Topological Methods in Nonlinear Analysis
Volume 54, No. 2A, 2019, 773-791
DOI: 10.12775/TMNA.2019.069

© 2019 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University in Torun

EXISTENCE OF SOLUTIONS
FOR FRACTIONAL p-KIRCHHOFF TYPE EQUATIONS
WITH A GENERALIZED CHOQUARD NONLINEARITY

WENJING CHEN

ABSTRACT. In this article, we establish the existence of solutions to the
fractional p-Kirchhoff type equations with a generalized Choquard nonlin-
earity without assuming the Ambrosetti—-Rabinowitz condition.

1. Introduction and statement of main result

In this work, we consider the following fractional p-Laplacian generalized
Choquard equation

(L) M(Julf) [(~A)5u + V(@) [ulP~>u] = X(T, * F(w)f(u), in RY,

where 1 < ps < N, M: Rf — R* is a Kirchhoff function,

12) i = (wiz, + [ veruraz)”

with ,
[u(z) —uy)l” Hr

dzr d
(//R?N ‘xiy‘N+ps X ay )
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the potential function V: RN — Rt is continuous, f € C(R,R) and F € C(R,R)
with F(u) = [ f(t)dt, here Z,(x) = |z|™* is the Riesz potential of order
we (0, ps)7 and (— A)p is the fractional p-Laplacian operator which, up to a nor-
malization constant, is defined as

: o(z) — o) P> (p(z) — ¢(y)) N
—~A)S =2 lim d R
(=)o) 0 RN\ B, (z) @ — y[NFPs gomeEs

along functions ¢ € C§°(RY), where B.(x) denotes the ball of RY centered at
x € RY and radius ¢ > 0.

On the one hand, this paper is motivated by some works that has been
focused on the study of the Kirchhoff type problems. To be precise, in the
classical Laplacian operator case, it is related to the stationary analogue of the
equation

(1.3) Ugy — (a+b/Q |Vu|2) Au = g(x,u),

proposed by Kirchhoff [16] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings. Kirchhoff’s model takes into ac-
count the changes in length of the string produced by transverse vibrations.
Equation (1.3) received much attention only after Lions [21] proposed an ab-
stract framework to the problem. Fiscella and Valdinoci [15] first proposed
a stationary fractional Kirchoff variational model as follows

(//sz |z — y|N+2)52 dz dy) (=A)%u(z)

(1.4) = M(z,u) + u|> "2u in Q,
u=0 in RV \ ,

where @ C RY is an open bounded set, 2* = 2N/(N —2s), N > 2s with
€ (0,1). M and f are two continuous functions under some suitable assump-
tions. In [15], the authors first provided a detailed discussion about the physical
meaning underlying the fractional Kirchhoff problems and their applications.
They supposed that M: RT — R* is an increasing and continuous function,
and there exists mg > 0 such that M(t) > mo = M(0) for all t € RT. Based
on the truncated skill and mountain pass theorem, they obtained the existence
of a non-negative solution to problem (1.4) for any A > A\* > 0, where A\* is
an appropriate threshold. Autuori et al. [5] established the existence and the
asymptotic behavior of non-negative solutions to problem (1.4) under different
assumptions on M, the Kirchhoff function M can be zero at zero, that is, the
problem is degenerate case.
Moreover, there is a lot of literature concerning the existence and multiplicity
of solutions for the fractional p-Laplacian Kirchhoff type problems. Xiang et al.
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in [39] investigated the existence of solutions for Kirchhoff type problems involv-
ing the fractional p-Laplacian by variational methods, where the nonlinearity is
subcritical and the Kirchhoff function is non-degenerate. Combining the moun-
tain pass theorem with the Ekeland variational principle, Xiang et al. in [40]
established the existence of two solutions for a degenerate fractional p-Laplacian
Kirchhoff equation in RY with concave-convex nonlinearity. By the same meth-
ods as in [40], Pucci et al. in [30] obtained the existence of two solutions for
a nonhomogenous Schrodinger—Kirchhoff type equation involving the fractional
p-Laplacian in RY on a nondegenerate situation. Furthermore, nonexistence
and multiplicity of solutions for a nonhomogeneous fractional p-Kirchhoff type
problem involving critical exponent in RY were studied in [41]. The existence of
infinitely many solutions was proved in [31], [36] by using Krasnosel’skii’s genus
theory under degenerate frameworks. Recently, Song and Shi considered infin-
itely many solutions for the degenerate p-fractional Kirchhoff equations with the
critical Sobolev—Hardy nonlinearities in [34], [35]. Xiang, Radulescu and Zhang
obtained the existence of nontrivial radial solutions for a fractional Choquard-—
Kirchhoff-type problem involving an external magnetic potential and a critical
nonlinearity in [38]. The local existence and blow-up of solutions for a diffusion
model of Kirchhoff-type driven by a nonlocal integro-differential operator were
studied in [37].

