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WEAK AND STRONG CONVERGENCE THEOREMS
FOR m-GENERALIZED HYBRID MAPPINGS
IN HILBERT SPACES

SATTAR ALIZADEH — FRIDOUN MORADLOU

ABSTRACT. In this paper, we prove a weak convergence theorem of
Ishikawa’s type for m-generalized hybrid mappings in a Hilbert space. Fur-
ther, by using a new modification of Ishikawa iteration, we prove a strong
convergence theorem for m-generalized hybrid mappings in a Hilbert space.

1. Introduction

Throughout this paper, we denote by N and R the sets of positive integers
and real numbers, respectively. Let C' be a nonempty, closed and convex subset
of a real Hilbert space H. Then the self mapping T of C is called:

(i) nonexpansive, if ||Tx — Ty|| < ||z — y|| for all z,y € C;

(i) firmly nonexpansive, if | Tz — Ty||* < (x —y, Tax — Ty) for all z,y € C;

(iii) monspreading, if 2||Tx — Ty||* < | Tz —y||*> + || Ty — x||? for all 2,y € C;

(iv) hybrid, if 3| Tz —Ty|* < ||lz—y|*+ | Tz —y||* +|| Ty —x|* for all z,y € C.
We denote by F(T) the set of fixed points of T'.

There exist some iteration processes which is often used to approximate
a fixed point of a nonexpansive mapping: Picard iteration, Krasnosel’skii it-
eration, Halpern iteration, Mann iteration and Ishikawa iteration. During the
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recent years, Mann and Ishikawa iterative schemes [8], [15] have been studied by
a number of authors.
In 1953, Mann [15] defined the following iteration procedure:
xo € C' chosen arbitrarily,
(1.1) 0 Y
Tnt1 = QnTp + (1 — ap)Ta,,
where 0 < o, <1 for all n € NU{0}.
In 1974, Ishikawa [8] defined the following iteration procedure:

xg € C' chosen arbitrarily,

(12) Yn = ﬁnxn + (1 - Bn)Tx'ru
Tn+l = Opdnp + (1 - an)Tyna

where 0 < o, < 3, < 1 for all n € NU {0} and he proved strong convergence of

the sequence {z,} generated by the above iterative scheme if lim 5, = 1 and
n—oo

> (1 —an)(l —B,) = oo. By taking 8, = 1 for all n > 0 in (1.2), Ishikawa

n=1

iteration process reduces to Mann iteration process.

Process (1.2) is indeed more general than process (1.1). But research has been
done on the latter due probably to reasons that the formulation of process (1.1)
is simpler than that of (1.2) and that a convergence theorem for process (1.1)
may lead to a convergence theorem for process (1.2) provided that {5, } satisfies
certain appropriate conditions. On the other hand, the process (1.1) may fail to
converge while process (1.2) can still converge for a Lipschitz pseudocontractive
mapping in a Hilbert space [3]. Actually, Mann and Ishikawa iteration processes
have only weak convergence, in general (see [4]).

Recently, to obtain strong convergence, many mathematicians have been ex-
tensively considered modified processes. Nakajo and Takahashi [19] proposed the
following modification of the Mann’s iteration for a nonexpansive self mapping
T of C in a Hilbert space H:

xg € C chosen arbitrarily,
Yn = QpIp + (1 - an)Txna
Cn={2€C:lyn — 2l < llon — 2|},
Qn=4{2€C:{x,— 2,20 — ) >0},

Tn+1 = PCan»Tm

where Pg denotes the metric projection from H onto a closed convex subset K
of H. They proved strong convergence of the sequence {x,}, if the sequence
{ay} is bounded above from one.

In 2006, Martinez-Yanes and Xu [17] introduced the following modified Ishi-
kawa iteration process for a nonexpansive self mapping T of C with F(T) # )
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in a Hilbert space H:

xg € C' chosen arbitrarily,
2n = Bnzn + (1 = Bp)Tn,
Yn = WnZpn + (1 — )T 2y,
Crn={veC:|lyn —v|* < [lzn —v]?
+(1 = an)(llzall? = llzall? + 2(@n — 20, v) 2 0)},
Qn={vel:(x,—v,zg—x,) >0},

Tny1 = PC’,LOQ,L-T0>

where {a,} and {8, } are sequences in [0, 1]. They proved that if {«,} bounded

above from one and lim £, = 1, then the sequence {z,} converges strongly to
n—oo

PF(T).’E().

