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GLOBAL EXISTENCE FOR REACTION-DIFFUSION SYSTEMS
MODELING IONS ELECTRO-MIGRATION
THROUGH BIOLOGICAL MEMBRANES
WITH MASS CONTROL
AND CRITICAL GROWTH
WITH RESPECT TO THE GRADIENT

BassaM AL-HAMZAH — NAJI YEBARI

ABSTRACT. This paper studies the existence of global weak solutions for
reaction-diffusion systems depending on two main assumptions: the non-
negative of solutions and the total mass of components are preserved with
time, the non-linearities have critical growth with respect to the gradient.
This work is a generalization of the work developed by Alaa and Lefraich [2]
without the presence of the gradient in the kinetic reaction terms.

1. Introduction

Some classes of models of ions migration through biological membranes are
studied by Alaa and Lefraich [2]. Such migrations take place for most living
cells and biochemical processes. As the motion of ions is due to diffusion and
the electrical field, and they undergo reactions, the ions concentrations satisfy
the Nernst—Planck equations, including kinetic reaction terms in the general form
and the potential is given by Poisson equation. The equations of that model can
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226 B. AL-HAMZAH — N. YEBARI

be written as follows:

oc,
ot

N Ng
—5A¢:Zzici/<1+ﬁzci) -9 in Qr,
i=1 i=1

— diACZ — mldlv(CQVgZ)) = fl (t, x, C, VC) in QT,

(1.1) oC; o
dz' O + mzCi 5 =0 m ET,
o(t,x) =0 in X7,
CZ‘(O, 33) = Ciﬁo(.’L‘) on Q,
#(0,2) = ¢o(x) on ,

where 2 is an open bounded subset of RY, (N = 2 or 3), with smooth boundary
00, Qr =10,T[ x Q and X1 =]0,T[ x 99, where (T > 0), for each i, C; is the
concentration of the A; species which has diffusion coefficient d;, mobility m;, and
valency z;. ¢ is the electrical potential, g is the fixed charges concentration, and
fi are the reaction terms. Given a normed vector space X and its continuous
dual X', o(X,X’) is called the weak topology on X and o(X’, X) the weak*
topology on X', in this paper, X = L'(Qr) and X' = L*>(Q7).
In this study, we suppose the following assumptions:

(Hf)1 The non-negative solution is preserved with time, which is ensured by
fl(@) > 0, where C; = (t,z,C1,...,Ci—1,0,Ci41, ..., CN., D1, - -« s Die1,
0,pis1,---,PN,), for all 1 < i < Ny, (C,p) € (RT)Ne x RVNs and, for
almost every (t,z) € Qr, Cio >0, for all 1 <4 < Nj.

(Hy)2 The total mass of the components Ci,...,C) is controlled with time,
which for all (C,p) € (RT)Ys x RN¥Ns and almost every (t,2) € Qr, is
ensured by

> filt,x,Cop) <0, foralll <r <N,

1<i<r

(Hp)s fi: Qr x RNs x RN:N — R are measurable, for all 1 <i < Nj.
(Hf)a fi: RN x RN:N — R are locally Lipschitz continuous. Namely

Z ’fi(taxaCap) - fi(t’xaavﬁ”

1<i<N,
<k X le-8l+ X In-al|

1<i<N, 1<i< N,

for all 0 < |Gy, |Cal, [[pall, [[pall <7



GLOBAL EXISTENCE FOR REACTION-DIFFUSION SYSTEMS 227

(17)s |16, C.VO) < (G Rt + [VCIE+ 3 196;1°]
2<j<N,
where hy: [0, +0o[ — [0, 400[ is non-decreasing F; € L'(Qr) and 1 <

ij < 2.
(Hy)o [filt,2,C,VC)| < m(Z oj|> [ﬂ(t,x) S |v0j||2]
J=1 1<j<N;

where h;: [0, +0o[ — [0, +oc[ is non-decreasing, F; € L'(Qr) and 2 <
i < Nj.
(He)7 Foralli=1,...,N,, C;o € L*(2) and satisfy C; o > 0.

The present paper proves the existence of solutions for the reaction-diffusion
systems of the type (1.1). This is done in three steps: the first step is to truncate
the equation. It shows that the problem obtained has a solution. In the second
step, appropriate estimates are established on the approximate solutions. Finally,
the convergence of the approximate system has been shown. Recently, the new
technique was used in this study, in fact, our approach for f = f;(¢t,z,C,VC) is
a generalization of the work f = f;(C) presented by Alaa and Lefraich [2].

2. Statement of the result

DEFINITION 2.1. The pair (C,¢) = (C4,,...,Cn,,¢) is a weak solution of
(1.1) if and only if, for every 1 < i < Nj,
C € C([0,T], (L2()Ne) N L2(0, T, (H*(2))™*),
¢ € L>=(0,T,H(Q)), fi(t,z,C,VC) e LY (Qr)
for all v € C1(Qr) such that v(T, -) = 0,

Qr

(2.1) ot
—/ Cio(x)v(0,2) = / fi(t,z,C,VC)v for all ¥ € H(Q),
Q Qr
N, Ns
e VoVU = / <Z ziCi/(l + 52@) — g)\IJ for a.e. t > 0,
Q Q\;=1 i=1
¢(0,2) = ¢o(x) on Q.

Our main result in this paper is the following existence theorem.

THEOREM 2.2. Assume that conditions (Hy)1—(Hy)s and (He)r are satisfied.
Then there exists a global weak solution (C,¢) of system (1.1) such that

C>0 inQr and ¢ L=, T;WH>(Q)).

The proof of Theorem 2.2 is divided into three steps.
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2.1. Approximating scheme. To every function f; we associate the func-
tion f;, such that f;(¢,z,C,VC) = f;(t,z,CT,VC), where C* = max(C, 0), and
we consider the truncation 1, € C5°(R™M+), that satisfies the following conditions

0<n, <1,
nn(r) =1 if || <n,
Np =0 if |r| > n+1.

For every C = (Cy,...,Cp,) € RY: let
22)  finlt.e,CVC) = nn[ S (G + VG, it 2,0,V C) .
1<j<N,

Note in passing that f;,, as defined, is globally Lipschitz. Indeed, f; , is locally
Lipschitz from (Hy)s and, as it is bounded by definition, then f; , is globally
Lipschitz.

Furthermore, for every ¢ € C([0,T]; H'(Q)) and ¢ € [0,T7], let us consider
the bilinear form afb(t, -, +) defined on H'(Q) x H(Q) by

afb(t, u,v) = / (d;VuVv + muViypVo + Auw),
Q

where ) is a strictly constant the value of which will be established later. Finally,
for v € L?(Qr) we introduce its time regularization

oM (t, x) = / nu(s,z)exp(n(s —t)) ds.
Q
In view of Boccarde, Murat [14], we deduce that

v™ € C([0,T]; L2(9)),

(2.3) o™ = v in L2(Qr),
sup_[[v™(t, )|y < sup [o(t, )| Li()-
0<t<T 0<t<T

Now, let us consider the following truncated system
Cn € W(0,T), ¢n € L®(0,T, Hy(Q)),

oC;
q Ot
= / fin(t,z,Cn, VCy)v + )\/ Cinv for allv e HY(Q),
Q Q

N N,
g/anw:/Q(;zicﬁ/(us;qﬁ?) —g)w

for a.e. t > 0, for all ¢ € H}(Q),
n(0,2) = ¢o(x), Cin(0,2) = Cjo(z),

v+ afbn (t,Cinsv)
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where W(0,T) is the Hilbert space defined by

w.7) = {u e POT (@) 5 € POT (@)™,

Let us note that every v € W(0,T) is almost everywhere equal to a continuous
function from [0, 7] in (L2(Q2))™s. Furthermore,

W(OvT) C C([OvT]; (LZ(Q))NS)

and the embedding is continuous (see for more details Dautray and Lions [18]).
So for C,, € W(0,T'), the expression C;,, take for ¢ = 0 the value C;( which
make sense, with an application C,, € W(0,T) — C,,(0) € (L*(Q))": continuous.
Concerning our problem (2.4), we have the following result.