On the other hand, we mention some results about the Choquard equation,
consider the following Choquard or the nonlinear Schrodinger—Newton equation

(1.5) —Au+V(z)u= (T, *u?)u+ \f(r,u) inRY,

which was elaborated by Pekar [29] in the framework of quantum mechanics.
The first investigation for the existence and symmetry of solutions to (1.5) went
back to the works of Lieb [19]. Equations of type (1.5) have been extensively
studied, see e.g. [1], [25], [26] and references therein. Moroz and van Schaftin-
gen in [26] considered the existence of ground-states for a generalized Choquard
equation. The existence, multiplicity and concentration of solutions for a gener-
alized quasilinear Choquard equation were studied by Alves and Yang in [2], [3].
We refer to [28] for a good survey of the Choquard equation.
In the setting of the fractional Choquard equations,

(1.6) (=A)u+V(x)u= (T, * F(u))f(u) in RY,

Wu [42] investigated existence and stability of solutions to (1.6) with f(u) = u
and p € (N — 2s, N). Subsequently, D’Avenia and Squassina in [12] studied the
existence, regularity and asymptotic behavior of solutions to (1.6) with f(u) = u?
and V(z) = const. In particular, they claimed the nonexistence of solutions as
q € (2N —p)/N,(2N —p)/(N —2s)). If V(z) = 1 and f satisfies Berestycki-
Lions type assumptions, the existence of ground state solutions for a fractional
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Choquard equation has been established in [33]. Very recently, Ambrosio studied
the concentration phenomena of solutions for a fractional Choquard equation
with mangetic field in [4].

Recently, Belchior et al. in [6] applied the mountain pass theorem without
(PS) condition and a characterization of the infimum more suitable to the Nehari
manifold naturally attached to the problem to study the existence of ground
state, regularity and polynomial decay for the following fractional Choquard
equation

(1.7) (—A)pu+ AlulP~?u = (Z, * F(u))f(u) in RY,

where A is a positive constant, f is a C! positive function on (0, +00),

limlf(_t)|:0, @:0
t—0 ¢p—1 t—+oo ta4—1

for some p < ¢ < (2N — p)p/(2(N — ps)), and

(1.8) fl()t2 = (p—1)f(t)t >0 forall t > 0.

An example of function f satisfying these hypotheses is given by

N —pp

f@) =2 + [t T, where p < q1 < go <
N —ps

and tT = max{t,0}. From (1.8), f satisfies the Ambrosetti-Rabinowitz condition
((AR) for short):

(1.9) pF(t) < tf(t) forallt>0,

and the function f(t)/tP~! is increasing. It is well known that the (AR)-condition
is quite natural and important not only to ensure that an Euler—Lagrangian
functional has the mountain pass geometry structure, but also to ensure that
the Palais—Smale sequence of the functional is bounded. However, there are
many functions which are superlinear at infinity, but do not satisfy the (AR)-
condition, for example, the function f(t) = |t|P~2tlog(l + |t|). Thus, many
researchers have tried to drop the (AR)-condition for elliptic equations involving
the p-Laplacian, see [14], [17], [18], [22] and references therein. In particular,
Lee et al. in [17] considered the existence of nontrivial weak solutions for the
quasilinear Choquard equation, where the nonlinearity f does not satisfy the
(AR)-condition.

