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MULTIPLICITY RESULTS
FOR FRACTIONAL p-LAPLACIAN PROBLEMS
WITH HARDY TERM
AND HARDY-SOBOLEV CRITICAL EXPONENT IN R

HADI MIRZAEE

ABSTRACT. This paper is devoted to the study of a class of singular frac-
tional p-Laplacian problems of the form
fulp =2 Juf?i )=

|zlps |z]®
where 0 <s<1,0<b<ps<N,1<q<pi(b),a,B>0,pucR, and f(x)
is a given function which satisfies some appropriate condition. By using
variational methods, we prove the existence of infinitely many solutions
under different conditions.

(—A)su—p Y L Bf(@)|ul"%u in RN

1. Introduction and statement of main result
In this article, we consider the following fractional p-Laplacian equations
with Hardy term and Hardy—Sobobev critical exponent:
lulP—2u lu ps(b)—2

B |z’

(L) (~A)u—p S+ Bf(@)|u 2 m RY

where 0 <s<1,0<b<ps<N,1<q<pi(b)=p(N-0)/(N—ps), a,8>0

and p € R. The operator (—A); is the fractional p-Laplacian, which up to
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normalization factors, may be defined, for € RY, by

(—A)p(e) = 2 lim |o() — so(y)\p‘iéw(f) —2W) 4w e RV,
€20 JRN\ B, (z) |z —y[N+P
along any function ¢ € C§°(RY), where B.(x) := {y € RN : |z — y| < €}. The
fractional p-Laplacian (—A); reduces to the fractional Laplacian (—A)® if p = 2.
For more details on the fractional p-Laplacian, we refer to [7].

In recent years, much attention is given to the study of the nonlocal elliptic
problems involving singular nonlinearity (e.g. [9], [2], [3], [16], [8], [15]). Frac-
tional p-Laplacian problems involving Hardy term and critical exponent have
been also investigated (e.g. [10], [12], [19], [5]). However, as far as we know,
there is no work about multiplicity results for fractional p-Laplacian problems
with Hardy term and Hardy—Sobolev critical exponent in unbounded domains.
In the present paper, we investigate multiplicity results of solutions for some frac-
tional p-Laplacian problems involving Hardy term and Hardy—Sobolev exponent
in RY. Since we deal with a singular problem in the unbounded domain R,
the lack of compactness of the Sobolev embedding presents an appropriate vari-
ational technique which make the problem more attractive. For this purpose
we first need to verify a new version of the Rellich—-Kondrachov compactness
theorem which has a crucial role in verifying our results. Using variational tech-
niques and the theory of genus we obtain infinitely many solutions under different
conditions.

In order to state main results of this paper, we introduce some Sobolev
and weighted function spaces. Let LI(RY; w) be the weighted Lebesgue space
endowed with the norm

full = [ w(@ )it de

Then it follows from Proposition A.6 of [1] that the Banach space LI(RY;w) =
(LYRY;w); ||lullg,w) is uniformly convex. Let 0 < s < 1 < p < 0o be real num-

bers. The Gagliardo seminorm is defined for all measurable function u: RV — R
by

(1.2) (//RN o)~ N+p)s|pd dy>1/p.

The fractional Sobolev space is defined as

p
WHP(RY) = {ueLp (RY) : //RN T |N+p)s| da dy<oo},

equipped with the norm

1/
(1.3) ullwew@ny = (lullf + [u]? )"

where || - ||, denotes the usual L, norm.
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The fractional Sobolev space DP(RY) := X is defined as the closure of
Cs°(RY) with respect to the norm

B B ()| 1/p
fullx = el = [ 2L qay)

From Theorems 1 and 2 of [14] we have

s(1—s) » |u(z)P s(1—s) »
< CN@W [U]S,‘m /]RN ‘x|ps dr < CN,p W[u]s’p

for all u € DSP(RY), where Cy , is a positive constant depending only on N

and p. As in [5] we introduce the best fractional critical Sobolev and Hardy
constant S = S(N,p,s) and i = (N, p, s) given by

[ulf [u]?

