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WITH NONLOCAL GENERALIZED FRACTIONAL
INTEGRAL BOUNDARY CONDITIONS

SOTIRIS K. NTOUYAS — BASHIR AHMAD
MADEAHA ALGHANMI — AHMED ALSAEDI

ABSTRACT. In this paper, we establish sufficient criteria for the existence
of solutions for generalized fractional differential equations and inclusions
supplemented with generalized fractional integral boundary conditions. We
make use of the standard fixed point theorems for single-valued and mul-
tivalued maps to obtain the desired results, which are well illustrated with
the aid of examples.

1. Introduction

Fractional calculus is a branch of mathematical analysis dealing with the
study of derivatives and integrals of non-integer order. Differential equations
involving fractional order derivatives are termed as fractional order differential
equations and find useful applications in physics, chemical technology, population
dynamics, biotechnology, economics, viscoelasticity, control theory of dynamical
systems, electrical networks optics and signal processing, rheology etc. For de-
tails and examples, we refer the reader to the books [3], [12], [17], [20], [23], [24]
and a series of articles [1], [2], [4]-[8] and the references cited therein.
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Fractional derivatives appear in terms of fractional integrals and have differ-
ent forms in contrast to the classical integer order derivative. Riemann—Liouville
and Hadamard fractional integrals are the well-known examples of fractional
integrals used for defining several types of fractional derivatives. A new frac-
tional integral, known as generalized Riemann—Liouville fractional integral or
Katugampola fractional integral, unifies the Riemann—Liouville and Hadamard
integrals into a single integral [15]. The fractional derivative expressed in terms
of generalized fractional integral is known as generalized fractional derivative [16]
(see definitions in Section 2). Recently, Lupinska and Odzijewicz [22] obtained
a Lyapunov-type inequality for fractional boundary value problem with Katu-
gampola fractional derivative.

In this paper, we initiate the study of a new class of boundary value prob-
lems involving generalized fractional derivatives and integrals. Precisely, we in-
vestigate the existence and uniqueness of solutions for the following generalized
fractional differential equation and inclusions:

(1.1) PDy(t) = f(t,y(1)), t<]0,T],
(1.2) PD%y(t) € F(t,y(t), tel[0,T],

supplemented with the following nonlocal boundary conditions:

1-8 r& gp—1
13 w0 =0 yT) =2 [T e A rye)

I'(B) Jo (€7 —sP
for € € (0,T),
(1.4) y(0) =0, y(T)= f: Aiy(&), & €(0,T),
and -
(1.5) y(0) =0, y(T)= Zn: N PIPy(&), & e (0.T),

i=1
where D is the generalized (Katugampola) fractional derivative of order 1 <
a < 2, p >0, °I% is the generalized (Katugampola) type fractional integral
of order 8 > 0,p > 0, f:[0,7] x R — R is a continuous function, A, A; € R,
i=1,...,n,and F: [0,T] x R — P(R) is a multivalued function (P(R) is the
family of all nonempty subjects of R). Note that the boundary conditions (1.3)
and (1.5) involve generalized fractional integrals.

The rest of the paper is organized as follows. In Subsection 3.1, we present
the existence and uniqueness results for the problem (1.1) and (1.3) by using
Banach’s contraction mapping principle, Krasnoselskii’s fixed point theorem and
Leray-Schauder nonlinear alternative. The existence of solutions for the equa-
tion (1.1) equipped with the boundary conditions (1.4) and (1.5) is outlined in
Subsection 3.2. Existence results for the inclusions problem (1.2) and (1.3) are
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studied in Section 4 via Leray—Schauder nonlinear alternative for multi-valued
maps and Covitz and Nadler fixed point theorem for multi-valued contractions.
Examples illustrating the obtained results are also included.

2. Preliminaries

For c e R, 1 < p < o0, let XP(a,b) denote the space of all complex-valued
Lebesgue measurable functions ¢ on (a,b) with ||¢|| x» < oo, and

b d 1/p
Bl x» = (/ |2°¢(x)|P ;) < .

In particular, when ¢ = 1/p and p = 1, the space X?(a,b) coincides with the
L'(a,b)-space (L'(a,b) denote the space of all Lebesgue measurable functions ¢
on (a,b) equipped with the norm

b
el = [ le@) da < o
a

DEFINITION 2.1 [15]. The generalized fractional integral of order o > 0 and
p>0of feXP(a,b) for —oo < a <t <b< oo, is defined by

-«

pra P ot
(21) eI 0 = s [ Gy s

Note that the integral in (2.1) is called the left-sided fractional integral.

EXAMPLE 2.2. Let o > 0 and p € R. Then

q
pora E(5+)
PIOYd —

P F<q+a+1)
p

Similarly we can define right-sided fractional integral #I}* f as

11—« b p—1
I S i s)ds.
(22) D0 =t | s )

REMARK 2.3. The above definitions for generalized fractional integrals re-
duce to the ones for the standard Riemann-Liouville fractional integrals and
Hadamard fractional integrals (see [17]) for p = 1 and p — 0 respectively [15].

DEFINITION 2.4 ([16]). The generalized fractional derivatives associated with
the generalized fractional integrals (2.1) and (2.2) are defined, for 0 < a < x <
b < oo as follows:

d

ooz = (1 2) erene

pa7n+1 . d n /t Sp71
= —_— t P e d
I'(n—a) ( dt W (tP — sp)a—ntl f(s) ds,
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e = (-t %) enzenw

a—n—+1 n b p—1
P 1,4 $
=—| -t 77— —_— ds.
F(n—a)( dt) /t (s — gyt 4 (54
LEMMA 2.5 ([16]). Let 0 < a <1 and f € XP(a,b),p > 0. Then, for a >0,
p >0,
("Day PIZ ) f(t) = f(2).
LEMMA 2.6 ([16]). Let o, S € C. Let0<a <b< oo and 1 <p < oo. Then,
for f € XP(a,b), p>0,
IS I f =13 F and DS, PDY f ="DYTC .
We remark in passing that the the generalized fractional integral and the
generalized fractional derivative of f with a = 0 are denoted by ?1¢f and ? D f,
respectively.

