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POSITIVE SOLUTIONS
FOR PARAMETRIC DIRICHLET PROBLEMS
WITH INDEFINITE POTENTIAL
AND SUPERDIFFUSIVE REACTION

SERGIU A1z1COVICI — NIKOLAOS S. PAPAGEORGIOU — VASILE STAICU

ABSTRACT. We consider a parametric semilinear Dirichlet problem driven
by the Laplacian plus an indefinite unbounded potential and with a reaction
of superdifissive type. Using variational and truncation techniques, we show
that there exists a critical parameter value A, > 0 such that for all A > A, the
problem has at least two positive solutions, for A = A\, the problem has at
least one positive solution, and no positive solutions exist when A € (0, \4).
Also, we show that for A > A\, the problem has a smallest positive solution.

1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 9Q. In this paper
we study the following parametric Dirichlet problem:

—Au(z) + B(2)u(z) = Mu(2)T ! — f(z, u(z)) in Q,

(Px)
u|aQ:0, u>0, A>0, 2<q<2%,
where
2N/(N —2) if N >3,
(1.1) g = JHN/(N =) N 2

+00 if N e {1,2}.
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Here g € L*(Q), with s > N, and it may change sign. Also, f: @ x R — R is
a Carathéodory perturbation (i.e. for all x € Rz — f(z,x) is measurable and
for almost all z € Q, z — f(z,z) is continuous) which has a (¢ — 1)-superlinear
growth near +oo. So, the reaction of (P)) exhibits a superdiffusive kind of
behavior.

Recall that in superdiffusive logistic equations, the reaction has the form
Azd—t — 271 with 2 < q < r < 2*. We show that there is a critical value A\, > 0
of the parameter such that for A > A, problem (P,) has at least two positive
smooth solutions, for A = A, problem (P)) has at least one positive smooth
solution, and for A € (0, \«) no positive smooth solutions exist.

Positive solutions for parametric semilinear Dirichlet problems with 5 > 0
and more restrictive conditions on the reaction were obtained by Amann [2],
Dancer [4], Lin [13], Ouang-Shi [15] and Rabinowitz [17]. To the best of our
knowledge, no such results exist for problems with indefinite potential and gen-
eral superdiffusive reaction. Recently, Gasinski—Papageorgiou [9] and Kyritsi—
Papageorgiou [12] studied nonparametric semilinear problems with indefinite
potential, either with double resonance (see [9]), or with superlinear reaction
(see [12]). Finally, we mention the recent work of Gasinski and Papageorgiou [10]
on bifurcation type results for different types of p-Laplacian equations.

Our approach is variational, based on critical point theory coupled with
suitable truncation techniques.

2. Mathematical preliminaries and hypotheses

Throughout this paper, by ||- ||, 1 < p < oo, we denote the norm of L”(f2), or
LP (9, RY) and by ||-|| we denote the norm of the Sobolev space H () defined by

|ull = || Dulls  for all u € HL(Q).

Note that if 2 < ¢ < 2* (see (1.1)), then H}(Q) — L%(Q), with compact em-
bedding. Also, if 2 € R, then % = max{+x,0}. For every u € HJ(Q) we set
u(-) =u(-)*. We know that

ut e HY(Q), |ul=uv"+u", u=u" —u"

(see [8]). If h: Q@ x R — R is a measurable function, then the corresponding
Nemytskii map IV, is defined by

Nu(u)(-) =h(-,u(-)) forall uc H}(Q).

By | - |x we will denote the Lebesgue measure on RY.