$,p

’p I inf .
ueDs P (RN\{0} [pn |u(z)[P/|z|Ps dx

(14) S= o=

uED”’(

We conclude from (1.4) that if 1 < 0, then the fractional Sobolev space D*?(RY)
has the equivalent norm ||ul|,,, where

u(y)l )P
fullz = [ O deay - [ MO e (-0

We now establish the following fractional Hardy—Sobolev inequality due to Pucci
et al. [10]:

r = up:(b) u(y)[? d pi(b)/p
(1.5) b(/RN |x‘b ) (//RM |x,y|N+pS ?/)

where 0 < b < ps and Hj, is the best constant in the fractional Hardy—Sobolev

inequality. Hence, we can define the following best Sobolev constant:

Yl / ju(a)|?
dx dy — d
// |a:— \Nﬂw VI Jen e ™

S = inf pr(b) )p/pi(b) ’

ue D (EN)\{0} / Jul?”
RN

for u € (—o0,0). Throughout this paper, we make the following assumptions on
the function f: RN — R:
(fi) f(z) > 0and f(z)z]*? € L& (RY) N L,
L<q<p;
(f2) f(z) > 0 and f(x)|z|*?/P:®) € Lo2(RY) N Lis,(RY) where 0o = pi(b)/
(p5(b) — q) and p < q < pi(b).

Now, we state main results of this paper

(RN) where g, = p/(p — q) and

THEOREM 1.1. Suppose u <0, 1 < g <p <pk(b), and (f1) hold. Then
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(a) for each B > 0 there exists ag > 0 such that if 0 < a < ag, then (1.1)
has a sequence of solutions {u,} with I(u,) < 0, and I(u,) — 0 as
n — oo, where I: X — R is the energy functional associated with (1.1)
and defined in the Section 2,

(b) for all a > 0 there exists By > 0 such that if 0 < 8 < Bo, then (1.1) has
a sequence of solutions {uy} with I(u,) <0, and I(u,) — 0 as n — oo.

THEOREM 1.2. Suppose & = 0, 0 < pp < @, 1 < p < g < pi(b), and (f2)
hold. Then, for each B > 0, (1.1) has a sequence of solutions {uy}, such that
I(u,) — 400 as n — oo, where I: X — R is the energy functional associated
with this problem and defined in Section 5.

The rest of this paper is organized as follows. Some compactness results and
preliminaries are given in Section 2. In Section 3, we investigate the behaviour of
Palais—Smale sequence which can be used in the proof of Theorem 1.1. The proof
of Theorem 1.1 is given in Section 4. Finally, in Section 5, we prove Theorem 1.2.

2. Preliminaries

In deriving the following Theorem we have been inspired by [21]. In par-
ticular, Theorem 2.1 implies the compact imbedding from the spcae D*P(£2)
into some weighted Lebesgue spaces, and gives us a new version of the Rellich—
Kondrachov compactness theorem:

THEOREM 2.1. Assume that 0 < b < ps, and that Q C RY is an open
bounded domain with smooth boundary and 0 € Q. The embedding D*P(Q) —
L™ (Q, |x|~%) is compact if

N —
1§r<u7 a<sr+N(1—T).
N —ps p

ProOOF. CrLAIM A. There are constants c.,cy > 0 such that for each u €
D*P(Q) we have:

(2.1) / |z]~ | u|" de < c*(/ ||~ u
Q Q

Hence, it suffices to prove the compactness part of the theorem. Let {u,,} be
a bounded sequence in D*?(€). For any n > 0, let B, (0) C Q2 be a closed ball
centered at the origin with radius 7. In view of claim (A4), {u,,} C L?(Q\ B,(0))
is bounded. One can easily see that {u,,} C W*P(Q\ B,(0)). Since

PN -b) _ _pN

N —ps N —ps’

the Rellich-Kondrachov compactness theorem (see [7]) implies the existence of

i r/ps (b) i,
P (b) dac) < C*Cﬁ([u]&p) .