Let C([0,T],R) denote the Banach space of all continuous functions from
[0,7] to R endowed with the norm defined by |ly|]| = sup |y(t)|. Let AC[0,T)
t€(0,T]

denotes the space of all absolutely continuous real valued function on [0, T].
Moreover, let us introduce the space ACg by

AC2[0,T) = {f: [0, 7] - R: (tl—ﬂ;t)f(t) € AC[O,T}}.

LEMMA 2.7 [22]. Let a,p > 0, n = [a] + 1, w € C(0,T) N X?(0,T) and
PIM ™ € AC’?. Then the general solution of the fractional differential equation
PD¥u(t) =0 is

u(t) = e t?POY 4 et
where ¢c; € R, i =1,...,n. Moreover,

PICPDu(t) = u(t) + crt? ™Y + . 4 et ™™,

DEFINITION 2.8. A function y € C([0,T],R) is said to be a solution of
(1.1) and (1.3) if y satisfies the equation ?D%y(t) = f(t,y(t)) on [0,7T], and
the condition y(0) = 0, y(T) = APIPy(¢).

Relative to the problem (1.1) and (1.3), we consider the following lemma.
LEMMA 2.9. Let h € C(0,T)NLY(0,7T), y € C([0,T),R) such that PI*~y €
2
ACZ[0,T] and
()
PP (c+ B)

Then the solution of the linear equation

(2.4) PDy(t) = h(t), te[0,T],

(2.3) Ay =T ) grlotB=1) £,
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supplemented with the conditions (1.3) is equivalent to the integral equation:
tp(a )
(2.5) y(t) = PIOh(t) + ———{NPI*TPR(€) — PT*N(T)}.
PROOF. Applying the operator PI* on the generalized linear fractional dif-
ferential equation (2.4) and using Lemma 2.7, we obtain

(26) y(t) — p_[ah(t) + Cltp(a—l) + Cztp(a—2)’

where ¢; and ¢y are arbitrary unknown constants. Using the first boundary
condition y(0) = 0 in (2.6), we get co = 0. Applying the generalized integral to
(2.6) after inserting the value of ¢q, we get
T'(«@) _
2.7 PIfy(t) = PIFPR(t) + ¢ —gm—— tPOTA7D),
(27) ) 0+ ey
From the second boundary condition y(7T') = A?I®y(¢), we have
_ I'(a) _
PICW(T Trla=1) _ \pratBy, A plat+p 1)7

(T) + ©+a PNCENIN

which yields

c1 = Ail{)\”lo“f@h(f) —PI*W(T)}.

Substituting the value of ¢; in (2.6) we get the equation (2.5). The converse
follows by direct computation. O

Now we give two lemmas associated with the nonlinear boundary value prob-
lems (1.1) and (1.4), and (1.1) and (1.5). One can obtain the proof of these results
by using the arguments employed in Lemma 2.9.

LeMMA 2.10. For any h € C(0,T) N L(0,T), y € C([0,T],R) such that
PIPmoy e AC2[0,T] and

(2.8) Ay = TP N el 2o,
i=1
the solution of the equation (2.4) with the boundary conditions (1.4) is given by

(2.9) y(t) = "T"h(t) + “’(Z; - { Z A PIh(&) — pzah(T>}'

LEMMA 2.11. For any h € C(0,T) N L(0,T), y € C([0,T],R) such that
PP~y e ACZ[0,T] and

_ " F(Oé) o —1
2.10 Ay =Pl N\ epladBl) g

the solution of the equation (2. ) with the boundary conditions (1.5) is given by

(2.11) o) = o1t + 2 {Z/\ PIeHOR(E) — PTR(T )}.
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3. Main results for the single valued problems

This section is devoted to the existence of solutions for the fractional differ-
ential equation (1.1) supplemented with the boundary conditions (1.3)—(1.5).

3.1. Existence results for the problem (1.1) and (1.3). Here we dis-
cuss the existence and uniqueness of solutions for the problem (1.1) and (1.3). In
relation to the problem (1.1) and (1.3), we define an operator Fy: C([0,T],R) —
C([0,T],R) by

pa—1)

(3.1) Faly)(t) ="1°f(t,y(t)) + {APIFE 1 (& y(©) =PI f(T,y(T)) },

For computational convenience, we set

TP Tr(a—1) \ Ep(a+/3) TP
+ + .
pl(a+1) |A4] { |pa+ﬂr(a+6+1) par(a+1)}

In the first result we establish the uniqueness of solutions for the problem (1.1)

(3.2) A =

and (1.3) via Banach’s fixed point theorem.