Suppose that (X, || - ||) is a Banach space and X* is its topological dual. By
(-, -) we denote the duality brackets for the pair (X*, X), and we will use the
symbol “—%” to designate weak convergence.
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We say that the Banach space X has the Kadec—Klee property if the following
is true:

[T — z and ||z, || — ||2]] = [zn — z].
A Hilbert space (and more generally, a locally uniformly convex Banach space)
has the Kadec—Klee property (see Gasinski and Papageorgiou [8, p. 911]).
Given ¢ € CY(X), we say that o satisfies the Palais-Smale condition (PS-
condition, for short), if the following is true:

every sequence {xp }n>1 CX such that {o(xn) tn>1 CR is bounded and ¢'(z,) =0
i X* as n — oo admits a strongly convergent subsequence.
Using this compactness-type condition, we have the following minimax the-

orem, known in the literature as the “mountain pass theorem”:

THEOREM 2.1. If ¢ € CY(X) satisfies the PS-condition, xo,71 € X and
p >0 are such that ||x1 — xo| > p,
max{p(zo), p(21)} < inf{p(z) : [ — zol = p} =: 7,
and ¢ = inf inf | where I’ = {y € C([0,1], X) : v(0) = =g, (1) = x1}, then

v€el' te0,1]
¢ >, and c is a critical value of ¢ (i.e. there exists x* € X such that ¢'(z*) =0

and p(z*) = ¢).

In the study of problem (P, ), we will use the Sobolev space H{(2) and the
ordered Banach space CZ(€2). The positive cone of the latter is

C, ={uecCiQ):u(z)>0forall z € Q}.

This cone has a nonempty interior, given by
0
int Cy = {u € Cy:u(z) >0 forall z€Q, a—Z(z) <0 forall z € 89},

where n(-) denotes the outward unit normal on 9f.
We consider the C'-functional o: Hg(2) — R defined by

o(u) = || Dul)3 —|—/ Bu®dz for all u € H(S).
Q

We assume that 8 € L*(2) with s > N/2. Let s’ > 1 denote the conjugate
exponent of s, i.e. 1/s+1/s=1. We have

s
2.1 2s' =2—— < 2°
(2.1) s s—1

(see (1.1)). Then, by virtue of the Sobolev embedding theorem, we have Hg () <
LQS/(Q) and the embedding is compact. Using Hdélder’s inequality, we have

(2.2) ‘/Qﬁtﬁ dz

< 181sllull3s-
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Since 2 < 25’ < 2* (see (2.1)), we have H}(Q) — L?>*(Q) — L3(Q), and, as we
already mentioned, the first embedding is compact. Invoking Ehrling’s inequality
(see, for example, Papageorgiou and Kyritsi [16, p. 698]), given &5 > 0, we can

find C(¢7) > 0 such that
(2.3) lull3s, < ellull® + Cle)|[ull3  for all u € Hy(Q).

From (2.2) and (2.3), we obtain
1Dull ~ /QBUQdZ < 1Dul3 + el Bllsllull® + CENBlIs Null3,

hence (1 — el|Bl[s)[[ull* < o(u) + C(e)|[|Blsl[ull3. Choosing e € (0,1/|8]s), we
have

(2.4) ||u||2 < Ci(o(u) + aHuH%) for some Cl,a >0 and all u € H&(Q)

Consider the continuous bilinear form a: H(Q) x H}(2) — R defined by

o 1) =€ [t + [ puyds] toralluy € H@)
Q
where A € L(H}(2), H~1(Q)) is defined by

(A(u),y) = / (Du, Dy)p~  for all u,y € H} ().
Q

From (2.4) we have

(2.5) a(u,u) + C1C|ul|2 > |[ul®>  for all u € H} ().

From (2.5) and Corollary 7D of Showalter (see [18, p. 78]), it follows that the
linear differential operator u — —Au+Bu,u € H (), has a spectrum, consisting
of a sequence of distinct eigenvalues { A }r>1 such that

—015<>\1<...</\k—>oo as k — oo.