1<r<

a convergent subsequence of {u,,} in L"(Q\ B,(0)). By taking a diagonal
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sequence one may assume, without loss of generality, that {u,,} converges in
L™(©2\ B,(0)) for any n > 0. Since

p(N —b)

r<q=p,b) = N s

From the Hoélder inequality and the fractional Hardy—Sobolev inequality (1.5),
for any n > 0 we have

(2.2) / || ™%, — u;|" da
z[<n

(g=7)/q r/q
< (/ (|~ (br/a/(a=) dm) (/ 2] _uj|qu)
lz|<n lz|<n

. (=r)/a
<C</ tN—l—(a—br/q)(g/(q—r))dt)
0

= 077[1\’—(04—3"'#1)(q/(q—r))](q—r)/q7

for some constant C independent of m and j. The assumption o < sr+N(1—r/p)
implies that:

o0 v o Bt (e oa(e- ) )i
= ((re(-5) 0 (-5
((re0-) )5

(o)

Thus, for a given € > 0, we can choose 1 > 0 such that

/ |z]” % tm — u;|"dz < e forall m,j e N.
lz|<n
Now, let N € N be such that, for all m,j > N,
/ ||~ wp, — uy|" de < Cyq [, — uj|" dzx < g,
Q\By(0) Q\B, (0)

where C, =1~ for « > 0 and C,, = (diam(Q))~* for a < 0. Thus

/ |z|” %, — u;|"de < 2e for all m,j > N.

Q

Therefore, {u.,} is a Cauchy sequence in L"(€2, |z|~*). Now, by considering the
proof of compactness part of the theorem, one can easily verify Claim A. Hence,
the proof of Claim A is omitted. O

Next we prove the following lemma;:
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LEMMA 2.2.
(a) Assume that 1 < g < p < p%(b) and that (f1) hold. Then the functional

u) = / Sl de

from X to R is well defined and weakly continuous.
(b) Assume that p < q < pi(b) and that (f2) hold. Then the functional

u) = / Sl de

from X to R is well defined and weakly continuous.

Proor. (a) It follows from Holder inequality and (f1) that

q/p
(2.4 / flafras < ([ Jal e de) 1ol )

<Pl %N flal ] o vy -

For any u € X. Hence, in view of (f1), the functional F(u) is well defined on X.
Note that f|z|*? € L¢*(RY). Thus for any € > 0, there exists Ry > 0, such that

(2.5) /]RN\B (flz|*9)? dx < ¢

where B, = {z € RN : |z| < r} for any r > 0. Now, assume u,, — u weakly
in X. Hence, {u,} is bounded in X. From (2.4) and (2.5) we deduce there exists
C3 > 0, such that

(2.6) / flun|?dz < Cse, / flul?dx < Cse
RN\Bg, RN\Bg,

for all n € N. Note that f|z|*? € LS (RY). On the other hand, we take r = g,

loc

a = sq in Theorem 2.1 to obtain that there exists Ny € N, such that

(2.7) /RNOB f(|un|q — ‘u|q) dx

< ||f|x|squ<RNmBR0)( /

(RNOBRO)

for all n > Ny. Therefore by (2.6) and (2.7),

lim/ f|un\qu—/ flul? dx.
n—oQ

This completes the proof of (a).
(b) For any uw € X, by Holder inequality and (f2), we have that

, - q/p5(b) ba/ ()
@) [ e s ([ O ds) a0 )
< CYP ||| % || Flae]P0/P¢

2 (7 — ) dx) <e

M o vy
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Thus, by (f2), F(u) is well defined on X.
Since f|z[b9/P:() ¢ L22(RN), for any € > 0, there exists R; > 0 such that

(2.9) / (fla[Pa/Pi ) ge < e
RN\Bg,

Now, assume u, — u weakly in X, then {u,} is bounded in X. Thus, (2.8) and
(2.9) yield that there exists Cy > 0, such that

(2.10) / flupl?de < Cye, / flul?dz < Cyue
RN\Bg, RN\Bg,

for all n € N. On the other hand, we set &« = bg/p%(b). Then, since p < ¢ < pZ(b),
there is 0 < ¢t < 1 such that ¢ = tp + (1 — t)p%(b). Thus we have

(2.11) sq+ N(l = ;) = s(tp+ (1 — t)p* (b)) + N(l B (tp+ (1 1—) t)p:(b)))

=t<8p+N(1 - i)) + (1 - t)(spi(b) +N<1 - p:p@))

b
=tsp+(1—-t)b>b> E—

pi(b)

Hence, we can use Theorem 2.1. Therefore, by Theorem 2.1 and (f3), we deduce
that there exists N7 € N, such that

