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A PARTICULAR TEST ELEMENT OF
A FREE SOLVABLE LIE ALGEBRA OF RANK TWO

AHMET TEMIZYUREK AND NAIME EKICI

ABSTRACT. We prove that a free solvable Lie algebra of
solvability class 3 generated by two elements has test rank 1
by giving a particular test element.

1. Introduction. Let F' be an n-generator Lie algebra. A set of
elements ¢g1,92,...,9- T < n, is a test set if for every endomorphism
¢ of F the conditions ¢(g;) = g; for ¢ = 1,2,...,r imply that ¢ is
an automorphism. The test rank of F' is minimal cardinality of a test
set. A test element is a test set consisting of one element. Well known
examples of test elements for free groups were described by Nielsen [8]
and Turner [11]. Mikhalev and Yu in [6] described an algorithm to
determine test elements of free algebras of rank two.

Recently, Chirkov and Shevelin [1] and Esmerligil and Ekici [4] have
independently shown that all nontrivial elements of a commutant of
a free metabelian Lie algebra of rank 2 are test elements. They have
further proved that the test rank of a free metabelian Lie algebra of
rank n is equal to n — 1. In the case of free solvable Lie algebras the
situation is different from the metabelian case. Roman’kov [9] showed
that a free solvable group of rank 2 and class 3 has test rank 1, and he
constructed a test element for such groups.

The purpose of this article is to construct a test element for free
solvable Lie algebras of rank 2 and solvability class 3.

2. Preliminaries and notations. Let F' be a free Lie algebra over
a field K with free generating set {z,y}. By §°F we denote the ith
term of the derived series of F. We fix the notation L = F/ §>F for
the free solvable Lie algebra generated by the set {Z,y} of solvability
class 3, where T = ¢+ 63F, § = y + 0°F. Let ¥, § denote the cosets
T=x+0%F and § = y + 6°F. We know from [2, 3] that the universal
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enveloping algebra U (L) of L is embeddable in the skew field Q (L) of
fractions of the algebra U (L).

Let M be the free metabelian Lie algebra F  §2F. The adjoint
representation of M induces a representation of M / §'M on §'M.
Thus, 6'M is furnished with the structure of a left U (M/51M)—
module. We will denote the action by a dot. For h € §'M and g,
G2, ygn € M /5" M, then

Gn = gzglh:((((hygl)LgQ)a)agn)

All necessary information on Fox derivatives can be found in [5]. We
recall some of this.

For any free Lie algebra G over a field K with free generators
T1,%2,...,%y, we define the left Fox derivatives as the mappings
0/(0z;) : U(G) — U(G), 1 < i < n, satisfying the following conditions
whenever a, 8 € K, u,v € U(G) :

1) 0/(0z;)(x;) = d;; (Kronecker delta);
2) 0/(0;) (u + Bv) = a(Du/Ow:) + B(90/0;);
3) 9/(0x;)(uv) = (Ou/0x;)e(v) + u(Ov/0x;);

where ¢ : U(K) — K is the augmentation homomorphism defined by
e(z;) = 0,1 < i < n. The kernel A of the augmentation homomorphism
e is a free left U(G)-module with free basis {z1,z2,... ,2,}, and the
mappings 0/(dz;) are projections to the corresponding free cyclic direct
summands. Thus, any element u € A can be uniquely written in the

form
n
ou
u = g z;.
" 8:1:1- ’
i=1

We need the following technical lemmas. The first lemma is an
immediate consequence of the definitions and the second one can be
found in [13].

Lemma 1. Let J be an arbitrary ideal of U(G), and let uw € A. Then
u € JA if and only if (Qu/0x;) € J for each i, 1 < i< n.

Lemma 2 [13]. Let R be an ideal of G, and let uw € G. Thenu € IgA
if and only if u € 6* R, where Ig is the ideal of U(G) generated by R.
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A criterion for n elements of a free Lie algebra of rank n to be a
generating set has been obtained by Shpilrain in [10].

Theorem 3 [10]. Let R be an ideal of G, and let y1,y2,... ,Yn
be elements of G. Then the Lie algebra G / §'R is generated by
the images Y1,Y2, .- sYn Of Y1,Y2,... Yn if and only if the matriz
(09i/0xj)1<i j<n has a left inverse over U(G /' R).

