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A NOTE ON COMPLETENESS OF BASIC
TRIGONOMETRIC SYSTEM IN L2

SERGEI K. SUSLOV

ABSTRACT. We use the q-Lommel polynomials and the
Riesz-Fisher theorem in order to give an independent proof of
the completeness of the basic trigonometric system in certain
weighted L2-spaces.

1. Introduction. In this note we present an independent proof of
the completeness of the q-trigonometric system in the theory of basic
Fourier series. One can look at [2, 4, 15 18] and references therein
regarding the q-Fourier series. The corresponding basic exponential
function on a q-quadratic grid is given by
(1.1)

Eq (x;α) =

(
α2; q2

)
∞

(qα2; q2)∞

×
∞∑

n=0

qn2/4 αn

(q; q)n
(−i)n

(
−iq(1−n)/2eiθ,−iq(1−n)/2e−iθ; q

)
n
,

where x = cos θ and |α| < 1. We assume that 0 < q < 1 and use the
standard notations [3] for the basic hypergeometric series and q-shifted
factorials. For the analytic continuation in a larger domain and other
properties see, for example, [8, 13, 17] and references therein. Ismail
and Zhang [8] found the following expansion formula

(1.2)

Eq (x; iω) =
(q; q)∞ ω−ν

(qν ; q)∞ (−qω2; q2)∞

×
∞∑

m=0

im
(
1− qν+m

)
qm2/4J

(2)
ν+m (2ω; q) Cm (x; qν | q) ,
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where J (2)
ν+m (2ω; q) is Jackson’s q-Bessel function defined as

(1.3) J (2)
ν (x; q) =

(
qν+1; q

)
∞

(q; q)∞

∞∑
n=0

q(ν+n)n (−1)n (x/2)ν+2n

(q; q)n (qν+1; q)n
,

[5 6], and the continuous q-ultraspherical polynomials Cm (cos θ;β|q)
are given by

(1.4) Cm (cos θ;β|q) =
m∑

k=0

(β; q)k (β; q)m−k

(q; q)k (q; q)m−k

ei(m−2k)θ

(see, for example, [3]). Relations with the q-Lommel polynomials,
which are important for the further consideration, were observed for
the first time in [15] and [17]; see also [7].

Completeness of the trigonometric system
{
einx

}∞
n=−∞ on the in-

terval (−π, π) is one of the fundamental facts in the theory of clas-
sical trigonometric series. Bustoz and Suslov [2] proved that the ba-
sic trigonometric system {Eq (x; iωn)}∞n=−∞ is complete in a weighted
L2

ρ1
(−1, 1) space where ρ1 (x) is the weight function for the contin-

uous q-ultraspherical polynomials Cm (x;β|q) with β = q1/2 when
ωn = 0,±ω1,±ω2,±ω3, . . . and ω0 = 0 < ω1 < ω2 < ω3 < · · · are
nonnegative zeros of the following basic sine function

(1.5) Sq (η;ω) =
(−iω; q1/2)∞ − (iω; q1/2)∞

2i(−qω2; q2)∞
,

which can be viewed as an analog of sinπω.

Several generalizations of this result were discussed in [17] and [18].
In particular, the following theorem has been established in [18], among
other things, using the methods of the theory of entire functions.

Theorem 1. Let jµ,k (q) be the zeros of Jackson’s q-Bessel function
J

(2)
µ (x; q). The q-trigonometric system {Eq (x; iωk)}∞k=−∞ is complete

in Lp
ρ (−1, 1), where 1 ≤ p < ∞ and ρ (x) is an integrable function,

positive almost everywhere on (−1, 1), for 0 < ν < 1, if

(a) ωk = 1/2jν−1,k (q), k = ±1,±2, . . . ;
(b) ωk = 1/2jν,k (q), k = 0,±1,±2, . . . .
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In the special case when p = 2, 0 < ν < 1/2 and ρ (x) is the
weight function for the continuous q-ultraspherical polynomials, this
result had also been proven in [17] using a completely different method
involving the Ismail and Zhang formula (1.2) and the relations with
the q-Lommel polynomials. This approach does not involve the most
important practical cases ν = 1/2 when the corresponding systems are
orthogonal. In the current paper we will be able to extend this proof
to the larger interval 0 < ν ≤ 1/2. This gives, finally, an independent
proof of the completeness of the basic trigonometric systems in the
orthogonal cases.