(2.12) / f(Jun|? = |ul?) dz
RNQBRl
< Hf‘x|bq/p:(b)||L°°(RNQBR1) (/(

RNﬂBRl)

|x|qu/p2(b)(|un|q _ |uq)) <e
for all n > Nj. It follows from (2.10) and (2.12) that

lim / flun|?dx = / flul? dx.
n—oo
This completes the proof of (b). d

The energy functional associated with (1.1) is defined on X = D*?(RY) by

(2.13) I(u) = %HUIIQ K /RN lu(@)l?

p |z|Ps

p5(b)
S / @ g B[ ) da
pi(0) Jrn |7l q Jun
Obviously, the functional I is well defined and of class C1(D$P(RY)).
We say that u € DSP(RY) is a weak solution of (1.1) if I’(u) = 0, that is,

w(x) P~ 2u(z)p(z
R Y

w(z)|Ps O =24 (2)o(z
_a/ [u(2) i (@)e( )dx—ﬁ/ f@) (@) u(z)p(z) do
RN || RN

T
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for all p € D*P(RY), where
- u(z) — u()[P* (u(z) — u(y))(e(x) - ¢(y))
b= [[ |

x —y|Nrrs

dz dy.

Given E a real Banach space and I € C'(E, R), we recall that I satisfies the
Palais—Smale condition on the level ¢ € R denoted by (PS)., if every sequence
{un} C E such that I(u,) — cand I'(u,) — 0 as n — oo possesses a convergent
subsequence.

3. Behavior of (PS) sequences

In this section, we study the behavior of the Palais—Smale sequence and prove
some compactness results which will be used in the next section.

LEMMA 3.1. Assume that 1 < ¢ < p < pi(b), p < 0 and that (f1) holds.
Then:

(a) for each aw > 0 there exists B > 0 such that if 0 < 8 < By and {u,} C
X is a (PS).-sequence for I with ¢ < 0, then {u,} has a convergent
subsequence in X;

(b) for each B > 0 there exists e > 0 such that if 0 < o < @, and {u,} C
X is a (PS),.-sequence for I with ¢ < 0, then {u,} has a convergent
subsequence in X.

PROOF. Let {u,} be a sequence in D*P(RY™) such that I(u,) — ¢ and
I'(u,) — 0. Following the idea used in [18] and [5], we prove (a) and (b). We
first prove that {u,}, is bounded in D*?(R"). We have

1 ) P p:(b)
B0 Tw) = 1 fually -2 [ 2t gy o [ (O]
» p o ol T @ el

p Yder=c+o
-2 [ f@lun @)l de = e+ 0,(1)

and

(32)  (I'(un)sp)

[ o)~ sl an) o) = ) g
R2N |z —

z —y| Ve

|tn (@) [P~ 2un (2)p ()
— ,u/]RN dx

|[Ps

o ) PO 20, (2)p(2)
B

dzx

for any ¢ € DSP(RY).
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By (3.1) and (3.2), we obtain

3:3) cton(D)(lunllx +1) = I(un) - (I' (un), 1)

1
p;(b)

1 1 1 1
> - =+ unp—ﬂ(— )—Q/I)unq CCII—
(p p;(b))” [ P ()~ VP llunll5 (1121 Lor )

Thus {u, } is bounded in X. Hence, following an arguments similar to Lemma 2.1
of [5], we can assume, going if necessary to a subsequence,

U, =~ u in X, llunllx — n,

wp —=uin P ORN 2| ™), lun = ullys 4y jo-» = €
(34 up = in PRz 7P%), g — ullpjo-rs — T,

up = u  in LYRY, f) up(z) = u(z) ae. in RY.

Then, in view of the proof of Lemma 2.4 of [5], the sequence {U,},, defined
in R2Y \ Diag R2Y by

Up(T) — Up, P=2(y, (x) — un,

is bounded in L? (R2N) and U, — U almost everywhere in R2V | where

|u(@) — uly)["*(u(z) — uly))

|x — y|(N+p3)/Pl

(ZE?y) — U(:z:,y) =

Hence, going if necessary to a subsequence, we obtain U,, — U in L¥’ (R2V), and
thus

(3.5) (Un, P)sp — (U, P)sp asSN — 00

for any ¢ € X because |p(z) — p(y)| - |z — y|~N+P)/P € [P(R2N). From, (3.4)
and Proposition A.8 of [1] we conclude that |uy, |9 2u, — |u|92u in LY (RN, f),
and |, [P~ 20, — |u[P~2u in LP (RN, |z|77%), and |u, P(0)=24 in

the space LP:®) (RN |z|~?), consequently

Pe®)=2q, |y

p—2 p—2
56) / il unp [ @R @)
ry  |z[P* RN |z|Ps
ps(b)—2 ps(b)—2
(3.7) / [l "y [ T e
RN |z[° Ry Jzf?