Very recently, Hojo et al. [6] proved some strong convergence theorems by
hybrid methods for 2-generalized hybrid mappings in a Hilbert space.

In this paper, employing the idea of Nakajo and Takahashi [19], we modify
Ishikawa iteration process for m-generalized hybrid mappings in a Hilbert space.
This paper is organized as follows: In Section 2, we give some preliminaries
which will used in next sections. In Section 3, by using Banach limits, we
prove a fixed point theorem for m-generalized hybrid mappings in a Hilbert
space. In Section 4, we prove some weak and strong convergence theorems for
m-~generalized hybrid mappings in a Hilbert space.

2. Preliminaries

Assume that H be a (real) Hilbert space with inner product (-, -) and norm
Il - |I. We denote the weak convergence and the strong convergence of {z,} to
x € H by z,, = z and x,, — x, respectively.

Now we recall some basic properties of Hilbert spaces which we will use in
next section. For z,y € H, we have

(2.1) laz + (1 = a)yl? = allz* + (1 = o) y|* — a1 - a)llz - y]%,
for all a € R,

(2.2) lz +ylI* < llel® + 2{y, = + ),

and

(2.3) Iz = ylI* = ll=lI* = llyll* — 2(z — 5, ).

It is well known that a Hilbert space H satisfies the Opial condition, i.e. if
{z,} is a sequence in H such that z, — x and = # y, then

(2.4) liminf ||z, — z|| < liminf ||z, — y].
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A self mapping T of C with F(T) # 0 is called quasi-nonezpansive if ||z —Ty|| <
lxe—y]| for all z € F(T) and y € C. It is well-known that for a quasi-nonezpansive
mapping T, F(T) is closed and convex [9]. Let K be a closed and convex subset
of H and let Pk be metric (or nearest point) projection from H onto K (i.e. for
x € H, Pxx is the only point in K such that ||z — Pxz|| = inf{||z—2z]| : z € K}).
Let x € H and z € K, then z = Pgx if and only if there holds the relation:

(2.5) (x—2z,y—2)<0

for all y € K. For more details we refer readers to [1], [21].
Using Opial condition, we can deduce the following lemma:

LEMMA 2.1 ([27]). Let H be a Hilbert space and {x,} be a sequence in H
such that there exists a nonempty subset EE C H satisfying

(a) For every x* € E, lim ||z, — x*| exists.
n—oo
(b) If a subsequence {y,;} C {x,} converges weakly to x*, then x* € E,

then there exists xg € E such that x,, — xq.

We will use the following lemmas in the proof of our main results in next
section.

LEMMA 2.2 ([23]). Let H be a Hilbert space and E be a nonempty, closed and
convex subset of H. Let {x,,} be a sequence in H. If |xpt1 — || < ||xn — || for
alln € N and © € E, then {Pg(x,)} converges strongly to some z € E, where
Pg stands for the metric projection on H onto E.

LEMMA 2.3 ([17]). Let H be a real Hilbert space. Given a closed and convex
subset C C H and points x,y,z € H. Given also a real number a € R. The set
D:={ueC:|y—ull® <z —ul*+(zu) +a}

is convex (and closed).

Let C be a nonempty, closed and convex subset of H. A self mapping T of
C' is called generalized hybrid [12] if there exist «, 8 € R such that

(2.6)  alTe =Tyl + (1 - a)llz = Tyl* < BT —y|* + (1 = B)|lx — y?
for all z,y € C. We call such a mapping an («, 8)-generalized hybrid mapping.
It easy to see that

e (1,0)-generalized hybrid mapping is nonexpansive;

e (2,1)-generalized hybrid mapping is nonspreading;

e (3/2,1/2)-generalized hybrid mapping is hybrid.

Let m € N, a self mapping T of C' is called m-generalized hybrid [18] if there

exist aq,...,%m,B1,...,8nm € R such that
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m m

Z ap|| T e — Ty||? + <1 - Zak) |z — Ty|?
k=1 k=1
m

m
<3 BT ) 4 (1 - Zﬁk) P
k=1 k=1

for all x,y € C. Therefore, T is 2-generalized hybrid mapping if a1, as, 51, 82 € R
such that
a1|T?z = Ty|* + as|| Tz = Ty[|* + (1 — a1 — az) ||z — Tyl|?
< BllT?z —y|I* + Ba|| Tz — yl* + (1 = B — Bo) |z — yII”
for all z,y € C. In [6], Hojo et al. give two examples of 2-generalized hybrid
mapping which are not generalized hybrid mappings. Therefore, class of 2-
generalized hybrid mappings is broader than generalized hybrid mappings.