THEOREM 2.3. Under the hypothesis (Hy)1—(Hy)g and (He)7, the problem
(2.4) admits a weak solution (C,,¢y,) € W(0,T) x L>(0,T; WH>*(Q)) such that

PRrOOF. Considering C,, = Cre ™, then C,, satisfies
9Cin
q Ot

Y+ aé;n (taéi,nv 90) = / Si,n(taéna V6n)(p
Q
for all o € HY(Q),
with S, ,(t,Cp, VC) = fin(t,z,Cre’, VO ,eM).e™,

N, N,
s/ Vo, Vi :/ (Z zingze)‘t/<l +€ZCEZ3€M) —g>d)
Q 2 \i=1 i=1
for a.e. t > 0, for all v € H} (),
$n(0,2) = go(z), Cin(0,2) = C;o(2).

To prove the existence of a solution of (2.4), it suffices to prove the existence

of a solution for the problem (2.5). We get this result by using Schauder fixed
point theorem. Let

Wo(0,T) = {v € W(0,T) : Co = v(0)
and  sup [[0(0)[[(z2()y~ve + [0l 20,7, (1 () ve) < C}-
0<t<T

We construct the following mapping:
£n: Wo(0,T) — Wy(0,T), v £,(0) =C,

where, for all ¢ € ]0,T][, ¢, is the unique solution of the elliptic problem

N N
(2.6) —eAp, = Z Zivl(n)e’\t/<1 + Sngn)e)‘t) —g onQr=]0,T[xQ,
: i=1 i=1
bn(t, ) =0 in 10, [ x 89,
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and C,, = £,(v) satisfies the following parabolic system

% v+ a;n(t,éiyn,go) = / Sin(t,v,Vv)p for all p € HY(Q),
2.7) {Ja O 0
61',”(07%) = Ci’o(.’b).

In order to prove that this setting is correct, we use the Lax-Milgram theorem
in order to prove that (2.7) has a unique solution (which actually shows that £,
is a well-defined map). Then by the use of the Schauder fixed point theorem, we
prove that £, has a fixed point which is the solution of (2.5). This concludes
the proof. O

Concerning the solution of the problem (2.6), we make the following remark.

REMARK 2.4. The solution of (2.6) satisfy

n(t, ) /H:cs T (t,s)ds

where

0" (t, s) Zzl /(1—}—521) )—g() for s €

and H is the Green function. We have v(™ € C([0,T]; L*(Q)), ¢n(t, -) € H*(Q)
for every t €10, T[ and ¢,, € L>(0,T; Wh°(Q)).

Now, let us make some assumptions on the bilinear form afbn. We have the
following result.

LEMMA 2.5. afbn is a continuous and coercive bilinear form on H'(Q) x
HY(Q), i.e. for everyt € [0,T):
(a) there exists a positive constant C, which depends only on d;, m;, A\ and
IVonllLe, such that
|ag, (tu, )] < CHUHHI(Q)H@HHWQ);
(b) there exist constants oy and \* strictly positive such that

%

ag, (t,u,u) > a0||u\|§{1(9) for every A > A*.

PrOOF. (a) It is obvious that afi)n is a bilinear form on H'(Q) x H'(Q2). By
using the Hélder inequality and the fact that ¢,, € L°°(0,T; W1>°(Q)), we can
prove that a); is continuous on H'(Q) x H'(Q).

(b) Let us put dg = 1;1;1}1\}(@) Then

afb” (t,u,u) > d0||Vu||2L2(Q) + mi/Qquanu + )\||u||%2(9).
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On the other hand, by the use of the Holder and Young inequalities, we can show
that
1

; a
ah (1) 2 (do = 5 ) IVl + (A= 5 (190012l
Then, by choosing o = dg and A\ > \* = 2a(M ||V, 1= )?/2 we deduce that
) d
ag, (t,u,u) > O[OHU||2H1(Q) with ag = min <20, A— /\*).
This implies that the bilinear form a!, is coercive on H'() x H'(). O

The second member S; ,,(t, v, Vv) is fixed in L?(Qr), allowing to apply the
Lax—Milgram theorem (see Dautray and Lions [18]), and then to conclude that
for every v € Wy(0,T), the problem (2.7) admits a unique solution C,,. Now, it
is time to prove that £, admits a fixed point. To this end, we prove through
the following lemma, that the hypothesis for the Schauder fixed point theorem
are satisfied. Thus, we have

LEMMA 2.6. £, is a continuous and compact operator on Wy(0,T).
PROOF. Let (vy)m>0 & sequence in Wy(0,T') such that
Uy — v in Wy(0,T) when m — oo.

Let us show that £,(v,) — £,(v) in Wo(0,T) when m — oco. Let C," =

(Cim)i<icn. = £n(vm) the solution of

C,h € C([0,T], L2()) N L*(0,T, HY()),

aézm; —=m . mm

Tt’ - d;AC; , — midlv(Ci,anb;n) = 5" (t, Vim, VUr),
9Cih o T

di ov +miCin ov 0,

6:;(0, 33) = CL()(.’E).

As ¢/™ is uniformly bounded in L (0,7, W*(Q)), we conclude the existence
of ¢, € L>(0, T, W>°(£)) such that:

V¢, — Ve, for the topology U(L°° (Qr), LI(QT)).

According to the classical results on compactness, from the sequence (6;;:)”1 we
can extract a subsequence (still denoted (C;’,), ) such that

—m
Ci,n

— C;,n weakly in L*(0,T, H'(Q))
which gives the following two convergences:

C
vC

m

— C,n  strongly in L?(0,7, L*(2)) and almost everywhere in (Qr),
—VC;,, weakly in L*(0,T, L*()).

i,n
m
i,mn
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Next we deduce that

—m

n— Cin in Ll(QT), and D'(Qr),

H/ ~Cin)p| < Hazn:z _éiv”HLz(O,T,LQ(Q))H('D”Lz :
T

Now let us prove that
GV — CinVe, in D(Qr).
To this end we need to prove that
62:1V¢7T — a,nwn in the topology U(Ll(QT), LOO(QT)).
Let ¥ € L>(Qr). We have

T
/ / U(C Ve — Cin V) dudt

/ /\qu —Cm)dxdt—s—/ /xpcm Vo — V) dedt.

Concerning the first term of the last equality, we have

inllia@n)

(w90 (©0, - T da dt‘ < ||~ IV |[O — T

m

as ||C’ — 0 when m — oo. We deduce that

i1
/ /\I!Vqu )dwdt—)O when m — oo.