(3.8) / (@) [ un| T U, 0 dx —>/ f(@)|u|"2updz, asmn — oo,
RN RN
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for any ¢ € X. Recall that {u,}, satisfies the Palais-Smale condition. There-
fore, for any ¢ € X, by (3.5), (3.6), (3.7) and (3.8) we obtain

u(z) P 2u(z)p(x w(x)|Ps
CORARIY g L "C.EL Y

|z [Ps

Thus, u is a critical point of the I. In view of (3.4) we deduce that

(3.10) / @) (un) % up — |u|T?u) (up — u)dz — 0 as n — oo.
RN
Now we apply the Brézis—Lieb lemma [4] to obtain that
(3.11) lunll% = llun — ull’ + llullx + on(1),
. ||un||;\z|—ps = [lun — “Hg’m—ps + ||U||§,|x\—ps + 0n (1),
and
ps(b) _ ps(b) ps(b)
(3.12) lnllys ) ja1-0 = lm = wlly2 ) g0+ Mellf o), g0 + On (D).

Since {u,}, satisfies the Palais—-Smale condition, it follows from (3.4), (3.9),
(3.10) and (3.11)

(3.13)  0n(1) = (I"(up) — I'(w), up, — )

= [lunll% + lullf = (un, w)s.p = (s un)s p

p—2 _ g2 _
Y O P
RN

[P

pi(0)=2, |y |Pe(®)—2 —
—a/ (Jun Un — |ul u)(up — u) de
RN |[°

= [ )l — " 0) ()

p;(b)

*(b
P (b). [z Tl o

pz(b)|z|~°

= (" = llull%) — allun

- N”UnHZJm\—ps + M”U”;|m|—ps +on(1)

s (b)

= [un —ullk — allup —u PO pl[un — u”g,mﬂw + on(1).

Thus

Pz (b)
p: (D)

(3.14) lun —ull% — pllun — u”gm—ps = aflun —u Jo|b T on(1).
From (3.14) we obtain
(3.15) s > q71g, eP.

When ¢ = 0, because a > 0, it follows from (3.14) that ||u, — u||, — 0 and, in
view of the fact that 1 < 0, we deduce ||u,, —ul[x — 0. Therefore, let us assume
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by contradiction that £ > 0. Thus
(3.16) £> (a7ts,)V/ P ®)=p),

We claim that (3.16) cannot occur if o and 8 are chosen properly. Otherwise,
by Lemma 2.2, we have

(3.17) 0>c= lim (I(un)— ! <I’(un)7un>>

o p:(0)
p;fl(b)) /RN f(@)]un|? dx)

. 11 .
e (<p - p@)' - (

1 1 1
<p ps<>>” I3 = (q M)(u)q/pu||§<||f|xsmlm).

Therefore there exists Co > 0, independent of the choice of the (PS). sequence
{u,}, such that |ul|% < C249/(P=9). Thus by considering equation (3.12), we
may have

|~

n—oo

0>c— lim (I(W _ p*l(b) (T (), un>>

> Jm (5 - 1@)(// e R avae —p [l )

< p b > q/p”qu(H.f‘ﬂsq”Lgl(RN)

x p/ps(b)
>S5, lim (1 - >(/ m"(x)bdas) — Oy BP/ (P=9)
n—oo \p  p;(b) Ry 7]
1 1 - /(P (b)—p) -
>(=——+=5, 1g \P/ (s — O 3P/(P=9),
(p p;‘(b)> (a775%) ’

where

1 1
Cy=Cof = — 7)Y 12| per (mv).-
e ) R L T

Therefore

1 1 _ /(0% (b)—p) _
S S 1g \P/(Ps — O, pr/ (=)
(p p;‘(b)) ula™S) 56

and Cj is independent of the choice of the (PS). sequence {u,}. Now, we can
choose B, so small that if 0 < 8 < [, then the term on the right hand side
above is greater than zero, which is a contradiction. Similarly, we can choose
o, so small that if 0 < a < «,, then the term on the right hand side above is

greater than zero. Hence, we have shown that & = 0, which is a contradiction,
and thus ||u, — ul|x — 0. O
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4. Proof of Theorem 1.1