2. Proof of completeness theorem. Here we give the proof of
Theorem 1 when p = 2, 0 < ν ≤ 1/2 and ρ (x) is the weight function
for the continuous q-ultraspherical polynomials. Consider the first
case: ωk = 1/2jν−1,k (q), k = ±1,±2, . . . . The q-Lommel polynomials
introduced in [6] are generated by the recurrence relation

(2.1) qnν+n(n−1)/2J
(2)
ν+n (x; q)

= hν
n

(
1
x
; q

)
J (2)

ν (x; q)− hν+1
n−1

(
1
x
; q

)
J

(2)
ν−1 (x; q) .

We shall use the notation hν
n (s; q) := hn,ν (s; q) instead of the original

one in [6]. Letting x = 2ωk = jν−1,k (q) in (2.1), one gets

(2.2) qnν+n(n−1)/2J
(2)
ν+n (jν−1,k (q) ; q)

= hν
n

(
1

jν−1,k (q)
; q

)
J (2)

ν (jν−1,k (q) ; q)

and (1.2) takes a simpler form

(2.3) Eq (x; iωk)
(−qω2

k; q
2
)
∞ ων

k

=
(q; q)∞
(qν ; q)∞

J (2)
ν (jν−1,k (q) ; q)

∞∑
n=0

in
(
1− qν+n

)

× qn(2−4ν−n)/4 hν
n

(
1

jν−1,k (q)
; q

)
Cn (x; qν | q) .
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The orthogonality relation for the q-Lommel polynomials established
in [6] has the form

(2.4)(
1 + (−1)m+n

) ∞∑
k=1

Ak (ν)
j2ν−1,k (q)

hν
n

(
1

jν−1,k (q)
; q

)
hν

m

(
1

jν−1,k (q)
; q

)

=
qnν+n(n−1)/2

1− qν+n
δmn, ν > 0,

where the jumps of the step function Ak (ν) can be found from the
partial fraction decomposition

(2.5)
∞∑

k=1

Ak (ν)
z

j2ν−1,k (q)− z2
=

J
(2)
ν (z; q)

J
(2)
ν−1 (z; q)

.

We shall also write the orthogonality relation (2.4) in terms of the
Lebesgue integral with respect to the corresponding purely discrete
measure µ = µ (s), s = sk = 1/jν−1,k (q) with the only cluster point of
its bounded support at the origin s = 0.

The q-trigonometric system {Eq (x; iωk)}∞k=−∞ is complete on (−1, 1)
if it is closed [1]. Suppose that this system is not closed. Thus, there
exists at least one function χ (x) ∈ L2

ρ (−1, 1), not identically zero, that

(2.6)
∫ 1

−1

χ (x) Eq (x; iωk) ρ (x) dx = 0, k = ±1,±2, . . . ,

where ρ (x) is the weight function in the orthogonality relation for the
continuous q-ultraspherical polynomials (1.4); see, for example, [3]. It
can be shown that the series in (1.2) and (2.3) are uniformly convergent
in x on compacts. Substituting (2.2) in (2.6) one gets

(2.7)
∞∑

n=0

in
(
1− qν+n

)
qn(2−4ν−n)/4 hν

n

(
1

jν−1,k (q)
; q

)

×
∫ 1

−1

χ (x) Cn (x; qν | q) ρ (x) dx = 0

and our goal is to show that

(2.8)
∫ 1

−1

χ (x) Cn (x; qν | q) ρ (x) dx = 0
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for all n = 0, 1, 2, . . . , which means that χ (x) = 0 almost everywhere
due to the completeness of the system of the continuous q-ultraspherical
polynomials Cn (x; qν | q) in L2

ρ (−1, 1). In our review paper [17] this
had been done with the help of the orthogonality relation of the q-
Lommel polynomials (2.4); see also Remark 1 below. This method
requires the change of the order of summation in the corresponding
double series which can be justified for 0 < ν < 1/2 only. It does not
cover the orthogonal case when ν = 1/2. (See [17] for the details). Our
main objective in the present paper is to fulfill this gap and to give an
independent proof of Bustoz and Suslov’s result on the completeness of
the basic trigonometric system [2].

We propose another approach here. Let us rewrite (2.7) as

(2.9)
∞∑

n=0

cn ϕn (s) = 0,

where

(2.10)
ϕn (s) =

(
1− qν+n

)1/2
q−nν/2−n(n−1)/4 hν

n (s; q) ,

s =
1

jν−1,k (q)
∈ Suppµ

and
(2.11)

cn = in
(
1− qν+n

)1/2
q(1−2ν)n/4

∫ 1

−1

χ (x) Cn (x; qν | q) ρ (x) dx.

The {ϕn (s)}∞n=0 is an orthonormal system with respect to the purely
discrete measure µ in the orthogonality relation (2.4) for the q-Lommel
polynomials.