Motivated by the above results, in the present paper, we are interested
in the existence of solutions for the fractional p-Kirchhoff type equation (1.1)
with a generalized Choquard nonlinearity without assuming the Ambrosetti-
Rabinowitz condition. We first give the following assumptions on the potential
function V and the Kirchhoff function M.
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(V) V:RY — R* is a continuous function and there exists V > 0 such that
1an 2 V().
RN
(My) M:R§ — R* is a continuous function and there exists mg > 0 such
that tHzﬁ(;M(t) = my.
(Mg) There exists 6 € [1, (2N — p)/N) such that

M)t < 0.#(t), forallt>0, where #(t / M(r

A typical example is M (t) = mg + bt?~!, where b > 0, t > 0.
Moreover, we impose the following assumption on the nonlinearity f: R — R
that
(F1) F € C*(R,R).
(F2) There exist a constant ¢ > 0 and p < ¢1 < ¢2 < (N — p)p/(N — ps)
such that

()] < co(t|2~ + |t|2271), forallt € R.

(Fs3) » (h)r‘n F(u(x))/|u(x)|P? = oo uniformly for z € RV,

(F4) There exist ¢; >0, 19 > 0 and k > N/(ps) such that
|F()|" < c1|t]"P#(t) for all t € R and |t| > ro,

where ) )
F(t)= —=f(t)t—=F(t) > 0.
(1) = 510t = 5F(0) =
The main result is as follows.
THEOREM 1.1. Let 0 < pu < ps < N, and (V), (M;1)-(Mz), (F1)—(F4) hold.

Then problem (1.1) has a nontrivial weak solution for any X > 0.

The paper is organized as follows. In Section 2, we give some definitions and
preliminaries. Section 3 is devoted to prove Theorem 1.1, we obtain the existence
of solution to problem (1.1) by the mountain pass theorem.

2. Preliminaries

We introduce some useful notations. The fractional Sobolev space WP (RY)
is defined by
WeP(RY) = {u e LP(RY) : [u]s ) < oo},
where [u]s , denotes the Gagliardo norm defined by

u(y)l” v
(//RZN |l‘— |N+ps dx dy) )

and W*P(R") is equipped with the norm

1/
[ullwsp@yy = (lullb + [w?,) "

)
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where and hereafter we denote by | - ||, the norm of Lebesgue space L¢(RY). As
it is well-known, W*P(RN) = (W=P(RN), ||ull+»®~)) is a uniformly convex
Banach space. Let LP(RY, V') denote the Lebesgue space of real-valued functions,
with V(x)|u|P € L*(RY), equipped with norm

1/p
lw|lp,v = </ V(z)|ulP dx) for all u € LP (RN, V).
RN

Let W;P(RY) denote the completion of C§°(RY), with respect to the norm

1/
lullw = ([ul?, + [ul2y) "

The embedding WP (RY) — L*(RY) is continuous for any v € [p, Np/(N — ps)]
by [13, Theorem 6.7], namely there exists a positive constant C,, such that

(2.1) [ull, < Cyllullw for all u € WP (RY).

Next, we recall the Hardy—Littlewood—Sobolev inequality.

THEOREM 2.1 (]20, Theorem 4.3]). Assume that 1 <r, t < o0, 0 < pu < N

and

1 1 I
- + -+ N
Then there exists C(N, p,, t) > 0 such that
wdy < C(N, p, )9l [|h]]:
R2N ‘x —

for allg € L™(RN) and h € Lt(RN).

In particular, F'(t) = |t|% for some g; > 0, by the Hardy—Littlewood—Sobolev

inequality, the integral
F F
[
R2N |z —y|»

is well defined if F' € LY(R"), for some ¢t > 1, satisfying 2/t + /N = 2, that
ist = 2N /(2N — p). Hence, by the fractional Sobolev embedding theorem, if
u € W P(RY), we must require that tq1 € [p, Np/(N —ps)]. Thus, for the
subcritical case, we must assume

_ N —u/2 N —pu/2 .
Foa = 2 g gy WP
Hence, p,, s is called the lower critical exponent and pj, ; is said to be the upper
critical exponent in the sense of the Hardy—Littlewood—Sobolev inequality.

