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ON ABSOLUTE SUMMABILITY FACTORS

E. SAVAS

ABSTRACT. The purpose of this paper is to determine
the conditions for which Z anAy is summable |T'|s whenever

Z(zn is summable |N,pn|r where T is a lower triangular
matrix with positive entries and row sums one. As special
cases we obtain inclusion theorems for pairs of weighted mean
matrices.

In [5], Sarig6l obtained necessary and sufficient conditions for | N, p,, |«
= |N, qn|s for the case 1 <k < s.

The concept of absolute summability of order k was defined by Flett
[3] as follows. Let > a, be a given infinite series with partial sums s,
and let o7 denote the nth Cesaro means of order o, o« > —1, of the
sequence {s,}. The series Y a, is said to be summable |C, oy, k > 1,
a>-—1,if

oo
(1) > ot Aoy |F < oo,
n=1

where, for any sequence {b,}, Ab, = b, — bp41.

In defining absolute summability of order k for weighted mean meth-
ods, Bor [1] and others used the definition

0 P k—1
(2) > <p—> |Au,_1|" < oo,
n=1 n

where

n
Uy, 1= E DuSy.
v=0

In using (2) as the definition, it was apparently assumed that the n in
(1) represented the reciprocal of the nth main diagonal term of (C,1).
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But this interpretation cannot be correct. For, if it were, then the
Cesaro methods (C, «) for aw # 1 would have to satisfy the condition

oo

> ()AL F < o

n=1
However, Fleet [3] stays with n for all values of o > —1.

Let T denote a lower triangular matrix with nonzero entries and row
sums 1. Define

n
t_mjzz:t,,i, n,v=0,1,...
i=v

and

tnuzfny_fn—17uv n=12,....

It is the purpose of this paper to prove the following generalization
of the necessary part of the theorem in [5], using definition (1).

Theorem 1. Let 1 < k < s < oo. Suppose that {p,} is a positive
sequence such that P, — oo as n — oo and

oo . P k 1 k
-1 n _ .
(3) H;I n <7Pnpn1) 0 (Pu) .

If Y an A, is summable |T|s whenever Y ay, is summable [N, p, |y, then

(i) tyAy = O((i)_u)yl/sl/k>

(ii) f: 15 Ay (B o) _O(<%>Sus_s/k).

n=v+1

Proof. Let {t,} denote the sequence of (N, p,) means of the series
> an. Then

1 n
th = — v
S

(4) p &
Xy =ty —th1= myzﬂpu—lau; P_1=0
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and
Tn = Z ZtnuAuau = Zt_m/)\uau
v=0i=v v=0
and
n
(5) Yn = Tn - Tn—l = Z(E’VU/ - En—l,l/)AuaV
v=0
since fno =0.
We are given that
o0

(6) DYl < oo

n=1
whenever
(7) an_1|Xn\k < 00.

n=1

Now the space of sequences {a,} satisfying (7) is a Banach space if
normed by

o 1/k
®) 1X]| = (|Xo|’“ " Zn“|xn|k) .

n=1

We also consider the space of those sequences {Y,,} that satisfy (6).

This is also a BK-space with respect to the norm

[e%s) 1/s
(9) v = (W " Znsww) .

n=1

Observe that (5) transforms the space of sequences satisfying (7) into
the space of sequences satisfying (6). Applying the Banach-Steinhaus
theorem, there exists a constant K > 0 such that

(10) V]| < K[ X].
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Applying (4) and (5) to a, = e, —e, 11, where e, is the vth coordinate
vector, we have

0, ifn<w,
By, ifn=v
Xn _ Py’ 9
PvDn .

, ifn>uw;

PnPnfl

and

0, ifn<v

Y, =

By (8) and (9) it follows that

I A B
= {2 3 e (e

and

[e )

1/s
|Y|={v“|my|s+ > nsl|Au<fWAy>|2} ,

n=v+1

recalling that £, = t,, = t,..
Using (10) and (3),

VA D T A ()|

<Ks( (%)’“ i o pupnl)k>5/k
)

_l_
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The above inequality will be true if and only if each term on the left-
hand side is O((p, /P, )Fv*=1)3/k. Taking the first term

s/k
s—1 s _ p_V k k-1 /
VAT =0 v
Syl—s/k)

which verifies that (i) is necessary.

Using the second term we have

o

sflA E A S_O Py k k—1 Sk
Z n | l/(m/ V)| = (P—u) v

n=v+1

which is condition (ii).
Applications.

Corollary 1. Suppose that {p,},{qn} are positive sequences with

{pn} satisfying P, — oo and condition (3). If Y- an, is summable
N, qn|s, whenever Y a, is summable [N, p,|k, then

(i) A = O(p"—Q”)(,/l/sﬂ/k).

b,
(i) [AL(Qu—1Av)]® (n;‘_lnsl(#)s) — O<(%)Syss/k).

_Proof. Apply the theorem with T' = (¢,,,) a weighted mean matrix
(N, qn). It is easy to see that

f _ QnQu—l
" Qnanl
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and

Au(tnu/\v) = lnv — tn,u+1 = _#A(QV—IAV)'

Corollary 2. Let {p,} be a positive sequence satisfying P, — oo
and (3). If > anA, is summable, |T|; whenever ) a, is summable
|N7pn‘k¢; k > 17 then

(i) tuuhy = 0(%)

G 3 nk1AV<£,WAV>’€_0((%)’“W).

n=v+1

To prove Corollary 2, simply set s = k in Theorem 1.

Corollary 3. Suppose that {p,},{qn} are positive sequences with
{pn} satisfying P, — oo and condition (3). If Y- an, is summable
|N, gn|x whenever > a, is summable |N,pyli, k > 1, then

(i) Ay = 0(7;’;—%)

B o e e (1 )}

n=v+1

To prove Corollary 3, simply set s = k in Corollary 1.
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