The second term tends to zero also since ¥C,; ,, € L'(Q7) and V™ converge to
Vi, for the topology o(L>*(Qr), L' (Qr)). Using
||S{L(t,vm, Vo) — SH(t, v, VU)HB(Q ) < < |vgm — UHL2(QT) + ||V, — VvHLz(QT),

we conclude that

aC;,
5 d; AC mzdlv(Cl WVOI) = SP(t, vm, Vo)

converge in D'(Qr) to
9C;n
ot
Consequently, C; ,, = £,(v) then lim (v,,) = Cip = £,(v).
o m—r o0
It remains to prove that (Cm) € Wy(0,T). We have

— dzAézﬁn — midiv (éz,nV(bn) = SZL(t7 v, VU)

9Cin
fi 11 HY(O
(2.8) A at —&—a% (t,Cins /S (t,v,Vv)p forall p € H(Q),

Cin(0,2) = Co(x).
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As S; n(t,v, V) € L®(Qr), it implies that the first term of (2.8) have meaning.
We take ¢ = 61-’” and show that

t
_ — Ch
HCi,n(t)Hiz(Q) + 040/0 |’Ci,n(s)Hi]1(Q) ds < a + ||Ci,0||%2(ﬂ)’

&%)

sup Hén C,

0<t<T (t)H(LZ(Q))NS T HéHLQ(O,T,(Hl(Q))Ns) <

where
C =1 7On’T + || C L2(
o || 0”( 2(Q))Ns |-

Furthermore

— m

acivn 7 —~m n
/ 5 p+ag, (t, Cins <p) = / STty Vs VUm) @,
Q Q

o
/Q a7

< C||Cinll g o 1ol @) + IISF (t, v, Vo) |20 21l 220,

STt v, Vov) = e*’\tfi,n (@e)‘t, V@e”),
fntwr) =0 X Tl + sl ) i)

1<j<N,

HS{L(t,U,VU < Cn,T, for0<t<T.

2@y

Hence

9Ci, o
‘ /Q 7 v ’ = (CHCWHHI(Q)” + C"»T)||§D||H1(Q)7

[

1 ac;,
87‘/‘ sup

Ho)  eel (@) pz0 [PllH9) Jo Ot
S C1H6 + Cn,Ta

;r; H H(Q)
ac |17
ot

i

T
<2 [ (O e+ Cur) < €
H-1(Q) 0

T
J

This allows us to deduce ||86;:L/8tHH_1(Q) is bounded in L?(0,T; H=*(Q)M+).
We know that we have the injections, L?(0,T;H'(Q)N+) < L?*(Qr)": and

L0, T; HY(Q)N+) c L*(Qr)N+ are compact, consequently we conclude that
£, is a compact operator. O

Then
ac;,

<C.
ot ¢

L2(0,T;H-1(Q)Ns)

Finally, the operator £,, admits a fixed point C,, such that (Cy, ¢,) is the
solution we are seeking. Now, we have to prove the positivity of C},. To this aim
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we introduce a mapping Z,, = (Z; »)1<i<n, defined by
m; .
Zin = Cinexp ((il(qﬁn)) fori=1,...,N,.
(3

Moreover, we consider

1

m;
Din = €XP (d(¢n)> and  ¢;, =

7,

For every v € CY(Qr), Z; ,, satisfies

T 7 T
/ /Mwﬂji/ /qi’nVZi’nVU
0 Ja ot o Ja
2.9 !
( . ) :/ /fin(t,l’,qnzn,VQnZn)va
o Ja

Zin(0,2) = Z; o(2)pin(0,2) for all z € Q.

Let us introduce the function sign™ defined on R by

-1 ifr <o,

sign”r =
0 itr>0.

As sign™ is an increasing function, letting ¢ > 0 we may consider a convex
function j.(s) € C?(R) such that 7.(r) — sign™ (r) when e — 0 (1).
Let us take j.(Z; ) as a test function in (2.9). We then have

¢ a znZ1n t ’
) [ [ A0sBe) iz~ [ ] 00920V 0 Z0)
0 JQ 0 JQ

t
+/ / fin(t’w7an’vanZﬂ)Jle(Zi,n)'
0 Q

Let us note by I; and I, respectively, the two terms in the right side of equality
(2.10). Using the convexity of 7., we deduce that the first integral

t
h=-di [ [ 4V,
0 JQ
(1) A typical example of j.(s) can be given by

1 1 St .
——+—exp| —¢ dt if s <0,
je(s): € g 0 t—e

29 (Zim) <0.

0 if s > 0.
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Concerning the second integral I, we have

t
lim I, = hm/ / fin(taxaQTLvaVQTLZTL)]/g(Zi,n)
Q

e—0 e—0 0
= lim S 2,40 20, NV 4n Zn) ) (Zin)
€20 J(0,6)x[Zi > 0]
+ lim fin(tvxaQnZnaVQnZn)]IE(Zim)
£0.J(0,6)x[Zi,n <0]
= lim fin(taxaQ7LZ7L7vann)]/5(Zi7n).

€0 J(0,t)x[Z:.n<0]

By (2.2) we have

lim I, = */ fin(t;xaQnZn7anZn)
(0,)X[Zi.n <0]

e—=0

= = / nn(ann)ﬁ(t7x7QnZn;VQnZn)
(0,t)x[Zi,n<0]

= _/ 777»(QnZn)fi(t7x7 (QnZn)+av(QnZn)+)~
(0,t)x[Z;,n<0]

By (Hy)2, lim I, <0. Then
e—0

t
1im/ / 0(ginZin) )]'E(Zi n) < 0.
e—0 0 0 8t ’
We have ¢; , > 0 and

A~ / / %n in) gni(ZiJL) <0,
Q
o+ o =
ot ’
7\/ / Msjgn_(zi,n) <0,
// qm in) ]Slgn*(Zz‘,n)fo’

which implies

[ @ Zi) 00 < [ (@ Zi0) (0.0)

As (¢in, Zin)(0,2) > 0 for almost every = € Q, we deduce that

/(Qi,na Zi,n)i(t,l') <O0.
Q

235

Finally, (¢in,Zin)” = 0 and then Z; ,, > 0 which allows us to conclude that

Cin>0foreveryi=1,...,N;.
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2.2. A priori estimates.

LEMMA 2.7. There exists a constant C' depending only on ||Co|| (12 (q))~s such
that:

sup /Z|C'“th\<0

0<t<T

() NpnllLo (0,7 wr=(@) < C.

PRrROOF. (a) Let us remember that (Cy, ¢,) is a solution of the approximate
problem that satisfies:

0C;
(211) / (91; "2 + dz/ VCimV(p +/ m,-Ci,anSanp
Q Q Q
= / fi,n(ta z, Cna vcn)ga
Q
Taking ¢ = 1 we obtain

Ng a Ng
. Ci,n = / fi,n tvmvcﬂJVCH .
> |5 [ )

Hypothesis (Hy)o implies

=

i=

N. N.
Z/ Oz’,n(tyx) dx — Z/ OM(O,x) dr < 0.
i=179 i=179

We have

N N,
> [ (Cinttallde < O L liCralie )
1=1 i=1

Consequently,

N
sup / Z |Cin(t,z)|de < C.
i=1

0<t<T JQ .

