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A NON-COMMUTATIVE n-NOMIAL FORMULA
CARLA FARSI

ABSTRACT. We state and prove a general n-nomial expan-
sion formula for (u1 + - - +uyn)™ in terms of degree m mono-
mials in u1,...,un , under the assumption uju; = p;ju;u; for
all ¢ < 5.

0. Introduction. The following binomial expansion holds for
variables u;, i = 1,2, satisfying usu; = p1auius, p12 € C,

(ul + u2)m = Z <TZ) ufugnikv m € N,
k=0 P12

where (%) = (@)m/(Q)k(@m-r), (@r = (1~ ¢*)---(1—q), (g)o =1,
for g € C and m,k € N, m > k > 1. This result is usually attributed
to Schiitzenberger [6]. However, it was published three years earlier by
H.S.A. Potter. (See [4] for an excellent discussion.)

The Potter/Schiitzenberger ¢-multinomial coefficient is the generat-
ing function for sequences of ny 1’s, ng 2’s, ..., ng k’s by inversions.
This combinatorial interpretation is sometimes attributed to Netto but
certainly appears in [5]. Equivalent results about partitions were dis-
covered by Cayley and Sylvester.

The main result of this note is a generalization of the Potter/Schiitzen-
berger binomial formula to the case of n variables wq,...,u, , under
the assumption uju; = p;ju;u; for all i < j, p;; € C. (See Theorems
1.10 and 2.7.) The coefficient (T;L)p12 is replaced by

pz,;ag Tke,rp, p?]:,rk H p;cczk—rk)rgc(rl, o T'n;j)-
k<j k>j k<t
k.e#£j
For n = 3 there is a concrete and simple description of C(rq,r2,73;7),
see Lemma 1.8. On the contrary for n > 4 n-nomial coefficients are
quite complicated, cf. Definition 2.3 and Lemma 2.5.
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In Section 1 we will derive the noncommutative n-nomial formula for
n = 3, while we detail the general case in Section 2.

Throughout this note we will assume wju; = p; ju;u; for all ¢ < j,
with p; ; € C, and denote by a(a1, ..., a,) the coefficient of u7*, ..., ul"
in the expansion of (u; + -+ + u,,)* " T The following lemma will
be repeatedly used in the sequel.

Lemma 0.1. We have
alay,...,ay) = Z <pru“{a(a—ei)>,
i:a; >0 Nw<i

where a = (a1,-..,a,) € N", and (e;)i=1,...n 5 the canonical basis of
z".

Proof. Note that (uy + -+ u, )T+ = (ug + -4 uy)(ug +- -+

u, )t Fan=1" Now, by using induction, a(ay,...,a,)uf'---ulr =
Dia, >0 Wi(a — e;)uy? i udn. Since uju; = pijusuj for all
i,j =1,...,n, the conclusion follows easily. Note also that a(ke;) =1

forall j=1,...,n, for all k € N. o

1. The three-dimensional case. We will start by detailing two
lemmas that will be useful in expressing a(¢,k,s) in terms of lower
order coefficients of type a(0,k —n,s —m),0<n<k,0<m<s.

Lemma 1.1. We have, for all k,s > 1
¢

¢
all,k,s) = ijlza(j, k—1,s)+ Zpﬁp%a(j, k,s —1) + a(0,k, s).
j=1

j=1

Proof. By induction on £+ k + s. For

£=0:a(0,k, s)=a0,k,s)

(=1:0a(1,k,s) = a0,k,s) + proa(l,k — 1,s) + praphsa(1,k, s — 1)
Hence Lemma 1.1 is true for ¢ < 1. Now suppose the formula is true

for a(¢, k,s). We will compute (€ + 1,k, s) by using Lemma 0.1.
a(l+1,k,s) = a(l,k, s)—&—pgt;rl)a(é—{—l, k—1,s)+pit pkoa (041, k, s—1).
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By using the induction hypothesis, we obtain
¢
= Z p]12a(j7 k-1, 3) + Z p]13p12€3a(j7 k,s — 1) + O‘(Oa k, 5)

j=1
+p(€+1) (C+1,k—1,5)+ piitphaa(t + 1, k,5 — 1)
IS o4

= Zp]ua(j, k—1,s)+ Zp{3p’2€3a(j, k,s —1)+a(0,k,s). O
, =

By applying Lemma 1.1 twice, we obtain

Lemma 1.2. For k,s > 2, we have

L J
a(l,k,s) Zz,a]uatk 2,s +Zzpisﬂp§’§atk,s—2)

