Gy i)+ ([ aeRenPa) < Irowl+ [ iFe) de
0 0
for all s > 0. Using (5.5), we obtain

(5.12) |R0|§/ e 7|0 (2u7) — uo| dr
0

oo 2ut - 12 Y 61/2
s/o e /0 TL@)]dedr < Cpt25 M =0 =

for all € € (0,0] and all § € (0,1]. In what follows we will estimate |F(t,e)].
Using the property (j) from Lemma 3.1, (5.3) and (5.4), we have

(5.13) ‘ﬁ(s) - /0 T K, p)F(r) dr

81/2—1/2;1)
§1/2—1/2p"

for € € (0,e0], all § € (0,1] and all s € [0,5]. Since e*A(v€) < C, for all £ > 0,
the estimates

/Sexp{if})\<1/§>d§<0/¢/we—5/4d§<0u, for all s > 0,
0 H H 0

5 1 e 1

/O)\<2\/E>d§§u/o /\(2\/E)d£§(]u, for all s > 0,

hold. Then

(5.14) )a / o) un dg‘ < Copu| < O%,

S C(T)Hﬁ/HLP(O,oo;H)<1 + \/g)l—l/pul/Q—l/Qp S c

for all € € (0,e¢], all 6 € (0,1] and all s > 0. In what follows we will estimate
the difference

(5.15) I(s,e) = /000 K(s,T, M)B(ﬁu(r)) dr — B(W,(s)) = Ii(s,e) + I(s,¢),
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where, due to the property (h) from Lemma 3.1, we have
h(s.e) = [ K (BOL) - BOV,(0)) dr
L(s,2) = /Om K(s,m, 1) (BOW,. (7)) — B(Wu(s))) dr.

Using properties (f), (h), (i), from Lemma 3.1, condition (HB1), (5.6) and (5.7),
for I1(s,e) we deduce the following estimates

(5.16) |AY2U,(s) — AYV2W,(s)]

o s _ 1/2
< [ Kermls— 2| [ 0RO Pd s
0 T
1/4 1/2 1/277 1/4
!
SCM / (1 + \/g) / ||A / [JIL||L2(0,5;H)C"/\/l1 §3/4+1/p’

for € € (0,e¢], all § € (0,1] and all s > 0,

(5.17) |I1(s,¢e)| < L(m) /OOO K(s,T, H)}Al/QﬁH(T) — A1/2Wu(7')| dr
c1/4

< OMy ST

for e € (0,e0], all § € (0,1] and all s > 0,
(5.18) |B(Wyu(s)) — B(W,(7))| < L(m) [AY2W,,(s) — AW, (7)]
L(m)| A2 W, (s) — AYV2U,(s)]
(111)|141/2(] (1) — AYV2W, (7))
L(

m) |AV20,,(s) — AY2U,(1)]
1/4

=OM Sy

+ L(m)

[

for e € (0,0, all § € (0,1] and all s,7 > 0. Using the last estimate, (5.6) and
properties (h), (i) from Lemma 3.1, for I2(¢,¢) we get the estimate

1/4
1/2
/ K(s,,1) 7'|1/2 / |A1/25L(§)|2 d¢|  dr
1/
< OMy 7z

for e € (0,e0], all § € (0,1] and all s > 0. From (5.15), using (5.16) and (5.19),
for I(t,e) we get the estimate

51/4
(520) |I(t,€)| < CMl m, € (O,EO],
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for all 6 € (0,1], all s > 0 and p > 2. Using (5.13), (5.14) and (5.20), from (5.10)

we obtain

c1/4

ST/AT1/p’ for all € € (0,0 and all s € [0, .5].

(5.21) / | F(r,e)|dr < C M,y
0

From (5.11), using (5.12) and (5.21) we get the estimate
/4

§7/4+1/p”

for all e € (0,e¢], all § € (0,1] and all s € [0,5]. Consequently, from (5.9) and

(5.22), we deduce

(5.22) 1Rl oo, s + 146" R 2o rry < € M

0,s;H)

(5.23) HUH - LHC([o,s];H) < HUH - WHHC([O,S];H) +1Blleo.5):m)

c1/4
5774 1/p’
for all € € (0,¢&¢], all 6 € (0,1] and all s € [0,S]. Since U,(s) = ﬁu(s)7 L(s) =
L(s), for all s € [0, 5], U,(s) = ues(0 s) and L(s) = l5(d s), from (5.23) we get
1/4

<CM;

3

(5.24) lues = lsllco,mm < €My s

for all € € (0,¢0], all 6 € (0, 1] and for p > 2.

In what follows, let us denote by Rj(t,0) = I5(t) — v(t) — hs(t), where Is is
the solution to the problem (Ps), v is the solution to the problem (Pg) and hgs is
the solution to the problem (5.2). In this case we deduce that R; is the solution
to the system

SR, (t,8) + AR\ (t,6) = —3v'(t), te (0,T),
R1(0,8) = 0.