(b) Let us remember that ¢,, satisfy:

N
—eAgn(t,x) = —= —g(m) in Qr,
1 +SZC(n) t, )

én(t,z) =0 in )0, 77 x 0.
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Then
N
z 2 C’l(n) (t,s)
On(t,x) = / H(z,s) =1 ~ —g(s) | ds.
1+e Z CZ(
i=1
We have

<C
L=>=(Qr)

Zzl o At/(HEZM M)_

and [|¢n | L= (07w @) < C-
Considering the equations satisfied by C; ,,1 < i < N, we can write

aci,n
ot

Integrating on @, the positivity of the solutions yield, by putting ¢ = 1
n (2.11), that for all 1 <7 < Ng,

3Cz n
- fi,n = */ = / / R
Or dt
—/ Cin(T,x)dx —|—/ Cin(0,2)dx < / Cin(0,2)dx
Q Q Q

because C; (T, x) > 0. Hence, by hypothesis (Hy)a,

/ |f1,n(t7xacnavcn)| < HCLO“Ll(Q)
T
Similarly, we get by hypothesis (Hy)2, that for all 2 < j < Ny,

J. -1, (- z_fw)

> fim(t,2,Cn, VCy)

1<i<j 1<i<j
< Z / i,0( Z 1CiollL, (0)-
1<i<y 1<i<y
Then
[ fataCuVO) < Bi= 3 G-i+DColney O
T 1<i<j
Given a real positive number k, we set Ty(s) = max{—Fk, min(k,s)} and

Gr(s) = s — Ti(s) and observe that for 0 < s < k, T(s) = s and Tj(s) = k for
s> k.



238 B. AL-HAMZAH — N. YEBARI

LEMMA 2.8.

(a) There erists a constant Ry depending on k and 3 ||Ciollr1(q) such
1<i<N,

that, for all 1 < j < Ng,
| IVI(Ci)P < B

(b) There exists a constant Rs, depending on Y. ||Cjollr2(q), such that,
1<5<
for all2 <r < Ny,

J.

PrROOF. (a) We take ¢ = Ty(C; ) in (2.11), so

2
< Rs.

vn( > Oj,n>

1<g<r

/8C¢,n Tk(Cin)eri/VOiHVTk(Ci")
o ot ’ @ 7

Q Q
We set
Sk(r) :/ Ti(s) ds,
0
since Sk(C;,(T)) > 0 and, for all r > 0, |Sk(r)| < k?/2 + k(r — k). We have

L oC; .,
| [ Ze i v [ 9TCP
QJo Q¢

< *mi/ Tk(Ci,n)v¢ank(Ci,n)+k/ | finl,
t Qt

/ Sk(Cin®) +ds [ [VT(Cin)?
0 Q¢

)

<k |fi,n|+/sk(ci,n<0)>+mi
Q1+ Q

/ T1(Cin) Vo VTi(Ci )

t

where

m;

/ Te(Cin)Vu VT4 (Ci)

t

< m; /Q T(Cin) |V [ [V TH(Cin)|

Cm?
<e [ IVI(CP + T [ mcia
Qt & t

as ||v¢n||Loo(QT) < C. Then

Cm? k?
@i-2) [ VTGP <o+ S+ [ (5 ke -17),
t Q
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if 0 <e < min d;, implies
1<i<N,
| VTG < €Ok IConO) 21 0) = e

(b) We denote Cy.p, = > ¢jp, 2 <7 < N,

j=1

0¢jm —djAcj, —mj dlv(cj nVon) = fim for1<j <N,

%icj, Zd Acjp — ijdlv CinVon) = i:fjm for 1 <j < N,

j=1

thcL dAZc]n—FerAc]n
— m,div((Z Cjﬂl) V(bn) +m, Z div(c; V) = Z fins
Jj=1 j=1 j=1

athjn dAchn—FZ dj)Acj
r—1
—mrdiv<<ch,n)V¢n> +Z( _mg)le Cj, nv¢n Zf]n
j=1

j=1
We obtain
aC r—1
5 = Ay — e div(Crn V) + ;(d,. —dj)Ac;p
r—1 "
+ Z(m —m;)div(e; nVén) ZfL <0.

j=1

Now, we multiply by T} (C, ) and integrate on Qr, we obtain

aCT'n.
/ Tu(Cr) 2o 1 d, / IV TH(Con) 2

r—1 T
+ Z(dj - dT) / VTk(CﬁTL)VTk(C]}n) + ij / Cj,nvﬁanTk(Cr,n) S 07
i Qr j=1 Qr

T

r—1 r
+> (d; —dy) / VTk(Crn)VTi(cjm) + D m; / ¢V VTi(Crr) <0,
i Qr

2
/QS;C(Cnn(T,:c))dx—/QSk(C’T7n(O,o:))dz+dT/ VT (Cr )l

=1 T
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where
" d oC, .,
Si(r) = /O Ti(s)ds,  2Sk(Crn) = Tu(Crn) “o2,
then
— 1/2 1/2
dT/Q |VTk(Cr,n)|2 < Z |dj - dr|(|VTk(Cr,n)|2) (|VTk(Cj,n)‘2)
T ]‘:1

= 19 ( | (émjcj,n)Q)1/2(|VTk<cr,n>2)“ + [ G0

for all &1 > 0 and for all e5 > 0, using the Young inequality, we have

r—1

4 [ VI(CaP <a [ VRGP, Y =il [ VT
Qr Qr j=1 Qr

T 2
+52/ |VTk(Cr,n)|2+CE2||V¢7L||L°°/ (ijcj,n> +/ Sk(cr,n(o))~
Qr Qr \ -1 Q

Using the fact that ||V, p~(q,) < C, we have

/ |VTi(cjn)? < Ry and / (Z mjcjn)? < C.
Qr Q

T j=1

Because ||¢j.nlln2(0,m;m1 () < C and, if €1 + €2 = d,./2, which implies

dr r—1
T [ TGP £ RO Yy~ ]+ O+ [ Su(Cral)
QT j:1 Q
and
2 r
/ VTk< Z Cj,n> < Rs, R3 = Rs(Z ”Cj,OHL?(Q))>a
T 1<5<r =1

for 2 <r < Njq. O

LEMMA 2.9. There erists a constant Ry depending on 3 |lcjollz2()
1<N,
such that

/ Ifi,n(t,aCmVCn)l( > (Ne-r+ 1)CT,,,) <Ry foralll<j<N,.

1<r<N,

PRrROOF. We have

0

(2.12) o

Cj,n - deCj,n — mjdiV(Cj,nVQSn) = fj,n for 1 S ] S NS.
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Set, for all 2 < r < Ng,

N, N
On = Z(Ns =7+ 1)Crpn, Zn = Z(Ns =7+ 1)dCy s
r=1 r=1
Ng N,
gn = Z(Ns —7r+ ]-)mrcr,na Rr,n = - Z fj,n~
r=1 r=1

By hypothesis (Hy)2 we have

N
Rpn=-Y fin>0 forall2<r<N,.
r=1
Combining equations (2.12), we have

N,

0 . .
& Hn - AZn - dlv(fnv¢n) + Ifl,n + ; Rnn =0.

Multiplying by 6,, and integrating on Q7 yield

N,
1/ 9 5
— [ 0:(T)+ VZnV9n+/ 9n|f1$n|—|—g / 0
2 Ja Qr Qr r=2YQr

T
> fin
j=1

1
2 Jo Qr

Then

N, r
2 1
Oul il + / 0> fin| < / 02 (0)

1/2
+ /Q VZIV0 + ||V¢n|Lw<QT>< /Q T 55) ( / T(vw)

Using the Young inequality, we conclude that

N, r
s 1
/QT ; Qr ; ! 2 Q
1
+5 ) IVZE 90+ 156 uban | [ 6P+ [ 190.)

1
QT
NS
0n|f1,n| + / en
/QT ; Qr

1/2

<C.