]:1 t=1 j=1t=1

j
Z 2912P13P23 (1 + p{3 paspra - )) (t,k—1,5—1)

j=1t=1

£
+ Z[p{2a(07 k — 17 3) + p{3p§3a(0, ka s — 1)] + OZ(O, ka S)
j=1

Remark 1.3. Lemma 1.1 and Lemma 1.2 (and further applications
of them) allow us to compute the coefficients of a(0,k — n,s — m),
0<n<s,0<m< s, in the expansion of a(¢,k, s), cf. Theorem 1.10.
For example, we have the following terms with associated coefficients
(k,s > 3)

¢
Term: a0,k —1,s), Coefficient: Zp{é;
j=1

Lo j
Term: 0,k —2,s), Coefficient: Z Z P
j=1t=1
Term: a0,k —1,s — 1),
L J

. y _ . _ '—t
Coefficient: Y >~ plapisohs ' (1+ pls ' pasprs’™").
j=1t=1
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In analogy with Lemma 1.1 and 1.2, one can compute the coefficients
of a(l—n,0,s—m),0 <n < ¢, 0<m < s, in the expansion of a(, k, s).
We will omit the proofs for brevity’s sake.

Lemma 1.4. We have

k
k— .
a(l,k,s) Za t—1,74,s P12 '+ ZP13923P1( 7 a(l,j,s — 1)
Jj=1

j=1

+ pka(,0,5), Vs> 1.

Lemma 1.5. For s,t > 2, we have

ko J
a(tk,s) =D > ey "V a(t ~2,1,9)

ko J
k—t t j — j —
+ 30N oI p ph (1 + iy fprsds )
j=1t=1

xall—1,t,s — 1)

L(k—t
+ Z Zm ¥t altt,s —2)
j=1 t=1

+ZPM Tla(€=1,0,5) + plapispbsa(€,0,5 — 1)]

+ P120‘(€a0,3)-

Finally, the following two lemmas will give expressions for the coef-
ficients of a(f — n,k — m,0) in the expansion of a(¢,k,s), 0 < n < ¥,
0<m<k.
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Lemma 1.6. For {,k > 1, we have

a(lk,s) = Zpi(;fj)pgérj)a(f - 1,k,j)

j=1

+ ZP12P1 P23 (g k—1,5) + pispssa(l, k, 0).

Lemma 1.7. For ¢,k > 2, we have

S J
a(l,k, s) SIS TR e - 2,k t)
j=1t=1
+otsonsoss 0TV all k — 2,1)]
S J
+ 29521 G k(s t)(1+Pj13_t0129273(]7t))
j=1t=1
all—1,k—1,t)

@

+ ot sl — 1,k,0) + plypispss Tl k —1,0)]

Jj=1

+ pi3ps3a(l, k, 0).

The following lemma will be used in the proof of the noncommutative
3-nomial formula.

Lemma 1.8. For N = 1,2,3, let Ny = min{{1,2,3} — {N}},
Ny = max{{1,2,3} — {N}} and p = pn,NPNN,. For n,m >0, and
Zlyney Zn; W, ..., Wy € N, define

Czly---vzn;wly---vwm (n, m; N) =1 + Z

r=1,...,min(n,m)

+ Z p(2a1+'"+Zar)*(wﬁ1+"'+wﬁ pTI:/TJIrVZ j=1(Pi™ a’)
14V2
a1 <-<ar€{1,...,n}
B1<-<Br€f{l,...,m}
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(We will suppress the superscript zi,...,2zn;W1,...,Wn whenever it
is clear from the context which variables we are using.) Then, for
U1yevestn,J1,---,Jm € N, we have

Ctr-stndieim (n,m,N) = (2 inidlyedm (n _ ]_,m,N)

+ p"I"le2p(il_jl)Ci27---7in7j1?j27---7jm (n’ m—1; N)

Proof. The terms in C(n,m; N) not containing i; add up exactly to
C(n—1,m; N). Now consider a term .S in C(n, m; N) of the form

nT+Z:.=2(5j—aj)+(51—1)
N1 N>
(41 *jl)p(iaz +eFia, 1) — (I, ++iB,)

S = plirtiag+tia,) (o, +-+is)
= PNy NP

n(r—1)+3 7 (Bi—an)+(Bi-1)
X PN,N» .