THEOREM 3.1. Let f: [0,T] xR — R be a continuous function satisfying the
assumption:

(Hy) |f(t,z) — f(t,y)| <Oz —yl, for allt € [0,T], ¥ >0, z,y € R.
Then the problem (1.1) and (1.3) has a unique solution on [0,T] if
(3.3) YA <1,
where Ay is given by (3.2).
PROOF. In view of the condition (3.2), consider the set
B, ={y € C([0,T],R) : [lyl| <r}
with r > fo A1 /(1 — 9A;), s%pT] |f(t,0)] = fo, and show that F1 B, C B,, where

te|
F; is defined by (3.1). For y € B,., we have

pla—

F1(y)(@)] = P17 f(t, y(t) + A i {APIOFPf(E,y(€)) =PI F(T,y(T))}
<PIC(|f(ty(1) — f(E,0)] + |£(£.0)])
”'(;T) NPT (11(6,9(9) = F(E.0)] + 1£(6,0)])
+P1°(|f(T, y(T)) — f(T,0)| + | £(T,0)]) }

_|_

<(9 TP Tela—1) gplath)
1 +
<0 f°)[par<a+1> A { AT T A0
i ) A
i ] O <
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where A; is given by (3.2). For the above inequality, it follows that ||F1y| < r,
for any y € B,. Thus F1B, C B,. Now, for y,z € C([0,T],R) and for each
t € [0,T], we obtain

[F1(y)(t) — F1(2)(0)] < 17| f(t,y(t) — f(£,2(1))]

a—1
+ P NI 60 — 6 (€] + PP, (D) — T, (D))
TP Trla—1) §p(a+ﬁ) TP
<9 et ET e AT e
=V Aslly — =],

which, by taking the norm for ¢ € [0,T], yields
(3.4) IF1(y) = F1(2)] < dAilly — 2|

By the condition 9A; < 1, it follows from (3.4) that the operator Fy is a contrac-
tion. Thus, the conclusion of the theorem follows by the contraction mapping
principle (Banach fixed point theorem). O

In the next result, we prove the existence of solutions for the problem (1.1)
and (1.3) by applying Leray—Schauder nonlinear alternative.

LEMMA 3.2 (Nonlinear alternative for single valued maps, [13]). Let S be
a closed, conver nonempty subset of a Banach space E, U an open subset of S
and 0 € U. Suppose that F: U — S is a continuous, compact (that is, F(U) is
a relatively compact subset of S) map. Then, either F has a fized point in U or
there is a w € QU (the boundary of U in S) and A € (0,1) with u = AF(u).

THEOREM 3.3. Assume that:

(Hy) there exist a function p € L*([0,T],R*) and a nondecreasing function
Q: RT = RT such that | f(t,y)] < p&)Q|yll), for all (t,y) € [0,T] x R;
(Hs) there exists a constant K > 0 such that

K
> 1.

Tela—1)
Al

Then the problem (1.1) and (1.3) has at least one solution on [0,T].

mm@mm+ ﬂWW%@wMHw

PROOF. First of all, we show that the operator F1: C([0,7],R)—C([0,T],R)
defined by (3.1) is continuous and completely continuous. This will be established
in several steps.

Step 1. F4q is continuous. Let {y,} be a sequence such that y, — y in
C(]0,T),R). Then
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[F1(yn) () = F1(y)(8)| < PI[f(t yn(t)) — f(t y(0))]

tpla—1)
+

{INPIF21£(6, yn(©)) — F(& y(€)) + I £ (T, yn(T)) = F(T,y(T))I}
< AullfCoyn) = FC )

Since f is continuous functions, therefore, we have

[F1(yn) = F1@)ll < Aullf (- 9m) = F(-,9)l = 0, asn— o0

Step 2. F1 maps bounded sets into bounded sets in C([0,T],R). Indeed, it is
enough to show that for any p > 0 there exists a positive constant £ such that
fory € B, = {y € C([0,T],R) : [lyll < p}, we have [[F1(y)|| < £. By (Hy), for
each ¢ € [0, 7], we have

tpla—1)

A4
C
A4

[F1(y) ()] < P17t y(0)] +

{IAPTOFP £, y(€))] + I f(T,y(T))|}

1)
< Ip(T)Q([lyll) + {1 2p )yl + P1op(T)Qlyll) }

p(a—1)
<y (7o) + L e + 1D} ).
Thus
p(a—1)
I3 )1 < ) (*0(0) + o1t 4 o1} ) o=

Step 3. F maps bounded sets into equicontinuous sets of C([0,T],R). Let
0 <t; <ty <T, B, be abounded set of C([0,7],R) as in Step 2, and let y € B,,.
Then
[F1(y)(t2) — Fi(y)(t1)]
<|PIf(t2,y(t2)] = P10 f (tr,y(t)|
)15

| A

11—« t 1 .
g e
() o L5 —sP)ima T (1P —sp)l-a p(s)ds

ta P~
+/ ———p(s)ds
b (th —sP)tme

Ot
Al
As t; — to, the right-hand side of the above inequality is independent of y and

+

_ tp(a—l)l
! {INPT**Fp(&) +P1p(T)}

(a—1)
| {INPIPp(&) +PT°p(T)}.

tends to zero. In view of the foregoing three steps, the Arzela—Ascoli theorem
applies. In consequence, we conclude that Fy: C([0,T],R) — C([0,T],R) is
completely continuous.
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Step 4. We show that there exists an open set U C C([0,T],R) with y #
vF1(y) forv € (0,1) andy € OU. Let y € C([0,T],R) be a solution of y = vF1y
for v € [0,1]. Then, for t € [0,T], we have

()] = [v(F1y)(1)]

trlo—
< PITNf(t ()] +

1)
] {INPIFP L (6 ()] + "I F (T y(T))1}

p(a—1)
d ™ {21 p©)Qlyll) + 7 1op(T)([ly 1) }

(a—1)
T’;T' (NPT Pp(6) + Pfapm}) ,

which, by taking the norm for ¢ € [0, 7], implies that

< 1%p(T)Q(llyll) +

<yl <ﬂfap<T> n

lyll
a Tp(a—l) a+f3 a
1ol (#1°T) + F o (A 1) 1T}
In view of (Hj), there exists K such that |ly|| # K. Let us set

U={yeC(0,TR): [y <K}

<1

Note that the operator Fy: U — C([0,T],R) is continuous and completely con-
tinuous.