We know that Xl is simple and admits the following variational characterization:

(2.6) Xlzinf{g(ug:ueHg(Q), u;«éO}

[l

(see also Mugnai and Papageorgiou [14]). Note that if 8 > 0, then 1 > 0. More
generally, if A; is the first eigenvalue of (—A, H}(2)) and 3 € L*(Q) satisfies

B~ (2) :=max{—p(2),0} <A1 ae. onQ, B # A,
then

o(u) > || Dul|? - / Budz > &llul|?  for some & > 0, all u € H3 ()
Q

(see Gasinski and Papageorgiou [9, Lemma 2.1]), hence A1 > 0.
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The infimum in (2.6) is achieved on the eigenspace of A1. Let @y be the L2
normalized (i.e. ||u1]l2 = 1) eigenfunction corresponding to A1. It is clear from
(2.6) that we may assume that @; > 0.

If s > N, then the regularity theory for Dirichlet problems (see Struwe [19,
pp. 218-219]) and the maximum principle of Vazquez [20] imply @ € int Cy..

We will also use a “weighted” version of the previous eigenvalue problem.
Namely, let £ € L>°(Q)4,& # 0 and consider the following eigenvalue problem:

—Au(z) + B(2)u(z) = X(2)u(z) in Q, u|pq = 0.

As before, we have an increasing sequence of eigenvalues denoted by Xk &),k >1,
and A\g(§) — oo as kK — oco. Moreover, the unique continuation property (see
Garofalo and Lin [7]) implies that:

if £(2) < €'(2) ace. in Q and € # £, then A\ (€) < Ap(€) for all k > 1.
The hypotheses on the potential function 3(-) are the following:
H(B) € L*(Q) with s > N, 47 = max{8, 0} € L=(Q).
The hypotheses on the perturbation f(z,z) are the following:
H(f) f: 2 x R = R is a Carathéodory function with f(z,0) = 0 almost
everywhere in 2 and
(a) |f(z,2)] < a(z) + Cxz"! for almost all z € Q, all z > 0, with
a€L>®(Q)y, C>0,2<r<2%
(b) £li)Holo f(z,2)/297 = +00 uniformly for almost all z € ©;
(¢) f(z,x) > —n(z)x for almost all z € Q, all x > 0 with n € L>(Q),
n(z) < A1 almost everywhere in Q, n # Xl;
(d) for almost all z € Q, © — f(z,x)/z is nondecreasing on (0, 00);

(e) there exists 7 > 2 such that for every p > 0, one can find vy, > 0
with the property that for almost all z € 2, the map

@ y(aT +2) — f(z,2)
is nondecreasing on [0, p].
REMARK 2.2. Since we are interested in positive solutions and all of the
above hypotheses concern only the nonnegative half-axis [0, 4+00), without any

loss of generality, we may (and will) assume that f(z,x) = 0 for almost all z € ,
all x <0.

As we illustrate in the examples that follow, hypotheses H(f) dictate a reac-
tion of superdiffusive type.

ExaMPLES 2.3. The following functions satisfy hypotheses H(f) (for the sake
of simplicity, we drop the z-dependence):

filz)=2""' +nz for a.a. x>0,
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where 7 > ¢, n > 0 with —n < Xl, ile <0
nx if x € [0,1],
fa(z) = . ,
nr+ 2z 'n(z) ifx > 1,
where > 0 with —n < Xl, if Xl <0.

By a positive solution of (P)), we mean a function u € Hg(2)\ {0} such that
u(z) > 0 almost everywhere in 2, which is a weak solution of (Py).

From the regularity theory of Dirichlet problems (see Struwe [19, pp. 218-
219]), we have v € C; \ {0} and

—Au(2) + B(2)u(z) = Mu(2)T — f(z,u(z)) a.e. in Q.
Let p = |Jul|os and let v, > 0 be as postulated by hypothesis H(f)(e). Then
= Du(z) + (B(2) + 7p)ul2) + ypu(z)™
= Mu(2)T™" + ypu(z) +yul2) T = f(z u(z) 20
almost everywhere in €2, hence
Au(z) < (18% oo + 71+ p7?))u(z) ace. in Q,
therefore u € int Cy (see Vazquez [20]). So, we see that every positive solution
of (P,) belongs to int C..
3. A bifurcation-type theorem

In this section, we study the dependence on the parameter A > 0 of the
positive solutions of (Py) and eventually obtain a bifurcation-type theorem, de-
scribing this dependence. Let

L ={X > 0:problem (Py) has a positive solution}.