The term S in C(n,m — 1; N) that corresponds to S is given by

S = p(m+---+iar+jl)f(js1+---+j@T)p”T+Z;-:z(ﬁflf(“fl)”(ﬁ“l*”)

N1 N>
- p(m+---+im+jl)f(jsl+---+jm>p;(1;21)+2j:2(ﬁf*“J'”(ﬁl*1)‘
Hence S = p}y, v, pli1=71) S, which proves the lemma. O

Ezample 1.9. If N = 3, we have p = p13p32, and

CH3012(2,2:3) = 1+ p T prg + p" 1 ply + p2 92,
+ 't Yy 4 pliti) Ut ply,
C™912(1,2;3) = 1 4 p Tt pyp + p 772 pi,
Oz (2,1;3) = 1+ p™ ™72 piy + p2 772,

Hence C(2,2;3) = C(1,2;3) + p3,p™ 92C(2,1;3). We can now formu-
late our noncommutative trinomial theorem. In the formula below, C'is
computed with respect to the standard variables ¢1,...,%05;51,- -, Jm-
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Theorem 1.10. For ¢, k,s > 0, we have

m(k—n
albks)= Y N plaplyont

0<n<k—1T(¢;n,m)

0<m<s—1
< Clumin) (7))
2,3

+ >N e el

0<n<fl—1 T'(k;n.m)
0<m<s—1

% Cn,m;2) <(€n)+(5m)>
{—n 13
Z n s s—
FY Y
0<n<f—1 T(s;n.m)
0<m<k—1

xC(n,mm<<f—n>+<k—m>>w,

)

)

{—n

where we defined Iy = Jog = 0, I, = i1 + -+ + in, for n > 0,
Im =j1+---+jm,form>0 and

fn_1 in Jm—1

Z ZZ ZZZ Z for n>0, m>0,

T(k;n,m) i1=11i3=1 in=1j1=1j2=1 Jm=1
together with

Jm—1

Z ZZ Z for n=0.

T(kyn,m)  Jji=1j2=1 Jm=1

We also set, for brevity’s sake, (:)” = (:)p”, ,7=1,2,3,1<j.
; ij

Remark 1.11. We have, cf. [2],
a(O,k—n,s—m):((k_n)+( —m)>
-n 2,3

k
a(l —n,0,s —m) = ((g—n)gt(ns—m))”
senimm ()
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Proof. We will prove the theorem by induction on £+ k+s = M > 3.
If M = 3, we have, by Lemma 0.1,

a(1,1,1) = a(0,1,1) + p12(1,0,1) + p13p23c(l, 1,0).

Hence the theorem is true for M = 3. For the induction step, assuming
the theorem is true for a(¢, k, s), we will show it for (¢ + 1, k, s), and
similar computations show it for a(¢, k+1,s) and a (¢, k,s+ 1) as well.

First compute (¢ + 1, k, s) by using Lemma 0.1,
a(l+1,k,8) = a(l, k,s)+p T a(l+1,k—1,5)+pd phsa (041, k, 5 —1).

Using the induction hypothesis express a(f + 1, k, s) in terms of lower
weight a’s. Then a straightforward computation by using Lemma 1.8
ends the proof of Theorem 1.10. a

We can also express the coefficients of (1) in a slightly different form,
by using the method illustrated above.

Proposition 1.12. Ifk,¢ > 0, k + £ = m, we have (notation as in
Theorem 1.10)

-1 k Jj1 Jt—1 k-1 ¢ i1 i1

m _ A Lk—1,

(k) —E E E E Plz"‘E:E:E P12z -
1,2 t=0 j1=1 jo=1 je=1 t=0i;=114p=1 ig=1

Proof. Define
-1 k 51 Jt—1 k—1 ¢ iy Gt_1
J Ok—1I

B(k, L) = E E E P1§+§ EE E P12 -

t=0 ji=1j,=1  j,=1 t=0i;=1ip=1  ip=1

A straightforward computation shows that
Bk +1,0) = B(k,0) + piF Bk + 1,6~ 1).