From the choice of U, there is no y € 9U such that y = vF1(y) for some
v € (0,1). Consequently, by the nonlinear alternative of Leray—Schauder type
(Lemma 3.2), we deduce that F; has a fixed point y € U which is a solution of
the problem (1.1) and (1.3). O

REMARK 3.4. The condition (Hz) can be modified by assuming p € C([0, T,
RT) instead of p € L'([0, 7], RT). In this case, the constant K in condition (Hs)

will take the form:
K

0 > 1.
Q(E)||pl| Ax

As a special case, when p(t) = 1 and Q(|ly||) = di||y|| + d2, we have the
following corollary.

COROLLARY 3.5. Let f: [0,T] x R — R be a continuous function. Assume
that

(Hy) there exist constants 0 < dy < 1/A; and do > 0 such that
lf(t,9) < dilyl+de forallt €[0,T], y €R.
Then the problem (1.1) and (1.3) has at least one solution on [0,T].

In the last result, we prove the existence of solutions for the problem (1.1)
and (1.3) by applying Krasnosel’skii’s fixed point theorem.
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LEMMA 3.6 (Krasnosel’skil’s fixed point theorem, [19]). Let M be a closed
convex and nonempty subset of a Banach space X. Let A1, Ay be the operators
such that

(a) Ayx+ Asy € M whenever x,y € M,
(b) A; is compact and continuous, and As is a contraction mapping.

Then there exists w € M such that w = Ajw + Asw.

THEOREM 3.7. Let f: [0,T] x R — R be a continuous function, and the
assumption (Hy) holds. In addition we assume that

(Hs) |f(t,9)] < 0(t), for all (t,y) € [0,T] x R and 6 € C([0,T],R).
Then the problem (1.1) and (1.3) has at least one solution on [0,T], provided that
Trla—1) gﬂ(aﬂi) TP
3.5 9 A + <1
& Mt 5 e )

PROOF. Letting sup |0(t)] = ||6]| and 7 > A;]|0]||, we define Br = {y €
te[0,T]

)

C([0,T],R) : |ly|l| < 7}. Introduce operators P and Q on By as
Py)(t) ="1"f(s,y(s))(1),
pla—1)
QW) = (NPT F 5, (s))(O) = 17 (s y()(D)}.

Note that F; =P + Q. For y, 2z € By, it easy to find that

pa

T
<|9||| —=———
1Py -+ Qall < | s

<T.

Tr(a—1) gplath) TPer
+ {|A + H
A ptPl(a+B+1)  poT(a+1)
Thus, Py + Qz € Br.
It follows from the assumptions (H;) and (3.5) that Q is a contraction map-
ping, that is, for y, z € C(]0,T],R) and for each t € [0, T], we have

I2w)(®) — )1
p(a—1)
< sup {t — (PT21£(,y(€) — F(62(€))]

" telo,T) 1

+ PIf(T, y(T)) — f(T,Z(T))I)}

Trla—1) gp(oﬂr,@) Tra
<9 { A + }Ily —z].
[Aq] ptP(a+B+1)  poT(a+1)

Continuity of f implies that the operator P is continuous. Also, P is uniformly

bounded on B; as
Tre

< —_—.
e
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Finally, we prove the compactness of the operator P. For that we define

sup |f(t,y)| = f < oo
(t,y)€[0,T X B

Then, for 0 < t; <ty < T, we have

[Py(tz) — Py(t1)l

<Fal, [ - m e
+/t2t,,8p5_:)1af(s y(s))ds

1 af Sp—l to Sp—l
— d —d
‘/ [t"—sﬂl " <t’f—sp>1a] +/ (- sy

< ——12(th — ] e — 5
- al"(a+1| )" 2 |’

which is independent of y and tends to zero as to —t; — 0. Thus, P is equiconti-
nuous. So P is relatively compact on Br. Hence, by the Arzeld—Ascoli theorem,
P is compact on Br. Thus all the assumptions of Theorem 3.7 are satisfied.
Hence, by Lemma 3.6, we deduce that the problem (1.1) and (1.3) has at least
one solution on [0, 7. O

ExaMPLE 3.8. Consider the following boundary value problem

1 ly| +2
12D7/5(4) = ( +cost> te 0,2

y(0) =0, y(2) =1/3"21*y(3/2),

(3.6)

where p = 1/2, a = 7/5, A = 1/3, 8 = 4/5, £ = 3/2 and T = 2. Using the
given data, we find that |A;] = 0.5526156533, A; = 12.67699740, where A; and
A; are respectively given by (2.3) and (3.2). One can easily check that f(t,y)
is continuous and the condition (H;) of Theorem 3.1 holds true with ¥ = 1/20.
Also A1 =~ 0.63384987 < 1. Thus all the conditions of Theorem 3.1 are satisfied.
So, by the conclusion of theorem 3.1, the problem (3.6) has a unique solution
on [0,2].
Further, the hypothesis of Theorem 3.7 is satisfied with
2+ cost
o) = 20(1+1)
Also
Tr(a—1)
0, [Al +
[A1] { ptPr(a+p+1)  pT(a+1)

Thus the conclusion of Theorem 3.7 applies to the problem (3.6).

gp(a+/3) TP

} ~ 0.4612850793 < 1.
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3.2. Existence results for the problems (1.1) with (1.4) and (1.5).
We introduce an operator Fo: C([0,1],R) — C([0,T],R), associated with the
problem (1.1) and (1.4), defined as

3.7) Fa(y)(t) =171 (t,y(t))

pla—1) (1

Ko | NI~ STy

where As is defined by (2.8). Furthermore, we set

(3.8)  Ag=

TP Tr(a—1) n pa TP
- { P S + }
N CES TP A Pl s Ry ey
The existence results for the problem (1.1) and (1.4), similar to ones for the
problem (1.1) and (1.3) obtained in Section 3, can be proved with the aid of the

operator Fo and the constant Ay given by (3.7) and (3.8) respectively. So, we
formulate the results without proof.