Now we consider the free solvable Lie algebra L = F /§3F. On the
universal enveloping algebra U(L), left Fox derivatives are defined so
that their values are in U(M). Hence, for every element f = f (Z,y) of
L, we have

~ of . of -
) FED) = g+ T

For aq, ap € U (M) and g = g (7,y) € M
(2) a1 + azy = g(7,y)

implies the existence of an element h € L such that h (Z,y) = g (Z,9)

and
on . _oh
2—8y-

Assume that v = v (z,y) € U (F). As in [7] we need the formula

Uhl+@h2

(3) 1)((11 + h17 as + h2) = U(al, CLQ) + 6—0,1 60,2

where a1, as € L, hi, ho € §2L.

We use the notation adv (w) = (w,v), v,w € L. Clearly, if v € 6L,
then ad?v = 0 and €*¥V(w) = w + adv (w) is an inner automorphism.

Define the element u € L as

u=((((%7),7),7),9), 7))+ ((77).7),9),(#7),7).

3. Test elements. In this section we prove that the free solvable
Lie algebra L has test elements.
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Proposition 4. Let U be an endomorphism of M such that U(u) =
u. Then ¥(%) = Z(modd* M) and ¥(y) = y(modd*M).

Proof. Let ¥ be defined by
U —ar+by+f
y—cx+dy+g

where f,g € 6'M, a,b,c,d € K. Using the Jacobi identity, we compute
U(u) as follows:

U(u) = (((((cT + dy, aT + by) , aZ + by) , aZ + by) ¢z + dy)
(cT + dy, aT + by))
+ ((((cx + dy, aZ + by) ,aZ + by) ,cT + dy) ,
((c% + dy, aF + by) , cT + dy)) + v (T, 7, f. 9)
= (ad —be)* [a®d ((((7:7),7),7),7) , (5,7))

+ad® ((7,2) 7)), (9,7) . 9))
+a’e(((3,7),2),7)7,), (7,7))
+ abe (((((,2),9), %), 7), (¥, 7))
+abe (9, 7),7),9), ) , (¥, 7))
+6%e((((3.2),9),9).7), (9,7))
+abd (%) ,9), %), 9) , (¥, 7))
+abd (9, 2) , 7)) ,9) , (¥, 7))
+%d (((7,2),9),9),9), (7,7))
+ac® ((((7,7),2),7) ((3,7),2))
+oc (7, 2),5),7), ((9,7) 7))
+acd ((((4,7) ,7),9) (9, 7) , 7))
+bed (%, 2),9) . 9) (9, 7) , 7))
+acd ((((y,7),7),7), (4, %) , Y))
+bed ((((,7),9), %), (4, ), 9))
+bd? ((((9,2),9),9). (7,2),9) | +v(@,7, f.9)
(ad — be)* [ (2abe + a?d) (((((,7),7),7),9) . (¥, 7))



A FREE SOLVABLE LIE ALGEBRA 1319

+a’c(((9,7),7),0)T,), (7, T))

+ 2abe ((((y,7) ,7), (¥, 7)) , (¥, 7))

+ 0% (((9,7),9),(@,7), ([ T))

+ (b*c+ 2abd) (7, %), 7),9) . 9) , (¥, 7))
+ 02 d (8, 2),9),9),9), (7, T))

+ac® (((,7),7),7) ((7,7), 7))
+ (bc? + acd) (7, 7), ) ,9) , (7,
+bed ((((9,7),9),9), ((y,7) , 7))

+acd ((((y,7),2),2),((,7),7))

+bd (((3,2),9),9),(8,7),9) ] +v(Z,7,f.9)

where v(Z, g, f, g) stands for the terms containing Z, g, f, g. Comparing
the degrees of the basis commutators in the equality ¥(u) = u we
obtain a = d = 1 and b = ¢ = 0. Hence, ¥(Z) = Z(modd' M) and
U(y) = y(mod §* M). O

)

z),T))

Remark 5. Since §'M is a free left U (M/(S1 M)—module generated
by (7,7), every element h of 6* M can be represented as

h = (Zaiﬁ‘ ~ yj) G
0,J
where a;; € K, i,j > 0. If f is any element of 6L, then the values of

the left Fox derivatives 0f /0z and df /0y are in U(§'M). The algebra
U(6'M) is a free K-module generated by the monomials of the form

l,zy](y’x)k7 17]203 k>1.