First we show that this set is nonempty and upward directed.

PROPOSITION 3.1. If hypotheses H(B) and H(f) hold, then L # 0, and if
A€ L withn > A, thenn € L.

PROOF. By virtue of hypotheses H(f)(a), (b), given any & > 0, we can find
Cy = C5(&) > 0 such that

(3.1) F(z,z) > 2(27)7 - Cy foraa. z€Q, allz € R,

Q|

where F(z,z) = [ f(z,5)ds. Let gx(z,2) = A=) — f(z,2) + Cat for all
(z,2) € Q X R (see (2.4)). This is a Carathéodory function. We set G (z,z) =
Js 9x(z,s) ds and consider the C*-functional @x: Hj(2) — R defined by

~—

_ 1 c
Oa(u) = ig(u) + §||u|\§ - /Q Ga(z,u(2))dz for all u € Hj(Q).
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We have

32) @A) =

~

c A
o(u) + §HUII§ - EIWHE

N =

¢ z
+ QIWIIZ - g\W\I% — Co|Q  (see (3.1))

1 E—X 1 N AN -
=50’ + THWHZ +5(0w™) +Cllu 13) — CalQn-
Since £ > 0 is arbitrary, we choose £ > A. Then, by (3.2), (2.4) and since g > 2,

we obtain

1 1
(3.3) oa(u) > §U(u+) + Cslut||4 + fHU_H2 — 5|y for some C3 >0
1

1
> T@”uHQ + Cslju™||d — Cyllu™||3 — C2|Q|n  for some Cy > 0.

Because ¢ > 2, from (3.3) we infer that @, is coercive. Exploiting the compact
embedding of Hj(2) into L"(Q2) and L4(£2), we can easily show that @, is se-
quentially weakly lower semicontinuous. So, by the Weierstrass theorem, we can
find ug € H}(Q) such that

(3.4) Palug) = inf{Px(u) : u € HYH(Q)} =: my.
Let @ € int C+. Then
Pa@) = go(@ - Sl + [ Feat) ds
and so, it is clear that for A > 0 large we have @ (@) < 0. Hence
Palug) =my <0=p,(0) for A > 0 large
i.e. ug # 0. From (3.4) we derive @) (uo) = 0, hence
(3.5) A(uo) + (8 + C)ug = Ny, (uo).
On (3.5) we act with —uy € H}(€2) and obtain
1D 1+ [ Bz )? =+ Cllug [ =0
hence |Jug [|3/C1 < 0 (see (2.4)), i.e. ug > 0, ug # 0. Therefore (3.5) becomes
A(ug) + Bug = )\uf)’*l — Ny (up),
hence
—Aug(2) + B(2)uo(2) = Mug(2)T — f(z,u(2)) ae. in Q, uglag = 0,

therefore ug € int Cy is a positive solution of (Py) for A > 0 large. This proves
that £ # 0. Now, let A € £ and > A. Since A € £ we can find u, € int Cy,
a solution of problem (Py). Let 6 € (0,1) be such that

(3.6) =097y
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(recall that ¢ > 2). One has
(3.7) =D (0ur)(2) + B(2)(Bur)(2) =0Auxr(2)"" = 0f (2,ux(2))
<n(Bun)?(2) = f(2,0ux(2))

almost everywhere in Q (see H(f)(d)).
We set u = fuy € int C; and consider the following truncation-perturbation
of the reaction of problem (P,):

nu(z)17! = f(z, u(2)) + Culz) if x < (),

3.8 hy (2, = O
(3.8) o(# @) nzi~t — f(z, x) + Cx if u(z) <.