Equation (1.1) has a variational structure and its associated energy functional
TIn: WP (RY) — R is defined by

Ia(u) = ®(u) — AU (u).
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Lyl an Flula) Fluly))
b= A (ulfy) and W= [ TR g,

We have that 7y is of class C*(W” (RY),R) (see Lemmas 2.2 and 2.4). We say
that u € W;P(RY) is a weak solution of problem (1.1), if

Ml (0o + [ VI Pupds]| =2 [ (@ F)s@pds,
for all o € WP(RY), where

(s sy = //RZN [lu(z) — uly) P72 (u(x) —u)] - [o@) —eO)] o0

o =y

Clearly, the critical points of J are exactly the weak solutions of problem (1.1).
LEMMA 2.2 ([30, Lemma 2]). Let (V) and (My) hold. Then ® is of class
CYWP(RN),R) and

< ( ) > HuHP |:// |p (u(m)—u(y))((p(m)—(p(y)) da dy

|z —y|NHes

+ / V@) P u(@)e () |,

for all u,p € Wé’p(RN), Moreover, ® is weakly lower semi-continuous in
W{j’p(RN).

The next result is stated in [2], its proof is included for the readers’ conve-

nience.
LEMMA 2.3. Assume (F3) holds, then there exists K > 0 such that
(2.2) |Z,* F(v)] < K forve Wy P(RY).

PROOF. By the assumption (Fg) and note that p< g1 <ga <(N—p)p/(N —ps)
< Np/(N — ps), using (2.1), we have

|Z, # F(v)| = ‘ /RN |zF_(12u dy’

‘/h: yl<1 |~T - |“ ’/a: y|>1 |95 - ZU|“ ‘

| 4 |v|92
oo PRI aie [ i ay
lz—y|<1 |.13—y| lz—y|>1

o] o + [o]
<eo / PEE ay+ ool + IlollE)
lz—y|<1 |z — y|»

q1 q2
SCO/ [of™* + o} dy + C.
lz—y|<1 |:C - y|#
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Moreover, choosing

tE(N Np )anth(N Np )
FEAN - (N s PN (N —ps)g2 )’

using the Holder inequality and (2.1), we find

[ e,
lz—y|<1 |$ - y|“
1/t (t1—1)/t
< (/ ‘v|q1t1 dy) ' (/ |z — y|—ut1/(t1—1) dy) ' '
|z—y|<1 |z—y|<1
1/t (ta—1)/t
+ (/ |U‘Q2t2 dy) ’ (/ |z — y|*#t2/(t2*1) dy) ’ ’
|z—y|<1 lz—y|<1

(t1i=1)/ta
<ol +oli) | ([ i ay)
T

<1
(ta—1)/t2
+ </ pN—1=pta/(t2=1) dy) ] <C. O
r<1 -
LEMMA 2.4. Let (V) and (F1)—(F2) hold. Then U and ¥’ are weakly strongly

continuous on WP (RY).

PROOF. Let {u,} be a sequence in Wy*(R™) such that u,, — u in Wy? (RY)
as n — oo. Then {u,} is bounded in W* (RN), and then there exists a subse-
quence denoted by itself, such that

Uy, —u in LPRY)YNL2MRY) and u, —»u ae. in RN as n — oo,
and by [7, Theorem 1V-9] there exists £ € L9 (RY) N L% (RY) such that
lu, ()| < £(x) a.e. in RY.

First, we show that ¥ is weakly strongly continuous on W7” (RM). Since F €
CY(R,R), we see that F(u,) — F(u) as n — oo for almost all z € RV, and so
(Z,, * F(upn))F(uy) — (Z, * F(u))F(u) as n — oo for almost all z € RY. From
Lemma 2.3 and (F3), we have

(T 5 Flun)) Flun)]| < K«:o<“";f)’“ ; '“”éj"‘”) e LL(RY).