T
> fin
j=1

Then

/ 9n|f1,n
Qr

r

ij,n

j=1

<C forall2<r<N,.

N
<C and Z/ 0,
r=2 T
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We have

/ 9n|f2,n S/ 6n|f1,n+f2,n +/ 9n|f1,n| Sa
Qr Qr Qr

and, fOI‘ all 2 < k < N87 we haVe
/ 67’7.
QT

QT T
/ |fi,n<t,x7cn,vcn>|( T (Ns—r+1)cr,n)sz%4

which gives us the result
1<r<N,

Z fj,n

1<j<k

forall 1 <j < Ng. O

2.3. Convergence. The point is to show that the solutions (C,, ¢,) of the
problem (2.4) converge to a solution (C, ¢) to (1.1). By Lemmas 2.7 and 2.8 and
according to a result of Barras, Hassan and Veron [10], the applications:

(C'Z?Oafi,n) — Ci,na fOI' 1 S Z S Ns

are compact from L'(Q) x L'(Qr) into L'(0,T; Wy*). Therefore, we can deduce
the existence of a subsequence denoted (C,,, ¢,,), such that, for alli = 1,..., N,

(2.13) Cim — C; strongly in L*(Qr),
(2.14) Cin — C; almost everywhere in Qr,

as ¢, is uniformly bounded in L>(0,T, W1>°(Q)). We conclude the existence
of ¢ € L>°(0, T, WH°(2)) such that:

V¢, — V¢ for the topology o(L>®(Qr), L (Qr)).

Let us prove now that C;,V¢, — C;Vé in D'(Qr). To this end we need to
prove that

Ci nVo, = C;V¢ for the topology O'(LI(QT), L>(Qr)).
Let ¥ € L*(Qr), we have

/oT /Q V(CinVén — CiVe) dr dt

= /OT/Q\I/V¢n(Ci,n —C;)dx dt+/oT/Q\I!Ci(V¢n — V¢)dx dt.

Concerning the first term of the last equality, we have

T
\ [ [ ovouin—codear \ < 1 [Vl [ Com = Cillzr o,
0

as ||Ci.n — CillL1 (@) — 0. We deduce that

T
/ / \IJVqﬁn(Cm — Cz) dx dt — 0.
0 Q
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The second term tends to zero, too, because ¥C; € L'(Qr) and V¢, converge
to V¢ in the topology o(L>®(Qr), L*(Qr)). Consequently,
acz n .
T{ — dzAOl,n —m,; le(Ol,nV(ﬁn)

converge in D'(Qr) to

9C;
ot

— d;AC; —m; div(C; V), Pn(t,x) = / H(z,s)02(t,s),
Q

where

07 (t,x) (Zle(n tw/(l—i—eZC(" tx)—g(x)).
By (2.12)-(2.14) and (2.3) we have
Ny N
—eApp(t, -) = —eAd = Z%Q‘/(l + 5201-) —g strongly in L*(Q).
i=1 i=1
Since fin, ..., fNn,n is continuous, we have
fin(t,z,Cn,VC,) — fi(t,z,C,VC) almost everywhere in Qr,1 < i < N,.

This is not sufficient to ensure that (C, ¢) is a solution of (1.1). In fact, we have
to prove that the previous convergence takes place in L'(Q7). In view of the
Vitali theorem, in order to show that

fin(t,x,Cn,VCy) — fi(t,z,C,VC), forl<i<min Ll(QT)

one needs to prove that f; (¢, =, C,, VC,,) is equi-integrable in L*(Qr). We have
the following lemma.

LEMMA 2.10. For everyi=1,...,Ng, fin(t,x,Cpn, VCy) are equi-integrable
m LI(QT).

The proof of this lemma requires the following result based on some prop-
erties of two time-regularization denoted by C and C, (v,0 > 0), where C €
L?(0,T, H} (2))is such that C(0) = Cy € L*(2). Let v > 0. We define

¢
C,(t) = exp(—t)Cqy + ’y/ C(s)e"5 ™ ds
0

where C is the solution of the elliptic problem

1
Cy — ;AC(Y = Cy,

C7 € HE(Q) N H2(Q).

We can see that (C,); = y(C — C,) and Cj — Cp in L*(2), and we have the
following lemma.
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LEMMA 2.11. Let C € L?*(0,T; H(Q)) N C([0,T], L3(Q)) such that C(0) =
Co € L*(Q). Then

(a) Cy — C strongly in L*(0,T, H}(12)).

(b) [Ti(C)y ()] < k.

PRrROOF. (a) This immediately follows from the result of Boccardo, Murat
and Puel [14, Lemma 2.2, p.377].
(b) By definition of regularization in time of Ty (C'), we have

T(C5)(#) = exp(—11)Tk(Co)" + /O (ToC) ()7 ds

but we know that |T5(C)| < k, so it comes

t
ITu(Cy) (1)) = ke 4 / ke 4
0

vs1T
< ke M+ kye [e] =ke "+ k(1 —e ) = k.
7 o

Hence the result. O

By w(e) we denote a quantity such that w(e) — 0 ase — 0 and w’(¢) a
quantity such that w?(e) — 0 for every fixed 0 >0 ase — 0.

LEMMA 2.12. Let (Cy), be a sequence in L*(0,T; H(Q)) N C([0,T]) such
that C,,(0) = C§ € L*(Q) and (Cp)¢ = p1.n + pan with p1., € L?(0,T; H~1(Q))
and pa, € LY (Qr). Moreover, assume that C,, converges to C in L*(Qr) and
Cp converges to C(0) in L*(Q)). Let ¥ be a function in C*([0,T]) such that
Y >0, <0, %(T) =0 (?). Let ¢ be a Lipschitz increasing function in C°(R)
such that ¢(0) = 0 (3). Then, for all k,~y >0,

N (;) o (i) . /Q $(0)$(Tw(C) — Tir(C))(0) da

- /Q (C)(0)0(0)(Ti(C) — Te(C))(0),

where ¢(t) = fot o(s)ds and Gi(s) = s — Tx(s).
For the proof see [3, Lemma 7, p. 544].

LeMMA 2.13. Suppose that C;,,C;,1 < j < Ny are as above.

(?) For example 1(t) = e(T=0) —1if0 <t < T.
(3) For example (s) = s/(1 + |s|) answer the question 1 > ¢/(s) = 1/(1 + |s])2 > 0.
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(a) If

ol £ M(C1al) [ Filt.) + IVCLIP+ 3 I9C 1 |
2<j<N,
where hy: [0, 4+00[ — [0, +0c[ is non-decreasing, Fy € L'(Qr) and 1 <
o < 2. Then, for each fized k,

n— oo QT

hm |ka(Cl7n) - VTk(Cl)|2X |:E

(b) If

a0l < Xicl)[Fea+ ¥ Ivee].

j=1 1<G<N,

where h;: [0, 400 — [0,+00[ is non-decreasing, F; € L*(Qr) and 2 <
it < Ng. Then, for each fized k and for all 2 <i < Ny,

VTk( > c,n> —VTk( > cj>

1<<i 1<j<i

lim

2
X =0.
|:E'n.: > Cj,nSk]
<N

1<j<Ns

PROOF. (a) This is a direct consequence of the resulting output established
in proof of Lemma 6 in [3, p. 548].

(b) Let k and v > 0, let £ € N, and choose ¥ as in previous. Let ¢(s) = 56“52,
with p to be fixed later. Consider the following equation satisfied by C ,, +Cs .