Taking the inner product in (H) by R; and integrating on (0,¢) we obtain
t
5| Ry (t,0)|? +2/ (AR:(7,6), Ri(7,6)) dr
0
¢
= 726/ (v5(7), Ri(7,68))dr, forte (0,T).
0
Using condition (HA) and (2.5), we get
¢
S|R1(t,6)|? +2/ (AR:(7,0), Ri(7,6)) dr
0
52 t t
< [ e+ [ (ARi(r0), ol )
0 0
for t € (0,7, and consequently

(5.25) IRy (t,8)] < V6CM,, forte (0,T), e (0,1].
Thus, the estimate (5.1) is a simple consequence of (5.24) and (5.25). O
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6. Example
Let 2 C R” be an open bounded set with C! boundary 9€2. In the real

Hilbert space L?(£2) we consider the following boundary-value problem:

£ 0P ucs 4 6 Opucs + Aucs + blues|ues = f(z,t), (z,t) € Q x (0,T),
(61) Uszs(xao) = UO(CE)» at U€§($70) = ul(x)v WS ﬁv
Ues |y =0, te0,7),

where ¢ and 0 are small positive parameters, u.s, f: [0,7) — L?(2) and the
operator A is defined as follows:

D(A) = HX(2) N HY(9),

Z By, (aij ()0, u(z)) + a(z)u(z), ue D(A),
3,j=1
(6.2) ai; €CHQ), a€C(Q), alz)>0, ajw)=a®), €,

n

(63) Z aij(sc)fi fj > CL()|§|27 T € ﬁ, f = (fi)?:l c Rn, ag > 0.

ij=1

If we consider the operator B defined as
D(B) = L*(Q) N L**Y(Q),  Bu = blu|u,

then, for b > 0 the operator B is a Fréchet derivative of the convex and positive
functional B, which is defined as follows

D(B) = L13(Q) N L*(9), q+2/ u(z)|9%? d,
and the Fréchet’s derivative of operator B is defined by the relationships
D(B'(u)) = {v € L*(Q) : ulv € L*(Q)}, B'(u)v = b(q + 1)|ul%.
For b > 0 and

q€[0,2/(n—2)] ifn>2,

(6.4)
q€[0,00) ifn =12

the operator B verifies condition (HB1). For b > 0 and

€[1,2/(n—2)] if n>2,

(6.5)
q € [1,00) ifn=1,2,



1108 A. PERJAN — G. Rusu

the operator B verifies conditions (HB3). In this case the corresponding unper-
turbed problems are:

§ Ols + Als + b|ls|%Us = f(z,t), (x,t) € Q2 x(0,T),
(6.6) I5(x,0) = up(x), z€Q,

ls] g =0, t€[0,T),
Av + b| = f(x,t), (z,t) € Qx[0,T),

6.7 0, te0,7).

v|6§2 =

From Theorems 4.1, 4.2 and 5.2, we obtain the following theorems.

THEOREM 6.1. Let Q C R™ be an open bounded set with C' boundary O5).
LetT >0,5> 08 >0,p>1,b>0, q verifies (6.4) and (6.2)—(6.3) are fulfilled.
Ifup € H2(Q)NHE(Q), u1 € HF(Q) and f € WHP(0,T; L*(Q)), then there exist
constants C = C(T, p, do,wo,w,n,q,b,Q,m)) > 0, eg = €o(wo,w,n,q,b,Q,m),
o € (0,1), such that

[ues — Lslle o2y < C e (luollmz) + lluallma @y + 1w » 0, 7.22(2)))

for all € € (0,e9], where uss and ls are strong solutions to problems (6.1) and
(6.6), respectively § = min{1/4, (p — 1)/2p},

m = C(||U0||H3(Q) + [lurllz2 @) + 1 fllwrpo,7522(02))) -

THEOREM 6.2. Let Q C R™ be an open bounded set with C' boundary OX).
LetT > 0,5 > o >0,p>1,b>0, q verifies (6.4)—(6.5) and (6.2)—(6.3) are ful-
filled. If ug, Aug, |ug|7™t, ug, f(0) € H2(Q) N HE(Q) and f € WP(0,T; L*()),
then there exist constants C = C(T,p,dy,wo,w,n,q,b, 2, mmy) > 0, g =
eo(wo,w,n,q,b,Q,m), g9 € (0,1), such that

52
luts — U5 + Hese ™ "%l oqpo, 7102 ()
3
< O (Jluoll ) + lwllaz() + | Hesllazi) + 1 llw2r0,miz2)) + 1),
for all e € (0,e0], where ucs and ls are strong solutions to problems (6.1) and
(6.6), respectively,

Hes=6""f(0) —uy — 6 " Aug — 6~ 'bluo|?uo, B =min{1/4, (p —1)/2p},
my = C(m—i— ||u0||Hz(Q))

THEOREM 6.3. Let Q C R™ be an open bounded set with C* boundary OX).
Let T >0, p >2,b>0, q verifies (6.4) and (6.2)—(6.3) are fulfilled. If ug €
H2(Q) N HY(Q), uy € HY(Q) and f € WHP(0,T; L*(Q)) N LITH(Q), then there
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exist constants C = C(T,p,wp,w,n,q,b,Q,m) > 0, Cy = Co(T,L(m)) > 0,
g0 = €O(W(law7naqvb7ﬂvm)): €0 € (07 1)7 such that

|tues — v = hsllcgo,r);m)

< O(lluoll a2y + lluall ) + 1 lw e o, 75 22(02))) ©(€, ),

for all € € (0,e0] and all § € (0,1], where uss and v are strong solutions to

the problems (6.1) and (6.7), respectively, the function hs is the solution to the

problem
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