By Lebesgue dominated convergence theorem, we get
/ (Zp * F(up))F(up) de — (Z, * F(u))F(u)dz as n — oo,
RN RN

which implies that ¥(u,) — ¥(u) as n — oo. Thus ¥ is weakly strongly
continuous on Wy? (RY).
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We next prove that U’ is weakly strongly continuous on Wy” (RN ) Since
up(z) — u(x) as n — oo for almost all x € RN, f(u,) — f(u) for almost all
z € RN as n — oo. Then

(Z, % F(un)) f(un) = (L, * F(u))f(u) ae. inRY, asn — oco.
By (F2) and the Holder inequality, we have that, for any ¢ € W P(RY),

1@, < Pl o) do

gcoK/ ([ |™ 71 Jun| 27 1) ()| da
RN

=0 n Q17 q1 n q27 q2

<coK ([unll@ " ellgn + llunll ™ ellg)

< oK (Coy [6) |87 + Cop 1) 1271 Il -

Then, by Lebesgue dominated convergence theorem, we obtain

19" (un) = ¥ (W)l wyr@nyy = sup (¥ (un) = ¥'(u), @)

HWHW;W(RN):l

= sup /RN |(Z % F(un) f (un)p(x) — (T # F(u) f (w)g ()| da — 0

lellwer @)=t

as n — oo. Therefore, we get that ¥/ (u,,) — ¥'(u) in (W7 (RN))/ asn — oo.l

3. Proof of the main result

In this section, we will prove our main result. First, we introduce the follow-
ing definition.

DEFINITION 3.1. For ¢ € R, we say that J) satisfies the (C). condition if for
any sequence {u,} C Wy (RY) with

Ta(un) = ¢, [ TX(un) (1A [[un]lw) = 0,

there is a subsequence {u,} such that {u,} converges strongly in Wy* (RY).
We will use the following mountain pass theorem to prove our result.

LEMMA 3.2 ([11, Theorem 1]). Let E be a real Banach space, I € C*(E,R)
satisfies the (C). condition for any ¢ € R, and

(a) there are constants p,a > 0 such that I|ap, > o,

(b) there is an e € E\ B, such that I(e) < 0.
Then,

= inf 1 >
¢ yuelro%l?g}i (v(t) 2 e

is a critical value of I, where T' = {~ € C([0,1], E) : v(0) = 0,v(1) = e}.

We first show that the energy functional 7, satisfies the geometric structure.
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LEMMA 3.3. Assume that (V), (My)-(Ms2) and (F1)—(F3) hold. Then:
(a) There exists a,p > 0 such that Jy(u) > « for all u € WP (RN) with

Jullw = p.
(b) JIx(u) is unbounded from below on WP (RY).

PrOOF. (a) From Lemma 2.3 and (M;)—(Mz), (F2), we have
_1 py_ A Fu(@))F(u(y))
Tiw) = () =5 [ A day

|z — y|»

) AeoK Jul Jul®
> — M(||ullfy) ullfy — !
2 oMty - 255 [ (B B

mo Aco K - -

- [0 20K oy + )]

Since g2 > ¢1 > p, the claim follows if we choose p small enough.
(b) From (Ms), we have

(3.1) () < A1) forall t > 1.

By the assumption (F3), we take to such that F () # 0, we find

/(IM>»<F(toxgl))F(toXB1 F(to) // (x —y)dxdy >0,
RN BB,

where B, denotes the open ball centered at the origin with radius r and xp,
denotes the standard indicator function of set Bj. By the density theorem,
there will be vy € Wi*(RY) with

/]RN (Ill * F(’Uo))F('U()) dx > 0.

Define the function v () = vo(z/t), then

1, F(u(y)
) =l =5 [[ | * |x_y|ﬂ d dy

<L) - —// FLi@)Fw) g 4,
p Ix—ylﬂ

9

1

:5//[(1) {thSHvOH%V + tN/ V(tz)|vol? dx}
RN

S f[ PP 4y,
]R2N

2 |z —y|»

for sufficiently large ¢. Therefore, we have that J(v;) — —o0 as t — oo since
1 <0< (2N — p)/N gives that 2N —pu > N6 > (N —ps)f. Hence the functional
J» is unbounded from below on W;*(RY). O

LEMMA 3.4. Assume that (V), (My)-(Mz) and (F1)—(F4) hold. Then (C).-
sequence of Jx is bounded for any A > 0.



FRACTIONAL p-CHOQUAD EQUATIONS WITHOUT (AR) CONDITION 783

PROOF. Suppose that {u,} C WP (RY) is a (C).-sequence for J(u), that is
In(un) = ¢, [T (un)llw (L + [lun [lw) = 0,
which shows that
(3-2) c=Tn(un) +o(1),  (T(un),un) = o(1)

where o(1) — 0 as n — oo. We now prove that {u,} is bounded in W ¥ (R").
We argue by contradiction. Suppose that the sequence {u,} is unbounded in
WP (RY), then we may assume that

(3.3) lunllw — oo, asn — oco.