0
—[Cin + Cap] — 1 ACY,, — d2ACs ,

ot
—m1div(C1,n Vo) — madiv(Ca nVér) = fin + fon,

1o}
a[cl,n + Cop) = doA(Crp + Cop) — (do — d1)AC
+ mgdiv((CLn + Cg,n)V(ﬁn) — (m2 — ml)div(CLnV(bn) + fl,n + f2,n-

Then use Yo(T(Ci 5 + Con) — Tk (Ci1 5 + Ca.n)) again as a test function and
integrate on Q. Finally, we will use Lemma 2.12 to get the result. For simplicity,
we denote

Crn = Z Cjn, Cr= Z cj, forall2<r <N,
1<j<r 1<j<r
Take r = 2; since
0 @, (@

a CQJL = pl,n + p2,n7



246 B. AL-HAMZAH — N. YEBARI
where

pC) =daACsy, — (do — di)Acy y, + madiv(Cy , Vo)
— (ma —my)div(e;,nVo,) € L*(0, T, H(Q)),

052% :fl,n + f2,n € Ll(QT)7
we have, by (2.7),

0

pn (Co2.n)¥(T1(C2n) — Ti(C2,0)~)
Qr

N( )+w< ) /¢ H(Th(Cs) — Te(Ca)-)(0) da
- / (C2)(0)(0)p(Th(Cs) — Th(C2))(0),

where

We have

S (o) UelTi(Can) = Te(Car)y) = [ ALTA(T(Con) ~ TilCar)s)
Qr Qr

[ AWAT(Ca) ~ Ti(Ca),) ~ o)
= — [dgACQ’n — (d2 — dl)Acl,n + mgdiV(CZnV(bn)
— (mg —my)div(e1 n V)] — pfi =—(fin+ fon),

—/ Pfr)L\I'SO(Tk(Czn) —Ti(Ca)~)
Qr

=dy V2, (Ti(Con) — Ti(Cot)y ) V(Tk(Can) — T (Care)y)

Qr
- /Q (Bt P ¥o(T(Co) = T(Ca))
— (dz —dy)
| (Vern = Ve) W/ (Tu(Ca) = Te(Car),) V(T Can) - TilCa)y)
- (de —dy)
o Ve) W' (T (Co,n) — T (Ca,0)y ) V(T (Co,n) — Ti(Co,e)~)

+ mo CQ,nvd)n\Il@/(Tk (02,71) - Tk(CQ,K)'y)V(Tk(CQ,n) - Tk (C2,Z)'y)
Qr
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+ (mg —my)
: / (c1n = 1)Von ¢ (Ti(Con) = T (C2,0)7)V(Tk(Con) — Ti(Caye))
T
+ (ma —my)

- / 1V G U (Th(Carn) — Te(Cat)s)V (Tu(Corn) — T(Ca)-).

T

We denote
Epn= Z Cins E, = Z cj, forall2<r <N, Ey =ci+cy = Co,
1<j<r 1<j<r

I=d V2,V (Ti(Con) — Ti(Coe)y )V (Tk(Can) — T (Ca,0) ),
QT

I'=dy | VTi(Con)Ve (Ti(Con) — T(Co,0)y)V(Tk(Com) — Tr(Ca)y)
Qr

+do / V(Con) ¥ (Ti(Con) — Ti(Co,0)y )V (Ti(Can) — Ti(Cay0)+)
[Enzn]
=1, + I.

For I, we have

I, =— dg/[ ] V(Con) V¢ (Ti(Con) — Tie(C2,0) ) VTk(Cot)y X (B, >k
E,>n

1
B () <da [ (Ca) 0 (10(Ca) = Tu(Ca) VT Calo i o
Qr

(L
n

—dy / V(Con )0 (Th(Can) — Th(Ca)y) VT(Co)o X (5 2 X o]

—dy [ V(Con)P¢ (Ti(Com) — Ti(C2)y) VT (C2) X (B, >k X[E<k]»
Qr

1
Iy =w™" <> + 11+ 1.
n
For I3 1, we have by Cauchy-Schwartz inequality
[I21| < d2||[VCon¢' (T (C2,n) — T(C2) ) L2(@r) IV TR(C2) X (2, >4 | L2 (@) -
¢©'(s) = ¢'(|s]) and |Tx(Ca,n) — Tk (C2)~| < 2k implies
@' (T1(C2,n) — Ti(C2)y) < ¢'(2K).

We obtain

1
21| < d2C|| VT (Co)yX (B, =Cozh | L2(Qr) = w(y)
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since
Ti(Cs)y — Ti(Ca) in L*(0,T; Hg(Q)),
VTi(Ca)yX[E,=co>k) = 0 almost everywhere in Q7.

Now, we study the term I o:

Iy = —ds Vo0V (Ti(Com) — Tu(C2)y ) V(Ti(C2)ry ) X(E, >k X[En=Ca<k]»
Qr

1
12,2 =w’ (> s
n

since X(g, >k X[E,=Co<k] — 0 almost everywhere in Q7. Thus
1 1 1
l n ¥

I =ds VT (Con) U (Ti(Cayn) — Ti(Co0) ) V(T (Con) — T (Ca.0)),
Qr

1
Il = ’LUA/’n <£>

+ da A VTii(C2,n) V' (Ti(C2,n) — Ti(C2)1) V(Th(C2.n) — Ti(C2)4),

v (LY oo (L
(o)
+ds ; VT3,(C2) V¢ (Ti(Co,n) — Ti(C2) ) V(T (Co,n) — Ti(C2))

+ d2/ V(Ti(Ca,n) — Ti(Co))
" U (T (Ca.n) — Ti(Co))V(Ti(Can) — T (C2))
o))
+ d2/ V(Ti(Capn) — Ti(Co))
W (T(Can) ~ TlCo)) T (TilCan) ~ Ti(Ca)y),
L =w”" (2) +w? (i) +w (i)

+dy / IV T4(Can) — VTu(Co) PUG (Th(Ca) — Tr(Ca)s)

We investigate

+ dy g V(Tr(Can) — Tr(C2))

U (T (Con) — Ti(C2)5) V(Tk(Con) — Ti(Ca)y
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o) () oo()

+d / IV T4(Can) — VTH(Co) P! (T (Can) — T(Ca)-),

rze(3) e (3) ()

+dy / VTk(Can) — VTu(Co) PV (Th(Ca) — Ta(Ca)s),

1T =mgy Con V¢ (T (Con) — Ti(C2,0))V (Tk(Ca,n) — Ti(Cae)~)

Il =

11 =

11 =

or

Qr

1
— v =
v (6)

+ma ; Con VoV (Ti(Co,n) — T1(C2)y )V (Ti(Can) — Ti(C2)4)

1
— ¥ =
o (3)

+ma / (Con — C2) VU (Th(Carn) — Ta(C))V(Ti(Con) — Ti(Ca))

+ mg . CoV e, Vo' (T1,(Ca ) — T (C2))V(Ti(Can) — Ti(C2)-).

v (LY Lo (L
w(z)+o ()
+meg ; CaoVn W' (T1(Co) — T (C2)4)V(Ti(C2) — T (C2) )

+ m?/ (CQ,n - C2)v¢n\1190/(Tk(02,n) - Tk(CZ)'y)V(Tk(CZ,n) - Tk(CQ)’Y)a

(o () )
+m | (Can = Co) V60 (Te(Con) =~ Th(Co)) ¥ (Tk(Con) =~ Th(Ca)s)