x

This is a Carathéodory function. We set H,(z,x) = [; hy,(z, s)ds and consider
the C'-functional ¢,: H}(2) — R defined by

ty(u) = %a(u) + %HUH% - / H,(z, u(z))dz for all u € Hj ().
Q

Using (3.8), we have

1 ~ ~
y(u) Zfa(u)—&—EHqu—/ (nuq—F(z,u)+cu2> dz — Cs
2 2 {u<u} q 2
for some C5 > 0
1 c, _
> 5000 + 5l 13 = 2l + [ Pz -G
for some Cg > 0
1 [ n 3
> gow) + £l 13 - 2 g+ Sty - o5
for some C7 > 0 (see(3.1))
1 E—n 1 _ c, _
= so(ut) + ——luF [T+ So(u™) + Sllu”[5 - Cr
2 2 2
1 E—n T
> EHUH2 + T||U+||Z = llu*ll3 - 7 (see (2.4)).

Since £ > 0 is arbitrary, we choose £ > 7 and infer

—

1 C
Un(u) = o [[ull® + Cs|lut 5 = Sllut]l3 = Cr - for some Cs > 0.
1

Because ¢ > 2, it follows that v, is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find u, € H}(Q2) such that

Wy (un) = inf{thy(u) : w € Hy(Q)}.
Then 9 (u,) = 0, hence

(3.9) Alu) + (B + Chuy = Ny, (uy).
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On (3.9) we act with (v — u,)* € H} () and use (3.8) to obtain
(Alug)s =) )+ [ (54 gl = )" d
Q

- /Q (™ — (2 ) + Cu)(u — up)* dz

~

> (A(w), (- un)*) + /Q (8+ Culu — uy)* dz

(see (3.7)), hence

~

(A(w) = Aluy), (=) + [ (5+ Ol =) P dz <0
therefore

ID(w = uq) 13 + /Qﬁ[(u —up) P dz + Ol (u — u,) *|I3 < 0.
This implies ||(u — u,)"]|?/C1 < 0 (see (2.4)), hence u < u,,. So, (3.9) becomes

A(uy) + Buy = 77“%71 — Ny (uy)

(see (3.8)) and we conclude that u, € int Cy solves (Py), i.e. n € L. O
Now let
(3.10) . = inf L.

PROPOSITION 3.2. If hypotheses H(B) and H(f) hold, then A, > 0.

PROOF. First assume that A; > 0. By virtue of hypotheses H(f)(a)—(c), we
can find Ag > 0 small such that

Al < Nz + f(z,z) foraa. ze€Q, allz >0 and all A € (0, ).

Suppose that for A € (0, \g), we have A € L. Then, there exists uy € int Cy,
a positive solution of problem (P)), such that

—Auy(2) + B(2)ux(2) = ux(2)T = f(z, ur(z)) < Xlu,\(z) a.e. in Q.

Then o(uy) < Apllur]|2 which contradicts (2.6), hence A, > Ag > 0.

Next assume that Xl < 0. Suppose that A\, = 0. We can find {\,}n>1 C £
such that A, > Apt+1, Ap J 0 as n — oo. For n > 1, let w,, = uy, € intC4 be
a positive solution of problem (P, ). We have

(3.11) A(un) + Buy, = Mul™ — Ng(uy,) foralln > 1,
hence
(3.12) o(un) = Anllunlld — / fz,un)uy, dz.

Q

By hypothesis H(f)(b), given any & > 0, we can find M = M (&) > 1, such that
(3.13) flz,x)x > &x? foraa. z€Q, allz > M.
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On the other hand, hypothesis H(f)(c) implies that
(3.14) f(z,2)x > —n(2)z? for a.a. z € Q, all z € [0, M].