Proposition 6. Let ¥ be an endomorphism of M given by

UF— 7+ (Zaijzi.gf) (1, %)

4,7
P+ (Zﬁk@k -ﬂl) G.7)
k.l

where a;;, By € K. If ¥(u) =u, theni=k+1 andl=j+1.
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Proof. By the concrete calculations we see that

V() =((+gx+f),2+f), 2+ ), ¥+9),U+97+f))
+((W+gz+1),2+f),9+9),(+g7+f),y+9)
=u+ (((7,2),2),7),9),(9:7) = (((¥,2),7),7),9), (f, 1))
+(((((g,2),7),2)9), (4, 7)) — (((f,9),2),2)¥), (¥,7))
+ (7, 2), 1), D) 9), (¥,7) + (1, 7),2) £),9), ([¥,7))
+(((:2),2),2).9), @2) - ((/,¥).2),9), (¥, 7),7))
+((((9,2),2),9), ((y,2),9) + (7, 2), £),9) (9. %) ,9))
+((((@,2),2),9),((9,2),9) + (7 2),2),9),(7:7),9))
- (%, 2),2),9), ((f,9).9) — ((,2),2),7) (9, (¥, 7)),

where f = (¥, 055 ) - (5:8), 9 = (Syfud® 7) - @),
Comparing the degrees in the equality ¥(u) = u, we see that the term

(g 2),7),%),9), (9, 7)) = (4, ) , ) , %), ¥) , (£, 9))

must be equal to zero. Therefore, (g,Z) = (f,¥), and this implies that
t=k+landl=j5+1. u]

Lemma 7. Let ¢ be the endomorphism of L defined as

where. a, b € L. Assume that ¢ acts identically on §2L. Then ¢ is
an inner automorphism of L induced by some element of §2L.

Proof. Consider the element g = g(,%) of §2L. Using the formula
(3), we compute

©(g) = g (»(T), »(y))
dg '

= p
dy

_ ooy 99
—g(x,y)Jrax ca+

:g(f,ﬂ),
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that is,

99 4129

4 —-b=0.
(4) 8xa+8yb0

Computing Fox derivatives of (4) in U(L), we obtain

@ da dg Ob

5 9x 0z "oy oz "
oy a0y
or Oy Oy Oy

Since g € 62L then
dg . Og ~
8I~x+ay~y—0.

Passing from U( F /§%F) to a skew field Q(F / §°F), we get

dg 99 - ~
__.y.:L‘ .

or dy

Substituting this in (5) yields

09 - —_; Oa 0g Ob
. e Ay
oy V" or oy ow
09 . ., Oa 0Og Ob
_29 . bt Ak
Jy g dy + dy Oy
This implies that
_g.g—l.%_kﬁzo
(6) oxr Oz
2 5_1 @ + @ =0
Y ay "y =Y,
that is,
ob . __, Oa ob 4
7. e ad L _7. )
(7) 5 77T 5 o0 9y U

1321
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Since the derivatives of @ and b are contained in U (5 M), the elements

y-T'-0a/0x and -7~ - Oa/dy can be written in the form

- -4 Oa i e e
y-x 1'%:Zaijkx’~y“(y,x)k
-~ Oa ~ -
Yy-x 1'a_y:Zﬂ£mnl'z'gm'(yax)nv

where ok, Bemn € K, i,£ > 0, j,k,m,n > 1. Therefore, for the
elements a; = > a2 571 (7, )F and an = 3 Bemn @t -yt (g, 7)"
of U(M) the elements da/0z and da/dy are equal to

da _ ZTay and da _ Ta

ox =~ ° oy ¥
Using (7) gives

ob ob
(8) oy~ U and oy yas.
By formula (1), we have

ob .  Ob _
9 — _ = 0
©) or " * Oy Y
Hence, in view of (8),
Ollg + OéQg =0.

Taking into account (2) we conclude that there exists a v € §2L for
which oy = Jv/0z, as = dv/y.