+ma / T(Cz,n — C2)V PV (T1(Con) — T (C2),) V(T (C2) — Ti(Ca) ),
SIGRAEEI

Com — Cy in L*(Qr) and / |VTi(C2.n)? < R,

T
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and |V, || Lo is bounded then (1) + (2) = w?(1/n). So
1 1 1

II:w'%n <) +w’y () +w()
l n ¥

J=- / (im + o) Wo(Te(Can) — Ta(Cort)s),

For J, we have

J=wr" (2) - /QT(an + fon)¥p(T(Con) — Ti(C2),)
o (2) - /E Ut B WTi(Con) = Tu(Ca))

- / (i + Fon) Uo(Te(Can) — Ta(Ca)y).
Ey n<k
Then
1
J > wh" <£) - / (fl,n + f2,n)\IIS0(Tk(CQ,TL) - Tk(c2)'y)
Ex n<k

since ¢(Ti(Ca,n) — Tk(C2)y) > 0 on [Ey > k] and —(f1., + f2.n) > 0 by hypoth-
esis (Hy)o.
On the other hand

/ (Fim + Fon) U (Te(Can) — To(C)-)
Ey n<k

<hy(k) / By (1, 1)U p(Ti(Ca ) — Te(Ca),)|
Ez,ngk
+ ha (k) /E _ Vel ¥ (T (Cay) = Tu(C2),)
(k) /E [V Tu(e) PEI(T(Ca) = Ti(Ca),)
T ha(k) ﬂE _ Balt) V(T (Co,) ~ T(C))

T ho(k) /E IV Tilea ) PHR(TL(C) = TilCa))

=Ji+Jo+Jd3+Js+ Js.
We set

n=m®) [ REHCa) - i@ =0 (1) +u(5).

Similarly, for Jy,

Ji = ha(k) /E<k Folt, )0/ o(Th(Can) — Th(Ca)o)| = w () + w<>
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N 1 1
Ja=m) [ Vel Wle(T(Can) - TCa) = u (£ ) (),
E2,ngk
J3 =ha(k) / VT (c1,0) 2 ®]@(Ti(Co,n) — Ti(Ca)s)|
EZ,nSk
=ha(k) / VT (c1,n) = V(1) P¥|p(Ti(Con) — Ti(Ca),)|
EZ,nSk
+ 2ha (k) / VTi(c1,n)VTi(c1)¥]o(Ti(Com) — Ti(C2)5)|
E3 <k

- h1(k)/E . [V Ti(ex) P¥|o(Ti(Ca,n) — Tu(C2)y)l,

NEATNG!

5= () +u(3)
b (k) / VTi(e1n) — VTi(en) UL (T(Con) — Th(Ca)s)|

Ey o<k

and

Js = ha(k) /E VTiea PO Can) - Tu(Ca)l = (3 ) 40 ()

n

since

/ VT (can)|? < liminf (/ |VTk(Cg7n)|2) < R,.
Ey o<k n=+0 \ JE, <k

Thus

1 1
- / (fl,n + f2,n)\I’QO(Tk(CQ,n) - Tk(OQ)'y) 2 w’y () +w <)
Es <k n Y
i) [ VIiern) - VTi(en) PURTCan) ~ Tu(Ca))
Ean<k
For A and A\, we have

A= —(dy—dy)

. / (Vern — Ver) U (T (Con) — Ti(Co,0)4) V(T (Com) — Ti(Cay0)),

() o () ()
l n y
A= — (mg —ml)

. / (cim — 1)V 60 (Te(Can) — Te(Co.0)2)V(T(Can) — Te(Car)s),

T

wew () () )
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We have g and 50

B=—(d2—d) ; Ver ¥ (Ti(Can) — Ti(Ca,0) 1) V(T (Can) — T (Cay) ),

rmee(B) o 2) ()
/ n y
BB = —(ma —m)
/ 1V Vo' (Ti(C2,n) — Ti(C2,0)7) V(T (Con) — Ti(Co,0)4),
et o))
/ n y
Then

1 1 1
I+H+J+JJ+>\+>\)\+B+55Zw%"<€>+w7<n)+w(’y>

tdy /Q IV(T(Con) — Ti(Co)) P! (Ti(Can) — T(Ca)s)

(k) /E IV (Tk(Chn) — To(C)) PU[ (T (Can) — Tr(Ca)s).

We choose p > (h1(k)/(2d2))%. Then we have day’(s) — hi(k)|p(s)] > d2/2 and
we conclude that

/ IV(Th(Can) — Th(C))?

U TCan) — T(C2)y) — m(BIR(TH(Ca) — TH(C))]
(i) (2) o+(2)

lim [V(Ti(Can) = Til(C2)PX(52, <k = 0.
n—+oo Qr

Then we have

ks
We get step by step by considering the equation satisfied by C,, = 3 ¢jn.
j=1

Arguing in the same way as before, choosing p>max{(h1(k)/(2d;))? : 1<j<r},
we obtain

/ IV (T4(Crn) — Tu(C)) 2

V[P (T(Crn) = Tr(Cr)y) = ha(B)o(Tk(Crn) — T (Cr)y)l]

SORORE
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which shows the desired result (b)

lim IV (Tx(Cy) — VTk(Or))Fx[

n—-+o0o Qr

r - O. ‘:l
Ern=73" Cj,ngk]
j=1

PROOF OF LEMMA 2.10. Let A be a measurable subset Q7. For all £ > 0,
we have

/ |f17n(t,fli7 Cna VCn)| dx
A

- / un(t, 2, Cos V)| da + / Fun(ts 2, Cr, VC)| da
AN[En, , <k] AN[En, , >k]

< / |f1,n(t>$acnvvcn)|dx+/ ‘fn(taxacn,vcn)‘dw
A[En <k] A6, > k]

with
> Cim and Op= > (Ne—k+1)Chn.
1<j<N, 1<k<N,
We obtain, for all € > 0, there exists kg such that, if k£ > kg, then for all n
1

1 1
Miialde < ¢ [ Exlfialdo <3 [ Olfilde
Qr Qr

k AN| ENb n >k|

We have

€
finlt,z,C,,VC,)|dx <
/Am[ENS,n>k]| b ( )| N +2’

/ | fun(t, 2, Cp, VCy)| da
A

g
< +h k{/Ft,x+/ vc,nﬂ
N 12 1(k) A 1(t, @) Am[ENS,”g/c]I 1,n]

+ hy(k / VC-naJ)
Y (AH[ENMQ” il

2<j<Ns

+h1(k){/AF1(t,x)+/AO[ENS.TL<H |VTk(Cl7n)2}
wmw S (f VILCI )

2<<N, NEN,,, <K]

<

N ™

Using Holder’s inequality, for 1 < a; < 2, we obtain

(y,/2
m) [ VTH(Cyn)|* < ha(k (/vn in ) 4]0/
AN[En, ,, <k]
1<

< i (k)Ry?/?|A| )/

N—|—2
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Whenever |A| < p; with

5 _ —ay/2 .
Pj<Ns+2h11(k)Rz ! ) ., 2<j< N,
and

/ VTG = / [VTH(Ca) — VTH(C)] + VTL(O)2,
AN[E,, <K]

AN[E, <k]

/ VT (G2 < 2 / VTL(C) = VT(C) 42 / VTL(O)P,
AN[E,, <K] AN[E,, <K] A

we have

/ VTL(C)P < Clh, [ Coll: (@)-

T
SO

VT (Cr) = VTR (C)X(c, <) — 0 in L'() strongly

and |VT,(Cy) — VTr(C)*x(c, <k] I8 equi-integrable in L'(£2). Then there exists
pN.+1 > 0 such that, if |A| < pn.41, then