Let wy(z) = uy/||un|lw, then w, € WP (RY) with |jw,|lw = 1. Hence, up to
a subsequence, still denoted by itself, there exists a function w € W7” (RN ) such
that

(3.4) wn(z) = w(z) ae inRY and w,(z) = w(x) ae. in L7(RY)

as n — oo, for p < r < Np/(N — ps).
Let Q1 = {x € RY : w(z) # 0}, then

lim wy(z) = lim tn () =w(z)#0 in Oy,
n—o00 n—oo ||un||W

and (3.3) implies that

(3.5) |tn| = 00 a.e.in Q.

From the assumption (F3) and Lemma 2.3, we have
Z, * F(uy, F(uy,
g0t et P ) Pl @)

o ()]

|wn (x)[P? = 00, for a.e. z € Q.

Moreover, by (F3), there exists tg > 0 such that

F()
]2

>1 for all [¢| > 1.

Since F' is continuous, then there exists C > 0 such that |F(¢)] < C for all
t € [—to,to]. Thus, we see that there is a constant Cy such that for any ¢t € R,
we have F'(t) > Cp, which show that there is a constant C' such that

(Z, * F(up))F(u,) — C

0
l[un iy

>0

This means that

C

6 -
l[un iy

(Zyy * F(un)) F (un ()
[t () [P

(3.7) jwn () [P —

By (3.2) we have that

(3.8) ¢ = T(un) +0(1) = %///(Hun”{jv) - %/]RN (Z, * F(up))F(uy) dz + o(1).
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Using this and (M;)—(Ms), we find

1 1 c o(1)
mo ¢ ol)
>0 po_ -

as n — co. We claim that meas(£2;) = 0. Indeed, if meas(€2;) # 0, from (3.1),
(3.6)—(3.8) and Fatou’s lemma, we have

(3.10) +oo:/ i inf e * F(un(2))) F(un(2))
Q1

n—00 ‘u (JL‘)‘PQ ‘w"(x)‘pg dx
n

C
—/ limsup —— dx
o nooo [lua iy

S/ﬂ1 lim inf <(Iu * F(un (7)) F(un(w))|wn(x)|pe __C )dx

M 00 |t () P9 |58
< imiat | (“ﬂ *Flunlo) Flun(@),, ype - € a) dz
[ (T )€Y,
n=oe Jo, | ||y llwn [l
< liminf/ A QI F(ug))F(un) dr — liminf/ Ledx
n—oo o, A (|lunl7y) n=oo Ja, [Jun|By
< liminf A () F(ug))F(un) dr — lim inf/ ——dz
n—oo Jpn A ([lun ) n=00 Jou [Jun |y
= A1) lim inf/ (Iul* F(Un))f(un)
b n=eo JgN 5///(H“nHW)
= A1) lim inf /RN (IM * Flun)) Flun) d
p n—oo )\

2 /RN (T, # F(un))F(un) dz + ¢ — o1)

So, by (3.9) and (3.10), we get +oo < 2.#(1)/(p\). This is a contradiction.
This shows that meas(€2;) = 0. Hence w(z) = 0 for almost all z € RY. The
convergence in (3.4) means that

(3.11) wn(z) -0 ae. inRY and w,(z) =0 ae. in L"(RY),

as n — oo, for p <r < Np/(N — ps).
Using (3.2) and (Ms), for n large enough, we get
1
(3.12) c+1>T\(uy) — E(J){(un),u@
1

1
== (|Jun|%) — = M(||un||%)|un|l%
, (lluanlly) e (2 i %
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2 [ @ B (o )i, = 5 Fun) ) d
RN © Un p09 Un )Un 2 Un Xz
1 1
> A - (I# * Fup)) p*(gf(un)un - iF(un) dx
=\ (Zy * F(up)) 7 (uy,) de.