THEOREM 3.9. Suppose that the condition (Hy) holds. Then the problem
(1.1) and (1.4) has a unique solution on [0,T] if 9As < 1, where As is given
by (3.8).

THEOREM 3.10. Assume that (Hz) and the following condition hold:

(Hg) there exists a constant K > 0 such that

K
o > 1.
Q(K) (Pfapm n T|A|{ S INPITpE) 4 I%(T)})

Then the problem (1.1) and (1.4) has at least one solution on [0,T].

THEOREM 3.11. Assume that the conditions (Hy1) and (Hs) hold. Then the
problem (1.1) and (1.4) has at least one solution on [0,T], provided that

Tela=1) & TP
3.9 ) —— i L + < 1.
(3.9 TNy {Z' AT ) par<a+1>}

Next, for the problem (1.1) and (1.5), we define an operator Fgz: C([0, 1], R)
— C([0,T],R) by

(3.10)  Fs(y)(t) =1 f(t,y(t))

(a=1) (.M
e DL (R B ST
=1

where Aj is defined by (2.10). Let us set

TP Tp(afl) é-zﬂ(a"rﬁ) Tro }

3.11) Az = n i n
(3:.11) A3 peT(a+1) |As] {;| ‘po”rﬂF(oz-i-ﬁ—i—l) peT(a+1)
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The existence results for the problem (1.1) and (1.5) can be obtained with the
help of the operator Fg and the constant Az. As before, we only state these
results.

THEOREM 3.12. Suppose that the condition (Hy) holds. Then the problem
(1.1) and (1.5) has a unique solution on [0,T] if 9As < 1, where As is given
by (3.11).

THEOREM 3.13. Assume that (Hs) and the following condition hold:

(H7) there exists a constant K > 0 such that
K

1.
Trla—1) >

() (P1ep(r) + = ST p(e) 4+ o) })

=1

Then the problem (1.1) and (1.5) has at least one solution on [0,T].

THEOREM 3.14. Assume that the conditions (Hy) and (Hs) hold. Then the
problem (1.1) and (1.5) has at least one solution on [0,T], provided that

Tp(a 1) fp(a+ﬁ) TP
1.
Al {Z| a+ﬁra+5+1)+par(a+1)}<

ExXAMPLE 3.15. Let us consider the following boundary value problem

(3.12)

VEDTPy(t) = f(ty(t)), te[0,2],

y(0) =0, y(2)=y(3/4)+1/3y(3/2),

where p=1/2, a =7/5, \1 =1, Ao =1/3, & =3/4, & = 3/2 and T = 2 and
f(t,y(t)) will be fixed later.

Using the given values, we find that |As| = 0.1568797472, Ay = 48.32814774,
where Ay and Ay are respectively given by (2.8) and (3.8). For illustrating

(3.13)

Theorem 3.9, we take

1
(3'14) f(tvy) - 3\/m
Notice that f(¢,y) is continuous and satisfies the condition (H;) with 9 = 1/90.
Also 9As =~ 0.5369794193 < 1. Thus all the conditions of Theorem 3.9 are
satisfied. Hence the conclusion of Theorem 3.9 applies to the problem (3.13)
with f(t,y) given by (3.14).
In order to illustrate Theorem 3.10, we take

(3.15) slape) = SO (b y sy ).

where p(t) = (1 +¢)/90 and ¥(||y||) = |ly|| + (47 + 1)/8. By condition (Hg), we
have K > 5.021036057. Thus all the conditions of Theorem 3.10 are satisfied

et (tan_l Y 4 cos t).
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and consequently the problem (3.13) with f(¢,y) given by (3.15) has at least one
solution on [0, 2].

EXAMPLE 3.16. Consider the following boundary value problem

1/2D7/5y(t) — f(t,y(t)), te [0,2]7

(3.16)
y(0) =0, y(2) ="21"Py(3/4) +1/31/21"/5y(3/2),

where p = 1/2, a = 7/5, Ay =1, Ao = 1/3, B = 4/5, & = 3/4, & = 3/2 and
T =2 and f(t,y(t)) will be defined later.

Using the given data, we find that |Az| = 0.6271881077, As = 14.11003320,
where As and As are respectively given by (2.10) and (3.11). For illustrating
Theorem 3.12, we take

(3.17) Flty(®) = 20(t1+ 3 (Z: i +Cost>.

Observe that f(¢,y) is continuous and satisfies the condition (H;) with ¢ = 1/20.
Also 9 A3 ~ 0.70550166 < 1. Thus all the conditions of Theorem 3.12 are satisfied
and hence its conclusion applies to the problem (3.16) with f(¢,y) given by (3.17).

Next we illustrate Theorem 3.14 by taking f(¢,y) given by (3.17). Clearly,
the hypothesis of Theorem 3.14 holds true with 6(t) = (2 + cost)/(20(1 +1)).
Also

Tp(a 1)
Al {Z| AT (et A1) | Tt

50 (a+B) TP

} ~ 0.5329368695 < 1.