Returning to (3.12), we have

7(un) = llunly = |

{“nZM}

fzyun)uny, dz—/ fz, up)up dz

{0<un<M}

< Anllunlld =€ ul dz —|—/ nu? dz (see (3.13), (3.14))
{un>M} {0<u, <M}

< (/\n+||r]||oo—§)/ ufldqu)\n/ u%dz+/77uidz
{u,>M} {0<u,<M} Q

(recall that ¢ > 2, M > 1), hence
(3.15)

o(uy) — / nui dz < (A + 0loo — f)/ ul dz 4+ )\n/ ud dz.
Q {un>M} {0<un <M}

Recall that & > 0 is arbitrary. So, choosing & > A1 + ||]lcc > A + [7]leo

for all n > 1, from (3.15) and Lemma 2.1 of [9] it follows that there exists
Co = Cy(£) > 0 such that |lu,||*> < \,Cy for all n > 1, hence

(3.16) up — 0 in H(Q).

Let y, = un/||unll, n > 1. Then |ly,|| =1 for all n > 1, and so we may assume
that

(3.17) Yoy in HY(Q) and g, —y in L*(Q) as n — oo.

From (3.11), we have
Nf(un)

[[un]|

(3.18) Ayn) + BYyn = Aul 2y, — for all n > 1.

Note that {Ny(un)/|[tn||}ns1 C L™ (R) is bounded (see hypotheses H(f)(a)
and (d)). Hence acting in (3.18) with y,, —y € HZ(Q), passing to the limit as
n — oo and using (3.17), we obtain

lim (A(yn), yn —y) =0,

n—oo

hence ||Dy,|l2 — ||Dyll2 and by the Kadec—Klee property of the Hilbert space
H(Q), we infer that

(3.19) Yo —y in H3(Q), hence |yl =1.

We may assume that

N n w . / ~ . ~
|fu(u) — B inL" () and f=-ny withyp<n

(3.20)
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(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 31). So, if in
(3.18) we pass to the limit as n — oo and use (3.16), (3.19) and (3.20), we obtain

Aly) + By =1y, y#0,
hence
U(y) - / ﬁyQ dz = 07
Q

therefore Cgl|y||? < 0 for some C1g > 0 (see Lemma 2.1 of [9]). It follows that
y = 0, a contradiction (see (3.19)). O

PROPOSITION 3.3. If hypotheses H(B) and H(f) hold and A > \., then prob-
lem (Py) has at least two positive smooth solutions ug,u € int C..

PROOF. Let X € (A, A) N L and let uy € int C4 be a positive solution of
problem (P,/). As in the proof of Proposition 3.1, let # € (0,1) be such that
N = 0972)\ and set u = Quy € int C.. We introduce the following truncation-
perturbation of the reaction in problem (P)):

Au(2)87t = fz,u(2)) + Cu(z) if & <u(z),

3.21 h = O
(3.21) A(z:2) Azd=t — f(z,2) 4+ Cu if u(z) < 2.

This is a Carathéodory function. We set Hy(z,x) = foz hx(z,s)ds and consider
the C'-functional ¥y : H}(Q) — R defined by

on(w) = 5o(u)+ Sl - [ Hu) s, for all ue H(@)
Q

Reasoning as in the proof of Proposition 3.1, we can find uy € intC,, with
u < ug, such that

(3.22) Ua(ug) = inf{wy(u) : u € HY(Q)}

and ug is a solution of problem (P,). As in the proof of Proposition 3.1,
Pa: H}(Q) — R is the C'-functional defined by

) —~
Oa(u) = ia(u) + %HuH% —/ Ga(z,u(2))dz for all u € Hy(9),
Q
where Ga(z,2) = [ gr(2, ) ds and
ga(z,2) =A@ D) = f(z,2) + Cat forall (z,2) € Q x R.
Let [u) :== {u € H}(Q) : u(z) < u(z) a.e. in Q}. From (3.21) it follows that