RN

Let us define ,,(a,b) := {zx € RN : a < |u,(z)| < b} for a,b > 0. From (M)
and (Maz), we have that

1 m
(313) Ay > 5 Myl > ™22 s -
This together with (3.3) and (3.8) yields that

2 1
3.14 0<—< hmsupif T, * F(u,))F(uy,)dx
BAD 0 X = B ) J T PV )

) (Z,, * F(upn))F(un)
=limsu / dzx
nine Jan A ([unly)

= lim sup </ +/ >(Iﬂ *F(un))pF(un) d.
n—oo Q,,(0,m0) Qp (r0,00) ‘%(”un"W)

On the one hand, by Lemma 2.3, (3.13), (F2) and (3.11), we obtain
T, * F(un))F(uy, K6 F(u,
PR A0 L A P iy L U
@, (0,70)

n - M0 Ja,0m0) I[Unllw
A ([lun|liy) m llun I}

|un|(11 ‘un|(I2 ) i

Q .(0,70) ql||un||w Q2||unH€V

K@ . q2—p
_ GhY (|Un| Py |un| |wn|p> dx
q2

0 Q (0 T‘o

C K0 QI p Q2 p
<= ( + )/ |wnl? dz — 0,
mo q q2 Q,(0,70)

as n — 0o. On the other hand, using the Hélder inequality, (3.11), (3.12) and
(F4), we find

S C()K9

paoy [ Rl 0 7, s ) Flu)
Q,, (r0,00) %(HUHHW) mo JQ, (rg,00) ||un||W
0 T, x F(uy)|F(un,
mo JQ, (rg,00) |u’ﬂ|p

K 1/k
Si / (|I#*F(un)|F(un)> da
mo \Ja, (ro,00) |un|P
(r=1)/K
. (/ |wn(x)|r~p/(nfl) dx)
Q,, (ro,00)
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i . 1/k
<P </ |1H*F(un)|ﬂ9(un)dz>
mo Q. (ro,00)

(k—1)/k
. (/ |wn($)|np/(n—1) d:c)
Qn(T()vOO)

0 1/k
< c}/“K<'~”~1>/'~”~</ |Z,, * F(u,)|.Z (un) dz)
mo Q. (10,00)

(k—1)/k
. (/ |wn(x)|*“p/(“‘1) dm)
Qp (10,00)

0 1/ _ c+ ]. 1/H
3.17 < /PR DR
( ) —= mo Cl )\

(k—1)/r
[ e a 0,
Qp (ro,00)

as m — oo. Here we used the fact that kp/(k —1) € (p, Np/(N — ps)) if
k> N/(ps). Thus, we get a contradiction from (3.14)—(3.16). O

LeEMMA 3.5. Assume that (V), (My)-(Msz) and (F1)—(F4) hold. Then the
functional Jy satisfies (C)-condition for any X > 0.

PROOF. Suppose that {u,} C WP (R") is a (C).-sequence for Jy(u), from
Lemma 3.4, we have that {u,} is bounded in W;”(R"), then if necessary to a
subsequence, we have

Up — U in WP (RY), Up —u  ae. in RN,
(3.18) Up — U in L9 (RY) N L2 (RY),
lun| < l(z)  ae. inRY, for some £(x) € L% (RY) N L2 (RY).

For simplicity, let ¢ € WP(RY) be fixed and B, be the linear functional on
WP (RY) defined by

Bu(v) - //Rw [p(z) = pW)IP=(p(x) = 9(y)) (0(z) — v(y)) dz dy.

|z —y|Nes

for all v € WP(RY). By the Hélder inequality, we have
1Bo(0)] < [@]53 [0)s.p < llellfy H1vllw,

for all v € WP (RY). Hence, (3.18) gives that

(3.19) T (M ) = M(lullf)) Buln =) = 0,

since {M ([lunllfy) — M(|Jull}})},, is bounded in R.
Since J5 (u,) — 0 in (WP (RY)) and u,, — u in WP (RY), we have

(Tx(un) — T (u),un, —u) — 0 asn — oo.
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That is,
(3.20)  o(1) = (Ix(un) — Tx(u), un — u)
() (B = )+ [ Va2, — )i
= 8l (B =)+ [ V@b, — ) o)
A [ (s P () = = F ) 0] (0 =)

= M(||unlfy) [Bu, (un — u) = Bu(un — u)]
+ (M ([[unllfy) = Mlulfy)) Bu(un — u)