Hence we deduce by Theorem 3.14 that there exist at least one solution for the
problem (3.16) with f(¢,y) given by (3.17).

4. Main results for the multivalued problem (1.2) and (1.3)

This section is devoted to the existence of solutions for the problem (1.2)
and (1.3). The existence of solutions for the problems (1.2) and (1.4), and (1.2)
and (1.5) can be studied by employing the strategy used in this section. Let us
first turn to some preliminary concepts of multivalued analysis [11], [14].

For a normed space (X, || - ), let Pa(X) = {Y € P(X) : Y is closed},
Pr(X) ={Y € P(X) : Y is bounded}, P p(X) ={Y € P(X) : Y is closed and
bounded}, Pep(X) ={Y € P(X) : Y is compact}, and Pepo(X) ={Y € P(X) :
Y is compact and convex}.

A multi-valued map G: X — P(X) is

(a) convex (closed) valued if G(z) is convex (closed) for all x € X.
(b) bounded on bounded sets if G(Y) = |J G(z) is bounded in X for all
€Y

Y € Py(X) (i.e. sup{sup{ly| : y € Ga)}} < oo).
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(¢c) upper semi-continuous (u.s.c.) on X if for each xg € X, the set G(xp)
is a nonempty closed subset of X, and if for each open set N of X
containing G(zg), there exists an open neighborhood Ny of xy such that
G(M) C N.

(d) completely continuous if G(B) is relatively compact for every B € Py(X).
If the multi-valued map G is completely continuous with nonempty com-
pact values, then G is u.s.c. if and only if G has a closed graph, i.e.
Ty = Ty Yn — Yy Yn € G(zy) imply yi € G(z4).

(e) measurable if for every y € X, the function

t—d(y,G(t)) =inf{ly —z| : z € G(¢)}
is measurable.

Recall that G has a fized point if there is € X such that x € G(z). The fixed
point set of the multivalued operator G will be denoted by FizG.

4.1. The Carathéodory case. In this subsection, we consider the case
when F' has convex values and is of Carathéodory type, and prove an existence
result for the problem (1.2) and (1.3) by applying nonlinear alternative of Leray-
Schauder type.

DEFINITION 4.1. A multivalued map F': J x R — P(R) is said to be Cara-
théodory if

(a) t+— F(t,y) is measurable for each x € R;

(b) y+— F(t,y) is upper semicontinuous for almost all ¢ € J.
Further, a Carathéodory function F is called L'-Carathéodory if

(c) for each 8 > 0, there exists pg € L*(J,R™) such that

I1E(y)ll = sup{|v] : v € F(t,y)} < ¢p(t)
for all ||ly|| < 8 and for almost every ¢ € J.
For each y € C([0,T],R), define the set of selections of F' by
Spy = {v e L'([0,T],R) : v(t) € F(t,y(t)) on [0,T]}.

We define the graph of G to be the set Gr(G) = {(z,y) € X xY, y € G(x)} and
state a known result for closed graphs and upper-semicontinuity.

LEMMA 4.2 ([11, Proposition 1.2]). If G: X — Pa(Y) is u.s.c., then Gr(G) is
a closed subset of X XY, i.e. for every sequence {x,}neny C X and {yn}neny C Y,
if Tn = Tu, Yn = Yx a8 0 — 00 and y, € G(z,), then y. € G(x,). Conversely,
if G is completely continuous and has a closed graph, then it is upper semi-

continuous.

We also need the following lemmas in the sequel.
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LeMMA 4.3 ([21]). Let X be a separable Banach space. Let F': J x R —
Pep.c(X) be an L'-Carathéodory multivalued map and let © be a linear continu-
ous mapping from L*(J,X) to C(J,X). Then the operator

©o0Sp: C(J,X) = Pep,o(C(J, X)), z+— (©0Sp)(x) =0O(Sry)
is a closed graph operator in C(J,X) x C(J, X).

LEMMA 4.4 (Nonlinear alternative for Kakutani maps, [13]). Let E be a Ba-
nach space, C a closed convex subset of E, U an open subset of C and 0 € U.
Suppose that F: U — Pep o(C) is a upper semicontinuous compact map. Then
either

(a) F has a fived point in U, or

(b) there is a w € OU and A € (0,1) with u € AF(u).

DEFINITION 4.5. A function y € C([0,7],R) is said to be a solution of the
boundary value problem (1.2)-(1.3) if y(0) = 0,y(T) = A?IPy(¢) and there
exists function v € L([0,1],R) such that v(t) € F(¢,y(t)) almost everywhere on
[0,7] and
tpla—1)

Ay
THEOREM 4.6. Assume that
(B1) F:[0,T] x R = Pep(R) is L'-Carathéodory,
(Ba) there ezists a continuous nondecreasing function ®: [0, 00) — (0,00) and
a function p € L*([0,T],R*) such that

IE @ y)llp :=sup{l| : z € F(t,y)} <p(t)@(llyll) for each (t,y) € [0,T] xR,

y(t) = PI%(t) + {NPIOTBy(g) —PI(T)}.

(Bs) there exists a constant K > 0 such that

~

K
@-1
TPAl (AT Pp(¢) + "I“p(T))>

Then the problem (1.2) and (1.3) has at least one solution on [0,T].