In this section, we will use minimax procedure to prove the existence of
infinitely many solutions of problem 1.1. Let E be a Banach space, we denote

S={AcE\{0}:

A is closed in F and symmetric with respect to the origin}
For A € ¥, we define v(A) as
v(A) = inf{m € N: 3p € C(A,R™ \{0}), p(—z) = —p(2)}.

If there is no mapping as above for any m € N, then y(A) = co. We list the
following main properties of the genus (cf. [13]).

PROPOSITION 4.1. Let A, B € ¥. Then:

(a) If there exists an odd map g € C(A, B) then v(A) < ~v(B);
(b) If AC B, then v(A) <~(B);
(¢) AU B) < (4) +~(B);
(d) If2(B) < oo, then 7(A\ B) > 4(A) — 1(B);

(e) m-dimensional sphere S,, has a genus of n+ 1 by the Borsuk—-Ulam The-

orem;
(f) If A is compact, then v(A) < 400 and there exists § > 0 such that

NS(A)C S and ~(N3(4)) = (A),
here Ns(A) = {x € E : dist(z, A) < §}.

Let I(u) be the functional defined as before. Assume 0 < ¢ < p < pi(b),
a,B >0, u <0. Then we have

« u(x)|P=®)
@) 1=l -~ [ M a2 o

*(b
ri® _ BCy [l

1
> —||ull’ — aCs||u
5 el |
for some positive constants C5 and Cy4. Using the same idea as in [11], we define
1 x
Q(t) = ~tP — aCstP=(®) — BOyt9.
p

Then, we have I'(u) > Q(|lull,). If ¢ < p < pi(b), then we have tliinooQ(t) =
—o0. Thus [ is not bounded from below. It is easy to see that, given 8 > 0,
there exists ay > 0 so small that for every 0 < a < «q, there exist 0 < tg < 3
such that Q(¢) < 0 for 0 < t < to, Q(t) > 0 for to < ¢t < t1 and Q(¢) < 0 for
t > t1. Similarly, given a > 0, we can choose 31 > 0 with the property that g,
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t; as above exist for 0 < 8 < 1. Then, following the same idea as in [11], we
define the following auxiliary functional on X by

~ «a u pé(b
42 T = g~ Tt [ a2 @@,

P
where ¢ (u) = 7(||ul|,) and 7: Rt — [0, 1] is a non-increasing C*° function such
that 7(t) = 1ift <tgand 7(¢t) = 0if t > t;. Obviously, I(u) is coercive on X and
even. Therefore, by considering Lemma 3.1, one can easily verify the following

propositions:

PROPOSITION 4.2. Assume that ay > 0 is as above. Then we have:

(a) If T(u) <0, then |ull,, < to and I(u) = I(u);
(b) for each 8 > 0 there exists 0 < @ < ay such that if 0 < « <@ and ¢ < 0,
then I satisfies (PS). condition.

PROPOSITION 4.3. Assume that 81 > 0 is as above. Then we have:

(a) If T(u) < 0, then |ul|, < to and I(u) = I(u);
(b) for each a > 0 there exists 0 < B < 31 such that if 0 < 8 < B and c < 0,
then I satisfies (PS). condition.

Now, we prove the following lemma;:

LEMMA 4.4. Denote I¢ = {u c X: f(u) < c}. Given m € N, there exists
em < 0, such that V(IEM) > m.

PROOF. Let X,, be a m-dimensional subspace of X. For any u € X,, \ {0},
write u = r,w with ||w||, =1 and r,,, = ||lu||,. Then, there exists d,,, > 0 such

that, for every w € X,,, with |lw||, =1, we have
(4.3) f(@)|w|?dx > dy, > 0.
RN

Thus, for 0 < r,,, < tg, we have

~ nes p&(b

[3— rl o= em.