+ M(Hunll’v’v)/ V(@) (lun P2y — JulP~?u) (uy, — u) da
]RN
+ [M([lunllfy) = M([Jullfy)] / V(@) ulPu(uy — u) da
RN
@ ) ) = (s F@)f0)] 1~ 0) o
RN
From Lemma 2.4, we have
(3.21) /RN (Zy * F(un)) f(un) = (Zy * F(uw)) f(w)] (un — u) dz — 0,
as n — 00. Moreover, using the Holder inequality and (3.18), we have
(3.22) [M(J[unllfy) = M(|lullfy)] /RN V(@) [ulPu(un —u) dz — 0,

as n — oo. From (3.19)—(3.22) and (M;), we obtain
i 310 ) (B = 20 = B, =)

+/ V(@) (Jtn P2 — |[u|P™2u) (uy — u) dw) = 0.
RN
Since

M ([[tin |[53) [Bu, (i — 1) = Bu(un —u)]

>0,
V(@) (a2 — [l ~20) (uy — ) > 0,

for all n by convexity, (M;) and (Vy), we have

lim [Bu" (up, —u) — By(uy — u)} =0,

n—oo

(3.23)

lim V(@) (JunP~?uy — |[uP~?u) (uy — u) dz = 0.
n—oo RN
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Let us now recall the well-known Simon inequalities. There exist positive num-
bers ¢, and Cp, depending only on p, such that

ep(|€1P726 — InlP~2n)(€ — ) for p > 2,
(324) & =nl" < ¢, [(|g[7=2¢ = [nPP=2m) (& — )] 2 (€7 + |nlr) Z—P)/2
for 1 <p<2,

for all £,7 € RY. According to the Simon inequality, we divide the discussion
into two cases.

Case 1. p > 2. From (3.23) and (3.24), as n — oo, we have

b [ Tn@) = ul@) ) )l
[un 7&}571) - /\/RZN d dy

|z — y|NFPs

[t () — un )P (un(2) — un(y)) — Ju(z) — uy) P~>(u(z) — u(y))
<.

@ — y[NHes
(un(2) — u(z) = unly) +u(y)) dzdy
=¢p [Bu" (up, — u) — By(upn, — u)] = o(1),
and

ln — u||§ v < cp/ V(x)(|un|p_2un - \u|p_2u) (up, —u)dx = o(1).
, .

Consequently, ||u, —ullw — 0 as n — oc.
Case 2. 1 < p < 2. Taking £ = u,,(z) — un(y) and n = u(z) — u(y) in (3.24),
as n — 0o, we have

[un, —ul? , <C, [Bun (un — u) — Bu(up, — u)]P/Q([un]p +[ul? )(2—p)/2

5P — 5P 5,P

< Cy[Bu, (tn — u) — By(un — w)]""* ([un]2C~P)/? 4 [up2=1)/2)

< C[Bu, (un — 1) — Bu(un — u)]”* = 0(1).

Here we used the fact that [u,]s, and [u]s, are bounded, and the elementary

inequality
(a + b)(2_p)/2 <a® /2 4 p(2=P)/2 foralla,b>0and 1 < p < 2.

Moreover, by the Holder inequality and (3.23), as n — oo,
_ _ 2
Hun — u||g,v < Cp /N V(ZE) [(|un|p 2Un — |u‘P 2u) (un — u)]p/
R

(Junl? + uf?) &P P e

< C’p(/RN V(@) (Jun P~ uy — [P 2u) (u, — u) d:z:) i

. (-/RN V(@) (Jun|P + |ul?) dl’) (2—-p)/2
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2— 2 2— 2
< Cy(lun P57 + ul EGP2)
p/2
. (/ V(@) (Jun P~ uy — |ufP"?u) (un — u) dm)
RN

< c(/RN V(@) (Jun P2t — [ufP~2) (u — ) dx)p/2 0.

Thus ||u, —ul]jlw — 0 as n — oo. O

Now we are ready to prove our main result.

Proor orF THEOREM 1.1. By Lemmas 3.2-3.5, we obtain that there exists

a critical point of functional 7, so problem (1.1) has a nontrivial weak solution
for any A > 0. O
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