Also, one can easily show that m-generalized hybrid mapping is quasi-non-
expansive if the set of it’s fixed points is nonempty.

3. Fixed point theorem by using Banach limit

In this section, we recall the notion of Banach limits and some properties of
them. For more details, we refer to readers to [1], [21].
Denote by [°° the set of all bounded sequences equipped with supremum

norm.

DEFINITION 3.1. A continuous linear functional x4 on [* is called a Banach
limat if
(a) u(e) =|lel]| =1, where e = (1,1,1,...),
(b) pn(xn) = pn(zps1) for all z = (z1,292,...) € I°°, where pup(Tpim) =
(Tt e s Tty - - )

As usual, we denote by p,(z,) the value of u at x = (z1,z2,...). It is well
known that there exists a Banach limit on [*°. Let u be a Banach limit. Then

liminf x,, < pp(z,) < limsup x,.
n—oo n—o00

Moreover, if x,, — a, then p,(z,) = a. Takahashi and Yao [24], by using Banach
limits, proved the following theorem:

THEOREM 3.2. Let H be a Hilbert space and C be a nonempty, closed and
convex subset of H and let T be a self mapping of C. Assume that there exists
an element x € C such that {T"x} is bounded and

pn|| T2 = Ty|* < pa | T2 — y1?,
for ally € C' and for some Banach limit u. Thus, T has a fixed point in C'.

Now, we prove main result of this section.
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THEOREM 3.3. Let C' be a nonempty, closed and convex subset of a Hilbert
space H and T be m-generalized hybrid self mapping of C. If {T™z} is bounded
for some z € C, then T has a fixed point in C' and vice versa.

PROOF. Since T is a m-generalized hybrid self mapping of C', then

m

S a7y Ty (1 - Zak> e — Tyl
k=1

k=1
m m
<Y BITtayl  (1- 308 o - ol
k=1 k=1

for all z,y € C. Let z € C such that {T"z} is bounded. Assume that p is
a Banach limit. Thus, for all y € C' and n € NU {0}, we get

m m

(3.1) 3 apl TR )2 4 (1 - Zak) T — Ty

k=1 k=1
m m
< Z Bk||Tn+m+1_kZ _ yHQ + (1 _ Zﬁk> ||TnZ _ yH27
k=1 k=1

for all y € C. By using boundedness of {T™z}, we can take a Banach limit y to
both sides of the inequality (3.1). So, we get

> a7 - Ty (1= Y a1 - Tl
k=1 k=1
m m
<3 BTy (130 8T~ ol
k=1 k=1

and therefore

(e Yo =z (1 e nlirs =

k=1 k=1
< (8 Jullrs ol 4 (1= 30 )all7s — P
k=1 k=1
This yields
pall T2 = Ty||* < pnl| T2 = ylI?,
for all y € C. By Theorem 3.2, we have a fixed point in C.

Conversely, let F'(T') be nonempty, then there exists a z € F(T) and therefore
{T"z} = {z}. Thus {T™z} is bounded. O

Since the class of m-generalized hybrid mappings contain the class of non-
expansive mappings, nonspreading mappings, hybrid mappings and generalized
hybrid mappings, we have the following corollaries.
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COROLLARY 3.4. Let C be a nonempty, closed and convex subset of a Hilbert
space H and let T be a generalized hybrid self mapping of C. Then T has a fized
point in C if and only if {T™x} is bounded for some x € C.

COROLLARY 3.5. Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T be a monexpansive self mapping of C. Then T has
a fized point in C if and only if {T™x} is bounded for some x € C.

COROLLARY 3.6 ([13]). Let H be a Hilbert space and let C be a nonempty,
closed and convex subset of H. Let T be a nonspreading self mapping of C'. Then
T has a fized point in C if and only if {T"x} is bounded for some z € C.

COROLLARY 3.7 ([22]). Let H be a Hilbert space and C' be a nonempty, closed
and convex subset of H. Letl" be a hybrid self mapping of C. Then T has a fized
point in C if and only if {T™z} is bounded for some x € C.