Moreover,
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Now we can use induction on m = k + ¢ to show that Proposition 1.12
holds. o

2. The n-dimensional case (n > 3). We will start by deriving
analogues of Lemmas 1.1, 1.4 and 1.6.

Lemma 2.1. For any j € {1,...,n}, and for all a = (as,...,a,) €
N, we have

ala) = H pZ';.a"oz(a —ajej)

k<j

j . . .

_ 1 i j7>1
(aj—t) ar

(s a7

t=1 ‘iia;>0k<j k<i Pji if j<i

i#j k#j
<alet (t-a)e - <),
where e;, t = 1,...,n, is the canonical basis for R™.

Proof. The proof is a straightforward generalization of the proofs of
Lemmas 1.1, 1.4 and 1.6. o

We now need a higher-dimensional version of Lemma 1.8. For
simplicity’s sake, we will only detail the case 7 = 1.

Definition 2.2 (j = 1). A path P from a — aje; = (0,az,...,a,) to
a—ae — 22227% =(0,a2 —T2,...,an —Tp), 0 <1y < ay — 1, is any
ordered string P = {ix }x=1,...rottrn, ik € {1,...,n}, such that iy =¢
for exactly r; distinct values k(t,1) < --- < k(t,r;) of k, t = 2,...,n.
We will say that the path &

S={ixr=2,fork=1,...,79;...50,=n, for k=ro+---+r, 1,...,
(IR SRRRIS S IR S

is the standard path from a—aye; to a—aje; — 2222 rrer. We will also
call t3 0, s =2,...,n, w=1,...,rs, the standard variables associated
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to the standard path S. Set
B =to1,.. by, =topy,tn, g =t31, .0t
=tp-1 rn_17t;2+...+rn_1+1 =tlntly---, t;z+---+rn = tnrn-
Now define E(P) by the following formula:

E(P) = [ D 1 95k w) <p224::41“;k<4,w)p§;41“§k<4,w>>

P23

( ZLL 93 k() . ZLL “:—1,k(n,w>>]

P2n, T Pr—1n

S ey Tt
<p12 w=1 k(2w) i w=1 k(n,w) ,

where we set azk(e’w) equal to as — ¢, where ¢, is the number of
indices less than k(¢,w) such that iy = s, w=1,...,rp.

Now, for s,¢ =2,...,n, the minimum value (= (as — 75)r¢) of

Te
P
> Ckiew)
w=1

is attained on the paths Q with iy = £ for k = (ro+---+7,) — 1o +
1,...,(ra+ -+ 7rg+---+r,). Hence, for any path P from a — aje;
to a—arer — > p_o Tk,

as—Tg)T Tl_ (a:), w —(as—rs))
BP)= [ o T pirem e

1<s<t 1<s<t
n -
teittter, Zwe:l(t;c(z,w)*tlw)
P1e P1e .
=2 =2

Definition 2.3 (j = 1). Define Ct21rt2raitatstargiitnisbnr i

(ri,72,...,7n; 1) with respect to the standard variables toq,...,t3;
t317---7t3r3;---;tn17---7tnrn by
Ot21,---7t2 roit3 15 t3rgi-itn 1, tn ey, (7.1, Toy ey T 1)
3 (@ ey =(a=7) T ST (o) —tew)
_ w=1%s,k(t,w) T\ FsTTs w=1\"k(ew) T
= Pse P1e .
all paths P 1<s<t =2

from a—ae; to

a—ai1e; — E 2’!‘kek

n
k=
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(We will drop the superscript when no confusion can arise.)

FExample 2.4.
1.

Ct21,t31;t41(0 ]_ 1 1: l) — l+p34pt‘“ t31pt9211 —ta1 +p23pt31 t21pt1%1*t31

ta1—t21 t21—ta1

+ P23P24P34P P14
—t21 t21—t31 t31—ta1

+ p23p24p12 P13 P14

t21-t41
tz1—ta1 ta1pP1y —t31

+ P24034P12 P13
2.
QP33 (0,1,2,1,1) = 1+ pagplg 050 + a3 40
i + Ay
+ paspsap3 s
+ P23P24P34Pf§,§f§4 e
+ Pasp2 4Pf§yi‘§,]l fo2
+ P33p2ap3ap3 sttt + paaptapi i
+ P24P§4P23Pf§7§i]2 fe1 4 P24P§4P§3,0f§714ﬁ4 !
where p[;’;]ﬂ = P:ik_t” ;jle_t” and pf;';-f,{]etrs = P:ik_t”f);jll_t” X
plneTtik cof. Lemma 2.5.