Parseval’s identity for the continuous q-ultraspherical polynomials,

(2.12)
∞∑

n=0

(q; q)n (1− qν+n)
(q2ν ; q)n (1− qν)

∣∣∣∣
∫ 1

−1

χ (x) Cn (x; qν | q) ρ (x) dx
∣∣∣∣
2

= 2π

(
qν , qν+1; q

)
∞

(q, q2ν ; q)∞

∫ 1

−1

|χ (x)|2 ρ (x) dx,
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and the limit comparison tests show that

(2.13)
∞∑

n=0

|cn|2 < ∞

when 0 < ν ≤ 1/2, and our goal is to prove that cn = 0 for all
n = 0, 1, 2, . . . . Also, by the Cauchy-Schwarz inequality

(2.14)

∞∑
n=0

|cn| ≤
( ∞∑

n=0

(
1− qν+n

)
q(1−2ν)n/2

)1/2

×
( ∞∑

n=0

∣∣∣∣
∫ 1

−1

χ (x)Cn (x; qν | q) ρ (x) dx
∣∣∣∣
2)1/2

and both series on the righthand side converge when 0 < ν < 1/2. As
a result,

(2.15)
∞∑

n=0

|cn| < ∞

when 0 < ν < 1/2 and we arrive at the following lemma.

Lemma 1. The {cn}∞n=0 ∈ l1 for 0 < ν < 1/2 and the {cn}∞n=0 ∈ l2

for 0 < ν ≤ 1/2.

Consider the partial sums

fm (s) =
m∑

n=0

cn ϕn (s) ,(2.16)

gm (s) =
m∑

n=0

|cn| |ϕn (s)| .(2.17)

In view of (2.9),

(2.18) lim
m→∞ fm (s) = 0
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pointwise for all s ∈ E = Suppµ. Moreover, a simple estimate using
the Cauchy-Schwarz inequality,

(2.19)

gm (s) =
m∑

n=0

|cn| |ϕn (s)|

≤
( m∑

n=0

|cn|2
)1/2 ( m∑

n=0

|ϕn (s)|2
)1/2

≤
( ∞∑

n=0

|cn|2
)1/2 ( ∞∑

n=0

|ϕn (s)|2
)1/2

,

shows that the sequence {gm (s)}∞m=0 is bounded for all s ∈ E = Suppµ.
The series

(2.20)
∞∑

n=0

|ϕn (s)|2 = 1
µ (s)

here can be summed by the dual orthogonality relation for the q-
Lommel polynomials [7] for all s ∈ E = Suppµ. The monotonicity
property

(2.21) 0 ≤ gm (s) ≤ gm+1 (s) , m = 0, 1, 2, . . .

and (2.19) show that this sequence converges

(2.22) lim
m→∞ gm (s) = g (s) < ∞

pointwise for all s ∈ E = Suppµ.

Our next step is to prove that this limiting function g (s) is integrable
in the sense g (s) ∈ L1 (µ) for 0 < ν ≤ 1/2. Indeed, when 0 < ν < 1/2
one can write

(2.23)

∫
E

gm (s) dµ =
m∑

n=0

|cn|
∫

E

|ϕn (s)| dµ

≤
m∑

n=0

|cn|
(∫

E

|ϕn (s)|2 dµ
)1/2( ∫

E

dµ

)1/2

≤
∞∑

n=0

|cn| < ∞
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(see (2.15)), and by the Lebesgue monotone convergence theorem [10,
12]

(2.24)

∫
E

g (s) dµ =
∫

E

lim
m→∞ gm (s) dµ

= lim
m→∞

∫
E

gm (s) dµ < ∞.

We could also use Beppo Levi’s theorem [9, 11] here.

On the other hand, inequality (2.19) together with (2.20) give

(2.25)
∫

E

gm (s) dµ ≤
( ∞∑

n=0

|cn|2
)1/2 ∫

E

dµ

µ1/2 (s)
.

In general it does not look easy to give an estimate for the last
integral, but luckily in the orthogonal case ν = 1/2 the measure of the
corresponding q-Lommel polynomials h1/2

n (s; q) can be found explicitly
[15] as

(2.26)

∫
E

dµ =
(
1− q1/2

) ∞∑
k=−∞

1
κ (ωk) ω2

k

= 2
(
1− q1/2

) ∞∑
k=1

1
κ (ωk) ω2

k

= 1,

where

κ (ω) =
∞∑

n=0

qn/2

1 + ω2qn

and, therefore,

(2.27)
∫

E

dµ

µ1/2 (s)
= 2

(
1− q1/2

)1/2 ∞∑
k=1

1
κ1/2 (ωk) |ωk| < ∞

in view of the asymptotic relations |ωk|κ (ωk) ∼ constant and |ωk| ∼
q3/4−|k| as |k| → ∞; (see, for example, [15, 16]). Thus, (2.24) holds
also when ν = 1/2, and we have proven the following result.
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Lemma 2. The g (s) ∈ L1 (µ) for 0 < ν ≤ 1/2.