Now, since

w_ o o
or 7 bz 8y7y oy’

b = (g,v). Likewise, a = (z,v). Consequently,

Il
]

o()

(Z,v) = V()
©(¥) ;U

+
+ @) =), o

I
<

Theorem 8. The free solvable Lie algebra L contains test elements.
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Proof. Let ¢ be an endomorphism of L defined by

0T —aT+by+ (Zaij(y,f),f),... T), 7)), ,y) +hy
; —

bJ i-times
j-times

g_) Cf"_dy—’_ <Zﬁkl(yvf)af),'u af)ay)v"' ,y) +h23
k,l N
k-times =~ N——~——"

l-times

where a,b,c,d, 5,8 € K, i,5,k,£ > 0, hi,hy € 5%2L. Assume that
©(u) = u. It is clear that ¢ induces the homomorphism ¥ of M which
is given by

U:x — ax + by + (Z%;‘Ei '@j) (y, )
©,J

7 iy (Xt 1) 0.9,

k,l

Now still U(u) = u. Then by Proposition 4 and Proposition 6, ¥ acts
identically modulo 6'M and i =k + 1,1 =j + 1. Let

w= (Zaiﬁ-l a) (§,7).
%]

Then ¥ will be
U2 — 2+ (Z,w) = (1+ adw)(Z)
Y —y+ [y w) = (1+adw)(y).
Since ¥ is induced by ¢, then ¢ will be
0T — (14 adw)(T) + hy
7 — (14 adw)(y) + ha.

We modify ¢ by multiplying it from left by the mapping 1-adw. This
yields

(1 —adw)p () =¢(T) — (w, ¢ (T))
=T+ h1 — (w, (w,T)) — (w, h1)
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(1 —adw)e () = ¢ [H) — (w, ¢ (7))
=Y+ ha — (wa (wvy» - (’LU, hQ)

Therefore § = (1 — adw)yp is an endomorphism defined as

9 .

8l
8l

—
—

+c
+e,

<
<

where ¢ = hy; — (w, (w,T)) — (w, k1), e = ha — (w, (w, 7)) — (w, ha). In
this case,

(10) O(u) =u— (w,u).
Computing Fox derivatives of the left and right side of (10), we obtain

ou  09(z) ou  90(y) Ou ou Ow

00@) or 00 or or “or “or
ou_ 08 ou 00F) _Ou_ ou  Ow
a0(z) Oy 2(y) oy Oy Oy oy’

In view of the definition of 6,

Ox
Ou Oc ou ( 36)_(1_w) ou ow

Ou_ 1+@ + du .@_(1_11})%_“8_“’
20(7) 20() oz oz~ " ox

20 oy oo\ T oy oy~ "oy

It is clear that, since u,e,c € §2L, the terms on the left sides of these
equations are contained in the left ideal J of U(L) generated by §'L.
Hence u(0w/0x), uw(0w/dy) € J. This implies (Qw/dx), (Ow/dy) € J.
By Lemmas 1 and 2 we obtain w € §2L. Keeping in mind that

w = Zaij(yyf%j)v"')75)75)7"')75)7

(i—1)-times j-times

w € 0%2L holds only if w = 0. Therefore § = ¢ and so p(T) = T + ¢,
o(7) =y+e. If c = e =0, then ¢ is the identity automorphism. Hence,
u is a test element of L.
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Assume (c,e) # (0,0). We now show that ¢ acts identically on 62L.
Let v = v(T, %) € 62L. Using (3), compute ¢(u) as follows:

—u(z e+ o)
—u(Fg) oot O
=u(@g) + 5 ¢ 3y e

This implies (Qu/0z) - ¢ + (Ou/dy) - e = 0.
Computing ¢(v) yields

Let
ov ov

o oy

Assume that a # 0. Since the system of equations

ou ou
ox Ty e
ov v
oz Ty T

has a nontrivial solution, the coefficient matrix

[Gujos duro]

must be invertible over U(F /§%F). By Theorem 3 the elements u
and v are free generators of L. In the expression of u there are no
linear terms. So, it is clear that u cannot be a free generator. This
contradiction implies a = 0, that is, ¢ acts identically on §°L. By

Lemma 7, ¢ is an inner automorphism of L. Hence u is a test element
for L. i
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