The following lemma, used in the proof of Theorem 2.7, describes an
addition law for the C(ry,...,7n;1)’s.

Lemma 2.5. We have

Ct21-ot2rgitat,stargiitn,tnry, (7’1, T2y vy i 1)
— Ctgg,...,tg roit3 1,3 g5 itn 1, tn (,,,17 ro — 1, TSy T 1)
+ P%PE 13t]310t227---7t27'21t3 1;5tn 1, tnry, (,,.1’ ro, 3 — 1,...,Tn; 1) + ...
+pg§pgi P;SIS pf; 13t31 islctz 20502 royt3 1 sts 2 nls rgiestn Lot ry,

. Tn—1 to1tz1...tn1
X (7'1,7"2,- . '7Ts_11' . 'arm]—) + p2np3n s Pp— lnp[Q 3,...,n]

X C’t227---7t2 r27t3 15---3tn2,.-tn T (T.l, T2y ooy T — l; 1),
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where
t21t31, t31—ta1 ta1—t
plp = Tl
Proof. Straightforward computation. O

t21—ts1

T P1s

As can be seen from Example 2.4, formulas quickly become very
complicated, even in dimension 4. However, it is in principle possible
to compute C(ry,...,r;1), for any (r1,...,7,), by using the addition

formula in Lemma 2.5.

Definition 2.6. Define T'(k; (r1,...,7n);J), 1,- -,

N (there is no r;), k,n € N, j € {1,...,n}, by

tir;—1 tir

k t11
T(k; (r1y--eym0); ) = Z Z Z Z

t1r=1t21=1

k ta1 t2,ro—1 l2rg
T(k;(r1,...,mn);J) = E E E

ta1=1tz2=1 tara=1t31=1

k t11 t1py—1 t1ry
T(k;(r1,-..,mn);J) = E E E

t11=1%t12=1 t1py=1t21=1

Also define, for s = 1,...,n, s # j, Ts0 = 0 and Ts,, =

rs > 0.

Tj—1,Tj+1y---3Tn €

tji—1rj_1-1tj—1r;

> oy

tj—17mj— 1=1 t_7+11—1

tnrp—1

> L i#ALn,

b rm =1
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Theorem 2.7 (Non-commutative n-nomial formula). We have, for
a=(a1,-..,ap) EN", a; >0, forallj=1,...,n

ORI DRNNED DI | F
j=10

Sre<ar—1 T(ag;(r1ye-,rn)id) k<J

t=1,...,n,t#j
n
Tie,ry, (ae—rr)Te s
Hpjk H Pre C(ri,... s j)a E (az —re)es |.
k>j k<t t=1
k,e#j t#j

Proof. We will proceed by induction on M = Y7  a;. If M = n,
a¢ = 1, for all ¢, and by Lemma 0.1

n

a(L,1,...,1) =Y [ prje((@,....1) —¢;).

j=1k<j

Hence, the result is true for M = n.

For the induction step, it is enough to show that our formula holds
for a(a+ ey), provided it holds for a(a). (Analogously it can be shown
that it also holds for a(a + ), t =2,...,n.)

The proof is analogous to the proof of Theorem 1.10. It involves the
induction hypothesis, Lemma 0.1, a change of variables and Lemma
2.5. m|

In the case p;; = pj, for all ¢ < j, the noncommutative n-
nomial formula simplifies to an n variable generalization of Pot-
ter/Schiitzenberger’s theorem.

Ezample 2.8. For any m € N, we have

(ug + -+ up)™ = Z C(kl,...,kn)u’fl...ufl"
kit tkn=m
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where

Clhty. o k) = (M ke + ke e AN
kl o1 kg o kg .

<k1+'k"+kn> . pj€C.
" p

n

Acknowledgments. We would like to thank the referee for provid-
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