13
N, +2

2h1(k)/ |VT(C,) — VTL(O)* <
AN[En, ,, <k

On the other hand, Fy, |VT,(C1)]* € LY(Q), therefore there exists pn_ 4o such
that if |A| < pn,4+2 we have

€
2 T, ? Fy(t :
a2 [ wneor s+ [ meo) <550
Choose pg = inf{p;,2 < j < Ny + 2}, |A| < po, we obtain

/ |f1,n(t7$,Cn7vcn)‘ dr < e.
A

Similarly, we get for 2 < i < N

£
A'fi,n' < Ns+2 +hz(k)(/AFz<t,$(})

+/ (6]VC1 > + 6|VT(C1.0) —VTk(Cl)|2))
Aﬁ[ENS,” <k]

+8hi(k) Y (/A VTk.< > cy) 2)

2<r<N, BN, <K] 1<j<r
2
+8hi(k) Y (/ VTk< > cj,n) VTk< > q) )
2<r<nN, \7ANEN, <K 1<j<r 1<j<r

Arguing in the same way as before, we obtain the required result. O



[1]
2]

[3]

[4]

[5]

6]
)
8]
9]

[10]

[11]

(12]

(13]

(14]

(15]

(16]
(17]
18]

(19]

20]

GLOBAL EXISTENCE FOR REACTION-DIFFUSION SYSTEMS 255

REFERENCES

N. ArLaa, M. Arroussous, W. BOUARIFI AND D. BENSIKADDOUR, Image restoration using
a reaction-diffusion process Electron. J. Differential Equations 2014 (2014), no. 197, 1-12.
N. ALAA AND H. LEFRAICH, Mathematical Analysis of a System Modeling Ions Electro-
Migration through Biological Membranes, Applied Mathematical Sciences, Vol. 6, 2012,
no. 43, 2091-2110.

N. ALAA AND I. MOUNIR, Global existence for reaction-diffusion systems with mass control
and critical growth with respect to the gradient, J. Math. Anal. Appl. 253 (2001), 53-2-557.
N. ArLAaA AND M. PIERRE, Weak solution of some quasilinear elliptic equations with mea-
sures, STAM J. Math. Anal. 24 (1993), no. 1, 23-35.

B. AL-HAMZAH AND N.YEBARI, Gobal existence in reaction diffusion nonlinear parabolic
partail differntial equation in image processing, Glob. J. Advanced Engineering Techn.
Sci. 3 (2016), no. 5.

L. Awargz, F. GuiCcHARD, P.-L. LioNs AND J.-M. MOREL, Azioms and fundamental
equations of image processing, Arch. Ration. Mech. Anal. 123 (1993), 199-257.

L. ALVAREZ, P.-L. L10NS AND J.-M. MOREL, Image selective smoothing and edge detection
by nonlinear diffusion, II, SIAM J. Num. Anal. 29 (1992), 845-866.

L. ALVAREZ AND L. MAZORRA, Signal and image restoration using shock filters and
antsotropic diffusion, STAM J. Num. Anal. 31 (1994), 590-605.

H. AMANN AND M.C. CRANDALL, On some existence theorems for semi linear equations,
Indiana Univ. Math. J. 27 (1978), 779-790.

P. BAras, J.C. HASSAN AND L. VERON, Compacité de l’opérateur définissant la solution
d’une équation non homogéne, C.R. Acad. Paris Sér. A 284 (1977), 799-802.

P. BENILA AND H. BREZIS, Solutions faibles d’équations d’évolution dans les espaces de
Hilbert, Ann. Inst. Fourier 22 (1972), 311-329.

A. BENSOUSSAN, L. BOCCARDO AND F. MURAT, On a nonlinear partial differentail equa-
tion having natural growth terms and unbounded solution, Ann. Inst. H. Poincaré 5 (1989),
347-364.

L. BoccARDO, F. MURAT AND J.P. PUEL, Existence de solutions faibles des équations el-
liptiques quasi-linéaires a croissance quadratique, Nonlinear Partial Differential Equations
and their Applications, Colége de France Seminar 4 (1983), 19-73.

L. BoccArRDO, F. MURAT AND J.P. PUEL, Existence results for some quasilinear parabolic
equations, Nonlinear Anal. 13 (1989), 373-392.

W. BOUARIFI, N. ALAA AND S. MESBAHI, Global existence of weak solutions for parabolic
triangular reaction diffusion systems applied to a climate model, Ann. Univ. Craiova
Math. Comp. Sci. Ser. 42 (2015), no. 1.

F. CarTE, P.L. LioNs, J.-M. MoOREL AND T. CoLL, Image selective smoothing and edge
detection by nonlinear diffusion, SIAM J. Numer. Anal 29 (1992), no. 1, 182-193.

A. DALL’AGLIO AND L. ORSINE, Nonlinear parablic equations with natural growth condi-
tions and L' data, Nonlinear Anal. 27 (1996), no. 1, 59-73.

R. DAUTRAY AND J.L. LiONS, Analyse Mathématique et Calcul numérique pour les Sci-
ences et les Techniques, vol. 8, Masson, 1988.

U. DiEwALD, T. PREUSSER, M. RUMPF AND R. STRZODKA, Diffusion models and their
accelerated solution in image and surface processing, Acta Math. Univ. Comenian. 70
(2001), no. 1; 15 (2001), no. 34.

O.A. LADYZHEUSKAYA, V.A. SOLONNIKOV AND N.N. URAL'TSEVA, Linear and quasi linear
equations of parabolic type, Transl. Math. Monogr. Amer. Math. Soc. 23 (1967), 59-73.



256
[21]
[22
[23]
[24]
[25]

[26]

B. AL-HAMZAH — N. YEBARI

Y. PENG AND L. Pr ET C. SHEN, A semi-automatic method for burn scar delineation using
a modified chan-vese model, Compu Geosci. 35 (2009) no2, 183-190.

P. PERONA AND J. MALIK, Scale-space and edge detection using anisotropic diffusion,
IEEE Trans. Pattern Anal. Machine Intelligence 12 (1990), 629-639.

M. PIERRE, Weak solutions and supersolutions in L1 for reaction-diffusion systems,
J. Evol. Equ. 3 (2003), 153-168.

M. PIERRE, Global ezistence in reaction-diffusion systems with control of mass: a survey,
Milan J. Math. 78 (2010), 417-455.

J. WEICKERT, Anisotropic Diffusion in Image Processing, PhD thesis, Kaiserslautern
University, Kaiserslautern, Germany, 1996.

K. ZHANG, Existence of infinitely many solutions for the one-dimensional Perona—Malik
model, Calc. Var. Partial Differential Equations 26 (2006), 171-199.

Manuscript received October 9, 2017
accepted May 8, 2018

BassaM AL-HAmzAH
Department of Mathematics
University Abdelmalek Essaadi
Faculty of Sciences

Tetouan, MOROCCO

E-mail address: bassamalhamzah@yahoo.com, bassam.alhamzah@uae.ma

NAJI YEBARI

Department of Mathematics
School of Mathematical Sciences
University Abdelmalek Essaadi
Faculty of Ssciences

Tetouan, MOROCCO

E-mail address: yebarinaji@gmail.com

TMNA : VOLUME 53 — 2019 — N° 1