4. Weak and strong convergence theorems of Ishikawa’s type

In this section, we prove some weak and strong convergence theorems of
Ishikawa’s type related to m-generalized hybrid mappings.

THEOREM 4.1. Let C' be a nonempty, closed and convexr subset of a real
Hilbert space H and T be a m-generalized hybrid self mapping of C with F(T)# ¢
and ||T%z — Tz|| < ||Tx — z|| for all z € C. Assume that {z,} is a sequence
generated by

1 =x € C,

Yn = (1 = Ap)xn + ATy,

Tn+1 = (1= 7)2n + 1T Yn,
where 0 < v, \y <1 for alln € N, hnlgioréf)\n(l —Ap)>0and0<a<y, <
b<1. Then x, — xo € F(T), where o = nh—>H;o Prry(z,).

PRrOOF. By hypothesis, T is a m-generalized hybrid mapping such that
F(T) # ¢, so T is quasi-nonexpansive. Then, for all ¢ € F(T') and all n € N, we
have

(41) llyn —all> =1 = M) lzn — glf?
+ Al Tn =gl = A1 = M)l — T ||?
< (1= A)l2n = g2 + Aallzn = gl2 = An(L = A)l|2n — T
= 2w = all* = M = Xo)llzn — Tza|?,
and hence
(42)  Nzaer =l =11 =)z + 7Ty — gl

=1 = )llzn = all* + 3l Tyn — al* = 7L =) l|zn — Tynll?
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< =yn)llzn — QH2 +Ynllyn — Q||2 = (1 =) l|Tn — Tyn||2

<1 =ya)llzn = al? + yullen — all?
=Y (1= Ap)|2n = Tanl* = (1 = ) |20 — Tyall?
<wn = all* = Y An(1 = An)l|l2n = Tn|? < [z, — gl
So, we can conclude that lim ||z, — ¢|| exists. This yields that {z,}, {y,} and
n— oo
{Ty,} are bounded. It follows from (4.2) that
zns1 = all* < llen = all* = ¥ Aa(1 = Aa)llen — Tza*.
By using 0 < a < 7y, < b < 1, it is easy to see that
[2n41 = gl < llzn = gl = adn(1 = X)) |2 — T
Also, we have
0.< a1 = An)llen — Toall? < llan =l ~ lznss — al” =0

as n — 0o, since liminf A\, (1 — A,) > 0. Therefore
n— oo

(4.3) lim |x, — Tz,| = 0.

n—oo
Now, boundedness of {x,,} implies that there exists a subsequence {z,,,} of {z,}
such that x,, = 2* € C. Since T is a m-generalized hybrid mapping, then

m

S | T F Ty 1 (1 - Zak) e - Ty|?
k=1 k

=1
< DByl 4 (1= 30l - ol
k=1 k=1

hence

m m
0= BTty + (122 4l -l
k=1 k=1

P I Y L (1 B ak)nx 1y,
k=1

k=1

replacing « and y by x, and z* in above inequality, respectively, we get

0< 3 BT a2 — 2T Fay, ) + [l2”]?)
k=1

" (1 - Zﬁk) (ol = 2(@a, ) + [l2°])
k=1

m
=S (T Ry | - 2T R, Tat) + | Ta”|?)
k=1
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m

= (1= )T a2 < 2 ) 4 )

k=1

m
= [l*|* = |1 T2 |* + Y (B — an) IT™ | — ||z ?)
k=1

+2 Z ap (T Tk — g Ta*)
k=1

— 23 BT g — 2, ) + 2, Ta" — 27)
k=1

< a2 = T2 + 3 (B — an) (1T |
k=1

m
)T = 2al) +2 3 (T, — , Ta®)
k=1
m

- 22/8]“(Tm+1_kxn = Ty, ") + 2(xp, Ta™ — 2%).
k=1

Now, substituting n by n;, we have

(44) 0 <2"? = 72" |* + Y (B — aw) (I Tz,

k=1
m
DT, = ) + 23 (™1 ¥, — a,,, T”)
k=1
m
-2 Z BT kg, —x, a*) 4+ 2(x,,, T2* — 2*)
k=1