By the Riesz-Fisher theorem [9, 11, 12], the series (2.16) converges
in the mean square to some element f ∈ L2 (µ),

(2.28) lim
m→∞

∫
E

|fm (s)− f (s)|2 dµ = 0

and

cn =
∫

E

f (s) ϕn (s) dµ,(2.29)

∞∑
n=0

|cn|2 =
∫

E

|f (s)|2 dµ(2.30)

where E = Suppµ. In the case of the finite measure under considera-
tion, the convergence in the mean square in (2.28) implies convergence
in the mean,

(2.31) lim
m→∞

∫
E

|fm (s)− f (s)| dµ = 0,

and our final step is to prove that f (s) ≡ 0 for all s ∈ E = Supp µ. In
principle, this can be done using the fact that convergence in the mean
implies convergence in measure, which, in turn, implies the existence
of a convergent subsequence [9, 10]

(2.32) fmk
(s) −→ f (s) ,

which converges to zero due to (2.9), but these arguments involve
convergence almost everywhere, and in our degenerate case of a purely
discrete measure this condition should be replaced by convergence
everywhere on the support of the measure.

On second thought, using the facts established above, we can give
a direct proof interchanging the limit and integral in (2.31). The
following inequalities hold

(2.33)
|fm (s)− f (s)| ≤ |fm (s)|+ |f (s)|

≤ gm (s) + |f (s)| ≤ g (s) + |f (s)|
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for all m = 0, 1, 2, . . . due to the monotonicity of gm (s). Since
g (s) ∈ L1 (µ), f (s) ∈ L2 (µ) (and, therefore, f (s) ∈ L1 (µ) in the
case of the finite measure under consideration), the hypotheses of the
Lebesque dominated convergence theorem [9, 10, 12] are satisfied and

0 = lim
m→∞

∫
E

|fm (s)− f (s)| dµ =
∫

E

lim
m→∞ |fm (s)− f (s)| dµ

=
∫

E

∣∣∣ lim
m→∞ fm (s)− f (s)

∣∣∣ dµ =
∫

E

|f (s)| dµ.
But the measure µ (s) is purely discrete. Therefore f (s) ≡ 0 for all
s ∈ E = Suppµ and cn = 0 for all n = 0, 1, 2, · · · in view of (2.29) or
(2.30). This completes the proof in the first case.

The second case, when ωk = 1/2jν,k (q), k = 0,±1,±2, . . . , can be
considered in a similar manner. The analog of (2.9) is

(2.34)
∞∑

n=0

cn φn−1 (s) = 0,

where

(2.35) φn−1 (s) = ϕn (s)|n→n−1,ν→ν+1

and cn are given by (2.11). For 0 < ν ≤ 1/2 the same arguments show
that cn = 0, for all n = 1, 2, 3, . . . . Moreover, c0 = 0 because condition
(2.6) holds for ω0 = 0 in this case. The measure of the q-Lommel
polynomials h3/2

n (s; q) for the corresponding orthogonal case ν = 1/2
has been found explicitly in [15]. This completes the proof.

Remark 1. In view of (2.9) and (2.16) one can also write formally

0 =
∫

E

(
lim

m→∞ fm (s)
)
ϕn (s) dµ = lim

m→∞

∫
E

fm (s) ϕn (s) dµ = cn.

Interchanging of the limit and the integral here can be justified by the
Lebesgue dominated convergence theorem when 0 < ν < 1/2 due to∫

E

|fm (s) ϕn (s)| dµ ≤
∫

E

gm (s) |ϕn (s)| dµ

=
m∑

k=0

|ck|
∫

E

|ϕk (s) ϕn (s)| dµ

≤
m∑

k=0

|ck| ≤
∞∑

k=0

|ck| < ∞
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(see (2.15)). This consideration is equivalent to justification of inter-
changing of the order of summation in [17].

Remark 2. The q-Lommel polynomials {hν
n (s; q)}∞n=0 form a complete

set in L2 (µ) when ν > 0. Our method shows that the corresponding
dual system {hν

n (sk; q)}∞k=−∞, where sk = 1/jν−1,k (q) ∈ Suppµ, is
closed in l1 for ν > 0. Moreover, in view of (2.25) this system is closed
for the dual l2 if ∫

E

dµ

µ1/2 (s)
< ∞.

We were able to verify the last condition for ν = 1/2, 3/2 when
the corresponding measures are known explicitly. This result can be
generalized to other systems of discrete orthogonal polynomials.

Acknowledgments. The author thanks Joaquin Bustoz, John
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