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AN OSCILLATION THEOREM FOR
DISCRETE EIGENVALUE PROBLEMS

MARTIN BOHNER, ONDREJ DOSLY AND WERNER KRATZ

ABSTRACT. In this paper we consider problems that con-
sist of symplectic difference systems depending on an eigen-
value parameter, together with self-adjoint boundary con-
ditions. Such symplectic difference systems contain as im-
portant cases linear Hamiltonian difference systems and also
Sturm-Liouville difference equations of second and of higher
order. The main result of this paper is an oscillation theo-
rem that relates the number of eigenvalues to the number of
generalized zeros of solutions.

1. Introduction. Consider the symplectic difference system
(S) zp41 = Skzk, k€7,

where the 2n x 2n matrices Si are symplectic, i.e.,

. 1
SpIS,=J with J= (_OI 0> :
Symplectic difference systems (S) cover a large variety of difference
equations and systems, among them also linear Hamiltonian difference
systems

T
Azp = Apwiy1 + Brug, Auy = Cprpyr — Ag ug,

where the n X n matrices By and C} are symmetric and I — Ay is
nonsingular, as discussed, e.g., in the monograph by Ahlbrandt and
Peterson [2]. This means, in turn, that systems (S) also cover higher
order Sturm-Liouville difference equations

n

S AV ru(R) Ay} =0 with (k) £ 0,

pn=0
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in particular its special case, Sturm-Liouville second order difference
equations
A(TkA,Tk) + prZTry1 =0 with g #0,

which are well studied in the recent literature, see [1, 9].

The principal aim of our paper is to investigate an eigenvalue problem
where various boundary conditions are associated with the system

(SE) Zhrr = (Sk — ASk) 2k,

where A is a real parameter and

_(Ax Bg s 0 0
S’“_(ck m) and Sk_(WkAk szsk)’

W), being nonnegative definite n x n matrices. Observe that (SE) is
still a symplectic system of the form (S) for every A € R, as can be
verified by a direct computation. Our investigation can be viewed as
a discrete counterpart of some results from the monograph by Kratz
[14]. There the eigenvalue problem for linear Hamiltonian differential
systems

(H) ' = A(t)z 4+ B(t)u, o = (C(t) — AC(t)z — AT (t)u,

where B(t) and C(t) are symmetric n X n matrices for ¢ € R with the
boundary condition

~a(a) u(a) _

(B) Rl( 2(b) )+R2(u(b)> =0,

R; and Ry being 2n x 2n matrices, was investigated (in a more general
setting than presented here). A formula is proved there, which relates
the number of focal points of a conjoined basis of (H) to the number
of eigenvalues of (H), (B), which are less than a given A, and the index
(i.e., the number of negative eigenvalues) of a certain symmetric matrix
associated with the boundary condition (B). For more details, see [14,
Chapter 7].

In our paper we derive results which are in a certain sense discrete
versions of this investigation, but under more restrictive assumptions
on the dependence of the matrices in the investigated system on the
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parameter A than those in [14]. The reason for the more restrictive
assumptions is that some of the phenomena connected with oscillation
theory of the discrete system are considerably more complicated than
those associated with the continuous system (although often the theory
in the discrete case is “easier” than in the continuous case). One
just needs to compare the complicated definition of a focal point in
the discrete case (see Definition 1 (iii) and (iv)) which has first been
introduced in [4, 5], with its continuous counterpart (see [14, Definition
1.1.1 (ii)]) which is simply explained in terms of invertibility of the first
part of the solution matrix. Because of the discrepancies between the
continuous and the discrete, it will be of interest to eventually unify
our results by using the concept of time scales (see [8, 11]) but this
will be a topic of future research.

The paper is organized as follows. In the next section we recall some
results from oscillation theory of (S), and we also present some basic
facts of matrix theory (the Moore-Penrose generalized inverse) needed
in our investigation. In this section we also state the main result of
this paper, Theorem 1, the so-called oscillation theorem, which states
that the number of focal points (i.e., “generalized” zeros) of a conjoined
basis of (SE) (i.e., a matrix-valued solution) is equal to the number of
eigenvalues less than A of (SE) with 2o = 211 = 0. The most technical
part of this paper is contained in Section 3, where the proof of our main
result is presented, via the so-called local oscillation theorem. Finally, in
Section 4, we consider an eigenvalue problem consisting of (SE) together
with more general boundary conditions. First a result corresponding
to Theorem 1 is proved for separated boundary conditions, and in fact
Theorem 1 is utilized to prove this more general oscillation theorem.
Finally we use this theorem to derive the oscillation theorem for the
case of (SE) together with arbitrary self-adjoint boundary conditions.