> 1.

a(R) (pf%(T) N

PRrOOF. To transform the problem (1.2) and (1.3) into a fixed point problem,
we define an operator F: C([0,T],R) — P(C([0,T],R)) by

(4.1) F(y) = {h € C([0, T],R) : h(t) = N(y)(t)},

where
tpla—=1)
Ay
for v € S . It is obvious that the fixed points of F are solutions of the problem
(1.2) and (1.3).
We will show that F satisfies the assumptions of Leray-Schauder nonlinear

N(y)(t) = PI%(t) + (NP1 Pu(€) + P1o0(T) ],

alternative (Lemma 4.4) in several steps.



GENERALIZED FRACTIONAL DIFFERENTIAL EQUATIONS AND INCLUSIONS 1067

Step 1. F(y) is convex for each y € C([0,T],R). This step is obvious since
Sp,y is convex (F' has convex values).

Step 2. F maps bounded sets (balls) into bounded sets in C([0,T],R). For
a positive number r, let B, = {y € C([0,T],R) : ||ly|| < r} be a bounded ball in
C([0,T],R). Then, for each h € F(y), y € By, there exists v € Sp, such that

trla—1)
h(t) = PT%0(t) + — {NPITBy (&) + PI(T)}.
1
Then, for ¢t € [0,T], we have
tpla—=1)

[h(8)] < PI%o(T)| + {12 o(€)] + P12 [u(T) | }

|Aq]

(a=1)
< @yl (710(r) + TL (1) + 1)} ).

Thus

Trla—1)
4]l < () (ﬂf%(T) n

D P rp( 4 rrop()} ) =

Step 3. F maps bounded sets into equicontinuous sets of C([0,T],R). Let
t1,t2 € (O,T}, t1 <ty and let y € B,.. Then
|h(t2) = h(t)] < [PT%o(ta)] =PI |u(t1)]]

@ r tp(a_l) _tP(Ot—l
Ll o

Ay
11—« t —1 —1
pred(r) /1 sP B sP
Ma) |Jo @~ @—syia)Ple)ds

ta g1
+ / ———p(s)ds
t1

(tp — sp)l—

-1
o (r)[t5* "
Aq

Obviously the right hand side of the above inequality tends to zero independently

)
| {INPI*HEp(€) + PIp(T)}

_|_

_ tp(a_1)|
! {INPI**Pp(€) + PIop(T)}.

of y € B, as to —t; — 0. Therefore it follows by the Arzeld—Ascoli theorem that
F:C([0,T],R) — P(C(]0,T],R)) is completely continuous.

In our next step, we show that F is u.s.c. Since F is completely continuous,
it is enough to establish that it has a closed graph.

Step 4. F has a closed graph. Let y,, — Yy, hy, € F(yn) and h,, — h,. Then
we need to show that h, € F(y.). Associated with h, € F(y,), there exists
vy, € Spy, such that, for each t € [0, T,

tpla—1)

A

B (t) = PT%, (1) + {NPIT B, (&) — T, (8)v,(T) }



1068 S.K. NTouvyas — B. AHMAD — M. ALGHANMI — A. ALSAEDI

Thus it suffices to show that there exists v, € Sg,, such that, for each ¢t € [0, T,

tela—1)

h(t) = PI%,(t) + {NPITBy, (&) — PT*0.(T)}.

1
Let us consider the linear operator ©: L1([0,T],R) — C([0,T],R) given by

tpla—1)

v Oult) = PIou(t) +
Ay

{NPITBy(g) — PI*(T)}.

Observe that ||hy(t) — h«(t)|| — 0 as n — o0, so it follows by Lemma 4.3 that
© o Sp is a closed graph operator. Further, we have h,(t) € ©(SF,,). Since
Yn — Yx, therefore, we have

tpla—1)

ha(t) = T, (t) + {API*HPu,(€) — PIo0.(T)},

1
for some v, € Spy, .

Step 5. We show that there exists an open set U C C([0,T],R) with y ¢
vF(y) for any v € (0,1) and all y € OU. Let v € (0,1) and y € vF(y). Then,
there exists v € L([0,T],R) with v € Sg,, such that, for ¢ € [0,T], we have

y(t) = I%(t) + tp(zl_l){A PITPy(&) — PI%(T) }.

As in the second step, one can obtain

tpla—1)
| A1

< a(y]) (PI%(T) n

()| < PI%o(T)| + {INPIo(©)] + P 1% (T)|}

Trla—1)

L NPT p() + P} ),

which implies that

[yl

(@=1)
e APEne) +21°(D)}

<1

o ((ly]) <pfap<T> n

In view of (Bj), there exists K such that ||y|| # K. Let us set
U={yeCR):|y| <K}

Note that the operator F: U — P(C(I,R)) is a compact multi-valued map,
u.s.c. with convex closed values. From the choice of U, there is no y € 90U such
that y € vF(y) for some v € (0,1). Consequently, by the nonlinear alternative
of Leray—Schauder type (Lemma 4.4), we deduce that F has a fixed point y € U
which is a solution of the problem (1.2) and (1.3). O
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4.2. The Lipschitz case. In this subsection we prove the existence of solu-
tions for the problem (1.2) and (1.3) with nonconvex valued right hand side by ap-
plying a fixed point theorem for multivalued maps due to Covitz and Nadler [10].

Let (X, d) be a metric space induced from the normed space (X; || -||). Con-
sider Hy: P(X) x P(X) — RU {oo} given by

H,i(A, B) = max { Slelg d(a,B),iélg d(A, b)},

where d(A,b) = iggd(a;b) and d(a, B) = bin}fg d(a;b). Then (Pan(X),Hy) is
a (S
a metric space (see [18]).

DEFINITION 4.7. A multivalued operator N: X — P (X) is called
(a) ~-Lipschitz if and only if there exists v > 0 such that

Hy(N(x),N(y)) <~vd(z,y) foreachz,ye X,
(b) a contraction if and only if it is y-Lipschitz with v < 1.