(3.23) ’L/J)\|[!) = 9/5/\“2) — Cq1 with Ci1 € R.
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Let p = ||uo||oo and let v, > 0 and 7 > 2 be as postulated by hypothesis H(f)(e).
Then

—Dug(2) + B(2)uo(2) + Yo (uo(2)"~ ! + uo(2))
=Xug(2) 17" = f(z,u0(2)) + Yp(uo(2)" ™" + uo(2))
> du(2)?h = f(zu(2) + 7, (=) +u(z))  (since u < uo, see H(f)(e))
> — Au(z) + B(2)u(2) + 7, (u(z)" ' +u(z)) ae. inQ,
(see (3.7) with n replaced by A, and A by \’). Hence
Aug —u)(2) < (B(2) +7,)(uo(2) = u(2)) + 7 (uo(2)" ™" —u(2)"")
< (18 Mloe + 7 + Cr2)(uo(2) — u(2))
almost everywhere in (2, for some C15 > 0, therefore
(3.24) up —u € int Cy

(see Vazquez [20]). From (3.22)-(3.24) it follows that wug is a local C}(f)-
minimizer of @x. From Brezis and Nirenberg [3], we infer that wuy is a local
H{ (92)-minimizer of $y. Next, for all u € H}(Q2), we have

—~ 1 T, _ A
(3:25)  @a(u) = So(w) + S llu” |3 — = [lu™l7 - / n(u®)? dz
2 2 q Q

(see H(f)(c))

> o) — 5 [ )z + ot + 5 - Cuslul

~2 2 Jq 2 2 2
for some Ci3 > 0,

> @Hlﬁ“? + i||1f||2 — Chsllu||?  for some C14 >0

- 2 2C"
(see [9, Lemma 2.1])
and (2.4))

> Chs|ul|® — Cisljul|? for some Cy5 > 0.

Since g > 2, from (3.25) it follows that u = 0 is a local minimizer of . Without
any loss of generality, we may assume that 0 = ©,(0) < @x(up) (the reasoning
is similar if the opposite inequality is true). Since wug is a local minimizer of @,
reasoning as in [1] (see the proof of Proposition 29), we can find p € (0,1) small
such that

(3.26) 0=ox(0) < @a(uo) < inf{@x(u) : [lu = uoll = p} =N
Recall that @y is coercive (see the proof of Proposition 3.1). Hence it satisfies the

PS-condition. This fact and (3.26) enable us to use Theorem 2.1 (the mountain
pass theorem) and obtain u € H}(Q) such that

(3.27) 0= 2x(0) < Baluo) < 7x < Pa(@)
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(see (3.26)) and

(3.28) Ph\(a) = 0.
From (3.27) we see that u ¢ {0,up}. From (3.28) it follows that u € int Cy
solves problem (P}). O

Next we see what happens for A = A\* (the “critical case”).

PROPOSITION 3.4. If hypotheses H(B) and H(f) hold, then A\, € L and so,
L= [\, +00).

PrOOF. Let {\,}n>1 C L be such that A\, | A\, as n — oo (cf. (3.10)). For
n > let u, = uy, € int Cy be a positive solution of problem (P, ). We have

(3.29) A(up) + Buy, = Mul™t — Ny(uy,) for all n > 1.

By virtue of hypotheses H(f)(a), (b), given any £ >0, we can find C16=C16(£) >0
such that

(3.30) flz,x)x > €27 —Cg foraa. z€Q, all 2> 0.