for all ¢ € N. Since x,, — x* as i — o0, it follows from (4.3) and (4.4) that
0 < fla™||* = | T2™[|* + 2(2*, Tz™ — &)
=2(z*,Ta") — ||2*|* = | T2*||* = —[|l=* — Ta"|*.
So, we have Tz* = x*, i.e. * € F(T). Therefore the condition (b) of Lemma 2.1
satisfies for E = F(T). On the other hand, we see that lim |z, — ¢|| exists for
n—oo
q € F(T). Hence, it follows from Lemma 2.1 that there exists zo € F(T) such
that {z,} is weakly convergent to xo as n — oco. In addition, for all ¢ € F(T),

we have ||z,4+1 — q|| < ||zn, — ¢, for all n € N. So, Lemma 2.2 implies that there
exists some x € F(T') such that Ppp)(z,) — x. Then

(o — Pr(ry(2n), 2n — Ppr)(zn)) < 0.

Hence, we get (g — 2,29 — ) = ||zg — z||* < 0. Therefore 2o = z, i.e. x, —
ro = lim Ppp(2y). O
n—oo
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THEOREM 4.2. Let C' be a nonempty, closed and convex subset of a real space
H and T be a m-generalized hybrid self mapping of C with F(T) # ¢. Assume
that {v,} and {\,} are sequences in [0,1] such that 0 <, <5 <1 and N\, = 1
asn — oo. If {zn} in C is a sequence generated by

1=z €C,

1_ 5 n—1
Yn = TnTn + n “ ;Tkzn7

Zn = A& + (1= A\p) Ty,
C,={ueC:

lyn = ull® < llen —ull® + (1 = v)(llzall* = llzall® + 2(zn — 20, w))},
Qn={ueC:(x, —uxz, —x) <0},

Tnt1 = PCnﬂanu
then {x,} converges strongly to Pp(ryx.

PROOF. Since T is a m-generalized hybrid mapping such that F(T) # ¢, T is
quasi-nonexpansive. So F/(T') is closed and convex. Therefore we can define the
metric projection from H onto F(T'). It is easily seen that C,, is closed and Q,, is

closed and convex for all n € N. Also, by Lemma 2.3, C,, is convex. So C,, N @,
n—1

is closded and convex for all n € N. Let u € F(T) and put w, = (1/n) 3 T*z,
k=0

for all n € N. Since T is quasi-nonexpansive, we have

1 n—1

lwn — ul] = H ZTkzn —u
" =0
n—1

1 1 n—1
<= Tz —ull < 237 llz = ull = |20 — ull
k=0 k=0

Thus

I

1y — u||2 = |lvn(zrn —u) — ) (W, — u)

§7n||xn*u”2 1 —v)||wn *U||2
1= n)llzn — ulf®
1—

12 = ull® = lzn — ul®)

+(
+(
< Ynllzn — ull® + (
= Ynllzn — ull® + (

+(

)
)
Y )(
= Yallzn = ull® + (1 =) (12a]1? = N2l + 2(25 — 20, w)),

sou € C, for all n € N.

Now by using induction we will show that F(T) C C,, N Q. For n = 1, we
have ;1 = 2z € C and @1 = C , since F(T) C @1 and hence F(T) C C; N Q1.
Assume that F(T) C C,, N Q,, for some n. Since z,+1 = Pc,ng,, It follows
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from (2.5) that
(4.5) <.73n+1 — U, T — $n+1> >0,

for all u € C,, N Q,. By the induction assumption, we have F(T) C C, N Qn,
so we can conclude that for all w € F(T) the inequality (4.5) holds. On the
other hand, by the definition of @Q,+1, we obtain F(T) C @Qn+1. Therefore,
F(T) C Cpy1 N Qpy1. So {x,} is well-defined. Notice that the definition of @,
implies x,, = Pg,, . Moreover, F'(T') C @y, by using (2.3), we have

|2 — zp|| < [lz —ul|, forallue F(T).