LEMMA 4.8. ([10]) Let (X, d) be a complete metric space. If N : X — Pe(X)
is a contraction, then FizN # ().

THEOREM 4.9. Assume that

(C1) F:[0,T] xR — Pop(R) is such that F(-,y): [0,T] — Pcp(R) is measur-
able for each y € R,

(Ca) Hy(F(t,y),F(t,y)) < m(t)ly — | for almost all t € [0,T] and y,5 € R

with m € C([0,T],R") and d(0, F(t,0)) < m(t) for almost all t € [0,T)].

Then the problem (1.2) and (1.3) has at least one solution on [0,T) if |m||A1 < 1,

i.e.

42) § T
42) 3= | s
Trla—1) p(a+B) TP
+ {IA S + H <1
A pPl(a+pB+1)  poT(a+1)

PROOF. Notice that the set Sp, is nonempty for each y € C([0,T],R) by
the assumption (C;1). So F' has a measurable selection (see [9, Theorem III.6]).
Now we show that the operator F defined by (4.1) satisfies the assumptions
of Lemma 4.8. Firstly we show that F(y) € Pa((C[0,T],R)) for each y €
C([0,T],R). Let {un}n>0 € F(y) be such that u,, = u (n — o0) in C([0,T],R).
Then u € C([0,T],R) and there exists v,, € S, such that, for each t € [0,T],

tpla—1)

U () = PT%, (1) + {NPITFy,(€) — T, (T)}.

1
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As F has compact values, passing to subsequences if necessary, we obtain that
vy, converges to v in L*([0,T],R). Thus, v € Sg,, and for each ¢ € [0,T], we have

up(t) = u(t) = I%(t) +

Hence, u € F(y).
Next we show that there exists 6 < 1 (defined by (4.2)) such that
Ha(F(y), F(y)) < élly =7l for each y, 7 € C([0,T], R).
Let y, 57 € C([0,T],R) and hy € F(y). Then there exists v1(t) € F(¢,y(t)) such
that, for each t € [0, T,
trla—1)
Ay

hl(t) = pIa’Ul(t) + {)\pja+601(£) - pIa’Ul(T)}.

By (Cs), we have
Hq(F(t,y), F(t,7)) < m@)ly(t) —y(t)]-
So, there exists w € F(t,75(t)) such that
[v1(t) — w| <m(B)[y(t) —y@®)|, ¢ [0,T].
Define U: [0,7] — P(R) by
U(t) = {w € R: [vi(t) —w| <m(t)]y(t) — H()[}-
Since the multivalued operator U(t) N F(t,7y(t)) is measurable ([9, Proposi-
tion I11.4]), there exists a function vy (¢) which is a measurable selection for U. So

va(t) € F(t,7(t)) and for each t € [0, T, we have |v1 (t)—v2(t)| < m(¢)|y(t)—7(t)].
For each t € [0,T], let us define

pla—1)
hg(t) :pIaUQ(t)+ t {Ap1a+502(£)—p1a02(T)}.
1
Then
|ha(t) = ha(t)] <PI%v1(t) — va(t)]
Trla—1) 48
A {INPTFP o1 (€) — w2 (&)] + 1% 0i (T) — va(T)]}
Tre
< -
<1l
Tr(a—1) gp(a+ﬁ) TP B
+ (W b b3,
|Aq] p AT (a+ f+1)  poT(a+1)
Hence
hi—h i
_ < -
I = hall < |

Trla—1) gplath) TP _
¥ (W b -,
|Aq] P+ pB+1)  pT(a+1)
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Analogously, interchanging the roles of ¥ and 7, we can obtain

Tro
H 7)) < -
SF ) F @) < |
Trla—1) \ gﬂ(fwﬁ) TP
+ + —7l.
A Mt a D |

So F is a contraction. Therefore, it follows by Lemma 4.8, that F has a fixed
point y which is a solution of (1.2) and (1.3). O

EXAMPLE 4.10. Consider the following boundary value problem

Y2D75y(t) € F(t,y(t), tel0,2],

3 y(0) =0, y(2)=1/3"121"5y(3/2),

where p =1/2, a =7/5, A =1/3, 8 =4/5,& =3/2 and T = 2 and F(t,y(t))
will be fixed later.

Using the given data, we find that |A;| = 0.5526156533, 4; = 12.67699740,
where A; and A; are respectively given by (2.3) and (3.2). For illustrating
Theorem 4.6, we take

44) Pt y(t)) = {2501 . <y||?i|- o+ ;) (1;0“ <tan1 Yyt ;)} ,

which, in view of (Bsy), implies that p(t) = (1+41¢)/30 and ®(||y]]) = |ly|| +
(47 +1)/8. By condition (Bs), it is found that K > 2.668611421. Thus all
conditions of Theorem 4.6 are satisfied and consequently, there exists at least
one solution for the problem (4.3) with F(¢,y(¢)) given by (4.4) on [0, 2].

In order to demonstrate the application of Theorem 4.9, let us consider

_ [sint [yl (t+1)tan "ty +¢
Clearly
— t+1 _
Hu(F(ty), Pe) < Dy g,

Letting m(t) = (¢t 4+ 1)/50, it is easy to check that d(0, F'(¢,0)) < m(t) holds for
almost all ¢ € [0,2] and that 0 ~ 0.760619844 < 1 (¢ is given by (4.2)). As the
hypotheses of Theorem 4.9 are satisfied, we conclude that the problem (4.3) with
F(t,y(t)) given by (4.5) has at least one solution on [0, 2].
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