On (3.29) we act with u, € int Cy and obtain

o(u,) = )‘nHuan - /Q f(z,un)updz < )‘n”unng - §||Un||3 + C16/Qw,

hence
Choosing £ > sup A, big, and recalling that ¢ > 2, from (2.4) and (3.31) we infer

n>1
that {u, }n>1 C HE(Q) is bounded. Therefore we may assume that

Up 5wy in H3(Q) and  u, — u, in L?'(Q) and in L"(Q) as n — .
So, passing to the limit as n — oo in (3.29), we obtain
Aus) + By = Au?™t — Ny(uy),

hence u, € Cy is a solution of (Py,). We need to show that u, # 0 (then we
will have u, € int C). We argue by contradiction. So, suppose that u, = 0. We
set Yn = tp/||unll, n > 1. Then |y,|| = 1 for all n > 1, So, passing to a suitable
subsequence, if necessary, we may assume that

(3.32)  y,—2yin H(Q) and y, — ¥y in L*'(Q) and in L" () as n — .
From (3.29) we have

Nf(un)

By virtue of hypothesis H(f)(a), we can find C77 > 0 such that

(333) A(yn) + Byn = AnU‘ﬂnyn - for all n > 1.

0< f(z,2) <Ci7(1+2"1) foraa. z€Q, all z>0,
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and we conclude that{ Ny (u,)/|tun]}n>1 € L™ (Q) is bounded. We may assume

that

Ny (un)
[[nl

(3.34) s —y¢ in L7 (Q) with £ € L®(Q)4, <1

(see [1]). On (3.33) we act with y, —y € H}(Q), pass to the limit as n — oo
and use (3.32) and (3.34), as before (see the proof of Proposition 3.1). By the
Kadec—Klee property of Hilbert spaces we infer that

(3.35) Yo —y in H3(Q), hence |yl =1.
So, if we pass to the limit as n — oo in (3.33) and use (3.35), then
(3.36) Aly) + Py =&y withy >0, [ly| = 1.

But since £ <n < Xl, n# Xl, we have Xl ) > Xl (Xl) =1, and so it follows that
y may not be an eigenfunction of (3.36); consequently, y = 0, a contradiction.
This proves that u, # 0, and so u, € int C is a positive solution of (Py,), and
we conclude that A\, € L. O

PROPOSITION 3.5. If hypotheses H(B) and H(f) hold and A > \., then prob-
lem (Py) has a smallest positive solution uy € int Cy.

PROOF. Let A > A, and let S(X) be the set of positive solutions of (Py).
From Propositions 3.2 and 3.3 we know that S(A\) # 0 and S(A) C int Cy. Let
C be a chain (i.e. a totally ordered subset) of S(A). Invoking Dunford and
Schwartz [5, p. 336], we can find {uy,},>1 C C such that

inf = inf u,,.

c n>1
Moreover, by virtue of Lemma 1.1.5 of [11, p. 15], we can choose {uy},>1 to be
decreasing. Then

Alup) + Buy = Mud™ — Np(u,) and 0<wu, <wu; foralln>1,
hence {up }n>1 C H} () is bounded. So, we may assume that
up 2y in HY(Q), and w, — 7wy in L*(Q) and in L"(Q) as n — oo.

Assuming that wy, = 0 and using y, = u,/[|un|, n > 1, as in the proof
of Proposition 3.3, we reach a contradiction. So, Ty # 0 and @, € S(\).
Then uy = infC € S(A\) and since C is an arbitrary chain, we can apply
the Kuratowski—Zorn lemma and find uy, € S()\), a minimal element. From
Lemma 4.3 of Filippakis, Kristaly and Papageorgiou [6] it follows that S(\)
is downward directed (i.e. if u,u’ € S(A), one can find y € S(\) such that
y < min{u,u'}). Therefore, we conclude that uy € int C; is the smallest posi-
tive solution of (Py). O
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Summarizing the above results for problem (P,), we conclude that the fol-
lowing bifurcation-type theorem holds true:

THEOREM 3.6. If hypotheses H(3) and H(f) hold, then there exists Ax > 0
such that:

(a) for A > A, problem (P)) has at least two positive smooth solutions
ug, U € int Cy;

(b) for A = A, problem (Py) has at least one positive solution u, € int Cy;

(c) for A€ (0,\.), problem (Px) has no positive solution.

Moreover, problem (Py) has a smallest positive solution Ty € int Cy, for every
A> .
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