1
p
Hence, we can choose ,,, € (0, o) so small that I(u) < &, < 0. Let
(4.4) Sy ={u € Xt |ully =rm}
Then S,,, N X, C Iem, Thus, it follows from Proposition 4.1 that

'y(IN‘Sm) > (S, N X)) =m. O
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Now, we denote
Kc:{ueX:f’(u):O, IN(u):c},
Sn={AeX:y(A) >m} and ¢, = Aiénzfm 21613 I(u).
Since I¢m € Ym and I is bounded from below, we conclude that
(4.5) —00 < ey <em <0, meN.

Next we are going to prove the following lemma.

LEMMA 4.5. Assume that o and 8 are as in Proposition 4.2. Then all ¢,
are critical values of I and ¢,, — 0 as m — oo.

PROOF. Since ¥,,41 C %,,, we deduce that ¢,, < ¢41 and from (4.5)
it follows that ¢,, < 0. Hence there is a ¢ < 0 such that ¢,, — ¢ < 0, as
m — 4o00. Also, because (PS), is satisfied, it follows from a standard argument
(see [17]) that all ¢,, are critical values of I. We claim that ¢ = 0. If & < 0,
then by proposition 4.2, Kz = {u e X : P(u) =0, I~(u) = E} is compact and
Kz € ¥. From Proposition 4.1 we obtain that, there exists 6 > 0 such that
v(Kz) = v7(Ns(Kz)) = mo < +00. By the deformation lemma (see [20]), there
exist € > 0 (¢ + ¢ < 0) and an odd homeomorphism 1: X — X such that

n(I°F%\ N5(Kz)) c T°7=.

Because {c,,} is increasing and converges to ¢, there exists m € N such that

em > C— € and Cpim, < ¢ Choose A € 3,4, such that sup,c4 I(u) < ¢+c¢,
that is A C I°*¢. By the properties of -y, we have

YA\ N;(Kz)) = 9(4) =y (Ns(K2)) = m,  y(n(A\ N5(Kz))) = m.
Hence, we have n(A \ Ns(Kz)) € £,,,. Consequently,

sup T(U)Zcm>675,
u€n(A\N;s(Kz))

a contradiction, hence ¢,, — 0, as m — +oo. O

PROOF OF THEOREM 1.1. Note that I(u) = I(u) if I(u) < 0. Thus, com-
bining Propositions 4.2, 4.3 and Lemmas 4.4, 4.5, we obtain the desired result.[]

5. Hardy critical case

Consider the following equation

|u|Ps ()24 _ |u|p:(b)f2

B.) (A = e @ iR

where ¢,b < ps and 0 < p < . In this section, we study the Hardy critical case.
More precisely, we consider the case of ¢ = ps in the above equation, and also we
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assume that o = 0. In the other words, we investigate existence and multiplicity
results of solutions for the following equation with Hardy term

|ufP~2
| [P

(5.2) (~A)pu—p = = Bf(@)|ul % in RV,

where 0 < p < @ and p < ¢ < p%(b). The energy functional associated with (5.2)
is defined by

1 p
63 1w == [ B w8 e

p \wl’”

In the sequel, we will need the following lemma (see [17, Theorem 9.12]).

LEMMA 5.1. Let I be an even C*-functional satisfying the (PS)-condition on
a Banach space X =Y & Z with dim(Y") < co. Assume I(0) =0, as well as the
following conditions:

(a) There are constants p,d > 0 such that SiI(lg)I > 6;
P

(b) For any finite dimensional subspace Y C X, there is R = R(Y) such
that I <0 onY \ Br(Y).

Then I has an unbounded sequence of critical values.
As in previous sections, firstly we prove the following lemma

LEMMA 5.2. Assume §>0,1 <p<q<pi(b),0<p<pand (f2) hold. Let
{un} C X be a (PS).-sequence for I where ¢ € R. Then {u,} has a convergent
subsequence in X.