This implies that {z,} is bounded. Since z,+1 = Pc,ng,z € Qn, we have
Tnt1 € Qn, 1.e. (Tpy1 — T,z — ) > 0. So, by using (2.3), we obtain

lzns1 = 2all* = [(@nt1 — 2) = (@ — 2)|

= ||‘rn+1 - IHz - Hxn - 50”2 - 2<xn+1 —Tpn, Tn — I>

This yields that
(4.6) |€nt1 — xnl| — 0.
From x,41 € C},, we get
47) llyn—2nt1]? < Nzn—2nea |2+ @ =70) (2l = 20l +2(20 — 20, Tnt1)).-
Since A\, — 1 and {«,} is bounded, we have
(4.8) 20 = 2all = (1 = An)llzn — Tnll = 0,
S0
(4.9) Nznll® =llznl® +2(xn =20, Tnt1) = 20 —2nl® +2(@n — 20, Tns1—20) = 0.
It follows from (4.6)—(4.9) that ||y, — zp41] — 0. From (4.6), we obtain
lyn = 2nll < lyn — 2nsall + l2nts — 2l = 0.

Also from ||z, — yull = |20 — YnZn — (1 = yp)wal = (1 — v) |7 — wy|| and
0 <7, <6 <1, we have |w, — x| — 0. It follows from boundedness of
{z,} that there exists a subsequence {z,,} of {x,} such that x,, — v. From
lwn, — 25| = 0, we obtain w,, — v. Since T is a m-generalized hybrid mapping,
we get

os}jﬁwwwﬁ*%m—yﬁ+(1—}3@)wﬁm—yw

=1 j=1

—Z%wmﬂwu—mﬁ—@—iwﬂﬂ%—mw
j=1

j=1
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Bi(ITErm gy, — Ty||?

I
Ms

1
F TR g, Ty, Ty — y) + || Ty — y|?)

+(1 i 8, )T, ~ TP

<.
Il

+ 2(T* *Ty,TyfyHllTyfyH?)
=3 ay | T, - Ty - (1 - Zaj)mn — Ty|?
j=1 k=1
=Ty - y|* + 2< > BT g, (1 - Z@-)T’“wn ~Ty,Ty - y>
=1 =1
+ Z D TE g, — Tyl — || T ,, — Ty|?),

for all y € C and k € NU {0}. Therefore, we obtain

0<||Ty —y|* + 2(T*z, — Ty, Ty — y)

+ 2 Zﬁﬂ (ThtmH1=dg, — Tz, Ty — y>

Jj=1
+ 3 (8 = a)(ITHm g, — Ty|* — [T 2, — Tyl),
j=1

for all y € C and k € NU {0}. Summing these inequalities from k = 0 to n — 1
and dividing by n, we get

0 < Ty —ylI* + 2(wy, — Ty, Ty — y)

n—1 m
< > BTy = T, Ty — y>

k=0 j5=1

nlm

+ = ZZ i — o) (IT*F T, — Ty||® — [T, — Tyl?).
k 0j=1

Substituting n by n; in last inequality, we obtain

0< Ty —yl* + 2(wn, — Ty, Ty — y)

n;i—1 m
(5 B, )

k=0 j=1

77/,;—

+ L

+ Y (B = ap)(ITH = Ty|? — [T wn,, — Tyl?).

k=0 j=1
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By taking the limit as ¢ — oo, we obtain
(4.10) 0< Ty =yl +2(v = Ty, Ty — ),

since w,, — v. By putting y = v in (4.10), we get 0 < —||Tv — v||? and thus
Tv=wv. Let up = Pp(pyz. Since ug = Pp(myx € C,, N Qyp and 41 = Po, 0@, T,
we have

(4.11) Iz = @ l|* <l — uol*.

Since z,, — v and || - || is weakly lower semicontinuous, we get

lz = vl|* = llz]l* = 2{z, v) + [Jv]|* < liminf([le]® - 2(z, 2n,) + l2n,]?)
71— 00
= liminf ||z — 2, ||> < ||z — uo|*.
71— 00

Now, the definition of ug, implies that v = ug. Thus we obtain that x,, — ug.
Finally, we prove that x,, — ug. It follows from (2.3) that

luo = znll* = llug — | + |z = znll* + 2(uo — 2,2 — 24),
for all n € N. So, by using (4.11), we get

limsup ||ug — 2, ||> = limsup(|lug — z||® + ||l — 20 ||* + 2(uo — 2,2 — 2,,))
n—roo n—oo

< limsup(|lug — CEH2 + ||z — u0||2 + 2(up — x, & — xy,))
n—oo
= (lluo — 2| + |z — uol* + 2(uo — z,x — uo)) = [lug — uol/* = 0.

This yields that lim ||ug — x,|| = 0. Thus {x,} converges strongly to ug. O
n—oo
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