2. Notion and main result. We consider the 2n-dimensional
vector symplectic difference system

(1) zip1 =Sk(MN)ze with Sp(A\) =8k — ASk  for ke Z,

where A is a real parameter. Here

_ ([ Ak Bg A 0 0 (0 T
S’f_(ck Dk)’ Sk_(kak szsk)’ ‘7_(—1 o>’
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where Ay, By, C, D, Wi, € R™*™ (i.e., they are real n x n matrices for
each k € Z), I denotes the n x n identity matrix, and we put

2k = (xg,ur) with vectors g, ur € R™.
With this notation our difference system reads as follows:
(1/) Tpy1 = Apx +Bkuk,uk+1 = Crxp _Akak+1 +Druy, for k € Z.

Note that the first equation of (1), the so-called equation of motion,
does not depend on the parameter A based on the special form of S
Because of analogies to the calculus of variations, we call the second
equation of (1') the Euler equation. Throughout we will assume that
Sk is symplectic, i.e.,

SFTS,=J forkeZ,

and that W; is symmetric and nonnegative definite, i.e., Wy > 0. In
summary our assumptions in terms of the matrices Ay, By, Cx, Di, Wi
read as follows (cf. [6, Remark 1]):

(A1) Afc, =clr A, BID,=DFfB., ALD,—CIB, =1,
W, >0 forkel.

A simple calculation shows that, under these assumptions, the matrix

Sk (\) is symplectic for all A € R.

Next we want to introduce the main notion where we use the follow-
ing.

Notation. Let M be any (real) matrix. By Ker M, Im M, rank M,
def M, ind M, det M and M, respectively, we denote the kernel of M,
the image of M, the rank of M, the defect of M (i.e., the dimension
of Ker M), the index of M provided M is symmetric (i.e., the number
of negative eigenvalues of M), the determinant of M provided M is a
square matrix, and the Moore-Penrose inverse of M, cf. [3]. We write
M > 0, as already above, M > 0 if the (real) matrix M is symmetric
and nonnegative definite, positive definite, respectively.

Assume (Al) and let A € R be fixed. As above we denote vector-
valued solutions z = (zx)kez = (z,u) = (2, ur)rez of (1) or (1) by
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small letters and we use capital letters for 2n xn matrix-valued solutions
Z = (X, U) = (Xk7Uk)k€Z of (1) or (1/) so that X, U, € R*m
for k € Z. For the symplectic system (1) the Wronskian identity
(cf. [6]) holds, i.e., if z = (z,u) and 2 = (&, a) solve (1), then
z,{j Zr = x%ﬂk — u{isk is constant, in particular it equals zero for
all k € Z if it is zero for one k € Z.

Definition 1. Assume (Al) and let A € R be fixed.

(i) A 2n x n matrix-valued solution Z = (X,U) = (X, Uk)kez is
called a conjoined basis of (1) or (1') if

XU, —Ul'X, =0, rank (§k> =n for ke Z.
k

(ii) The conjoined basis Z = (X,U) of (1) or (1’) with Xy = 0,
Uop = I is called the principal solutzon of (1) at O while the solution
Z = (X,U) of (1) with Xy = —1I, Uy = 0 is called the associated
solution of (1) at 0.

(iii) A conjoined basis Z = (X,U) of (1) has no focal point in the
interval (k, k + 1] for some k € Z if

Ker X311 C Ker X, and X X[, By > 0.

(iv) If a conjoined basis Z = (X,U) of (1) has a focal point in the
interval (k, k4 1) for some k € Z and if k+ 1 is not a focal point of Z,
ie., if

Ker Xj 1 C Ker X but X3 X[, By 20,

then ind XkX,IHBk is called the multiplicity of the focal point.

Remark 1. Assume (Al), let A € R be fixed, and let Z = (X,U) be
a conjoined basis of (1). We shall use the notation

(2) Qi = XpX[UpX] and Dy := Xz X], By

for k € Z. Note that Dy, is the same as P;[Q] in the notation of [6].

(i) First we repeat some facts from [6] and note some formulas.

Using Definition 1 (i) and that XkX,]; is symmetric because of the
properties of Moore-Penrose inverses, it follows that Q) is symmetric.



1238 M. BOHNER, O. DOSLY AND W. KRATZ

From the difference equation (1) and our assumption (Al) we easily
obtain the formula

(3) Xy, = (D} = MBIWR) Xpq1 — B{Up 1.
This identity leads to the next formula (cf., [6, Lemma 3])
(4) Dy = B (D) — MWiBy) — B Qri1Br  if Ker Xy C Ker X,
so that, by (Al),
Dy, is symmetric if Ker X1 C Ker Xj;

because, by [6, Remark 1], By, = Xk_HX};HBk in this case.

(ii) Our Definition 1 (i), (ii) and (iii) is the same as in [6], while
part (iv), the definition of the multiplicity of focal points, is new.
But note that this is defined only if the “kernel condition” (i.e.,
Ker X141 C Ker X}) is satisfied. Otherwise the problem of defining
the multiplicity remains an open problem. Actually this lack of the
definition leads to the “exceptional finite set” in our results below. We
shall count the number of focal points in some interval always, as usual,
including multiplicities.