PRrOOF. Let {u,} be a sequence in X such that I(u,) — ¢, I'(u,) — 0. We
first prove that {u,} is bounded in D*?(RY). We have

1 n p
64) 1) = Sl [ O 002 [ (ot do = o)
and

(5.5) (I'(un), o)
// [t (2) = un () [P~2 (un () — un () (2(2) — ©(y)) dx dy
R2N

|z — y| NP

[ )

2l
8 / F() 1 ()72 (2) p() dt = 0 (1),

for any ¢ € D$P(RY). For n large enough, by (5.4) and (5.5), we obtain that

(56) le+ou(1) (uallx +1) > ) = (7)) > (1—1) (1—Z> unll

b q
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Thus {u,} is bounded in X. Therefore we can assume, going if necessary to a

subsequence,
Un —u in X, l[unllx =,
G e = i LR ), =l s
u, = u in LY(RY, f), Un () = u(z) ae. in RY.

Then, by an argument similar to the proof of Lemma 3.1, we deduce

(58) <Un, 90>S,P - <ua 90>57P as m — 0o
and
p—2 p—2
59 [Ty O TGN
v |z[P RN [P
(5.10) / F(@) | un |9 2w doe — / F(@)|u|T2updr asn — oo,
RN RN

for any ¢ € X. Thus, by (5.8)—(5.10) we obtain

w(z) P 2u(x)o(x
(5.11) <u7(p>5’P:M‘/RN ( )| ( )SD( )dl'

[P

+8 [ f@lu@ @)l da

for any ¢ € X. Thus w is a critical point of the I. From (5.7) we deduce that

(5.12) /RN F(@) (Junl?uy — |ul9u) (uy, —u)dz — 0 as n — oo.
Now we apply the Brézis—Lieb lemma [4] to obtain that

(5.13) lunl% = llun — ullk + llullk + on(1),

and

G11)  lunl e = lin =l e+ [0l e+ 0n(D),

Since {un}n satisfies the Palais—Smale condition, by (3.4), (3.9), (3.10), and
(3.11) we get
(5.15) on(1) =" (up) — I'(u), up — u)

= llun % + llullk = (un, w)s p = (U, tin)s p

_ N/ (|un|p7 Un — |u‘p7 u) (un - u)

e -

RN
- B f(m)(\un\q_2un — |u|q_2u) (up, — u) dx
RN
— (7 = ul) = il oy + sl e+ 00(1)

=[lun — ull’ — pllun — UHZ,M*M + 0n(1).
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Thus
(5.16) lun —ull’ = pllun — “Hg\w\—ps + 0n(1).
From this we obtain
(5.17) o>Ee
I
It follows from & > p > 0 that ¢ = 0. Hence, from (5.16) we conclude that
ltr, — ul|x — 0. O

PROOF OF THEOREM 1.2. We apply Lemma 5.1 to obtain the desired result.
We prove that the functional I satisfies conditions (a) and (b) of Lemma 5.1.

Let V be a nontrivial finite dimensional subspace of X and Z be the com-
plemented subspace of V in X. For each v € Z, u # 0, R > 0,

518 1) =l - [ B a) -2 pairaao

>—(1—-=)|ul% -~ f(z)|Ru|? dx
Pt -2 [ s@ir

R 3 .
> 2 (1= L)l = 2 RO eyl

Thus, the functional I satisfies condition (a).

Now, let X,,, be an arbitrary m-dimensional subspace of X. Then, similar to
the proof of Lemma 4.4, there exists d],, > 0 such that, for every w € X,,, with
|lw||x = 1, we have

(5.19) / f(2)|lw|idz > d, > 0.
RN
Now, suppose v € X, |lul]lx =1 and R > 0. Thus we get

620 1) = (- [ SO ) -2 poieas

|x‘ps
RP 5/ RP jd!
5.21 < o lull® - 5 )| Rulfde < — — —
(5.21) _p||||x qRNf()l | <5 .

choosing R large enough, we conclude that functional I satisfies condition (b).

Rq

Hence, in view of Lemma 5.1, we have proved that (5.2) has a unbounded se-
quence of critical values. Hence (5.2) has a sequence of solutions {u,}, such
that I(u,) — oo as n — oo. Now, we show more precisely that I(u,) — 400
as n — oo. Let I(u,) = ¢, for any n € N. Any u, is a critical point of the
functional I. Hence I'(up)u, = 0 for each n € N. From this we conclude that

s~ 3ot )

Since q¢ > p, we deduce ¢, — +00 as n — oo. O
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