(iii) Of course, the conjoined basis (X,U) depends in general on
A If, for example, as for the principal and associated solutions at
0, the “initial” matrices X, Uy do not depend on A, then the matrix
elements of Xj, = X (\), Uy = Uk(X) are polynomials in X for k € Z.
Thus, as can easily be seen via suitable representations of Moore-
Penrose inverses (cf. [14, Remark 3.3.2]) the matrix elements of the
corresponding matrices Qr = Qr(\), Dx, = D () are rational functions
in A

We shall study the oscillatory behavior of the following eigenvalue
problem (E), where N € N is a given fixed integer:

i1 = Arxp + Bruk, up41 = Cpzy — \Whapi1 + Drug
(E) for0<EkE<N
with the boundary conditions zo = zny41 = 0.

As usual, A is an eigenvalue of (E) if a nontrivial solution z = (z,u) =

(g, uk)iv:"[)l exists, a corresponding eigenvector of (E), i.e., z solves (E)

and k € {0,... ,N + 1} exists with (zx, ux) # (0,0).



AN OSCILLATION THEOREM 1239

Remark 2. Let us make here some comments on the eigenvalue
problem (E). To do this, assume (Al) and let Z = (X,U) be the
principal solution of (1) at 0 according to Definition 1 (ii).

(i) As can easily be seen, a number X is an eigenvalue of (E) if and
only if
det Xy11(N) =0,

and then the dimension of the kernel of Xn1(\) (i.e., def Xnyy1(N)) is
its multiplicity. Similarly, as for focal points, we shall count the number
of eigenvalues always including multiplicities.

(ii) Let z = (x,u) and Z = (&,a) solve (1) or (1’) for reals A = Xg
and A = )y, respectively. Then using the assumption (A1), a simple
computation leads to the formula

T ~
(Ao = A1) T ) W1 = Qpg1 — i,

where aj, = xgﬂk - ugfk for k € Z. Hence, by the formula for a
telescope sum,

()\0 - )\1)<Z, 2> = ON+1 — O

for a given N € N, where the product (-, -) is defined by

N
(2,2) = Z xg_,’_kai‘k;_Arl.
k=0

Therefore, if Ao and \; are eigenvalues of (E) with corresponding
eigenvectors z and Z, it follows that

(/\0 — )\1)<Z, 5> = O7

because g = xny+1 = 9 = Ty4+1 = 0, so that g = ayy1 = 0. Thus
we have shown that eigenvectors of (E) belonging to distinct eigenvalues
are orthogonal.

(iil) Assume additionally that det Xn41(A\) # 0 (i.e., not every A is
an eigenvalue of (E) by part (i)); see assumption (A2) of Theorem 1
and Remark 3 (i) below. We prove that all eigenvalues of (E) are
real. In view of this statement and of part (ii), the eigenvalue problem
(E) is self-adjoint. Now let A\g € C (of course, we have to deal with
complex eigenvalues and eigenvectors here in contrast to the rest of
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this paper) be an eigenvalue of (E) with corresponding eigenvector

z = (z,u) = (zg, up) oy # 0, where zy, uj, € C. Define

=T =T — =T
Qf 1= T U — U, T, ,Bk = LL‘kJerk:L‘kJrl.

Since xg = xn4+1 = 0 by (E), we have that oy = an+1 = 0. It follows
from the difference equation (1) of (E) and the assumption (Al) by a
simple calculation that

(Mo —A0)Br = apyr —ap for 0<E<N.

Since ag = any1 = 0, we obtain that
B N

(Ao —X0) Y B =0.
k=0

If E,JLO B =0, then B = 0 for 0 < k < N because 8 > 0 by (A1) for
all k. Hence, Wyxpr1 =0 for 0 < k < N, and therefore z # 0 satisfies
(E) for all A € C, so that every A is an eigenvalue, which contradicts

our additional assumption det Xy1(A) # 0. Thus Efcv:o Br # 0, so

that A\g — Ao = 0 (i.e., A is real) which is what we wanted to show.

Note finally that we have also proven the following: if z = (x, uk)évi)l

solves (E) for some number A and if Wiz = 0 for 0 < k < N, then
z=0.

The main result of this paper reads as follows.

Theorem 1 (Oscillation theorem). Assume (Al) and let Z =
(X,U) = (Xg(A),Upg(N\))kez be the principal solution at 0 of (1).
Moreover, suppose that

(A2) lim ny(A\) =0 and lim na(A) =0

A——o00 A——o00
holds, where

ni1(A\) denotes the number of focal points of (X,U) in the interval
(0,N +1],
na(A)  denotes the number of eigenvalues of (E), which are less

than or equal to .
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Then

(5) ni(A) =nz(\) forall Ne R\N,

where the “exceptional” set

(6)

N =R\ {p € R:rank X;(u) = &nea%ranka(/\)for 0<k<N+1}

1s finite.

Remark 3. First let us comment on the assumption (A2). To do so,
assume (Al), and let (X,U) be the principal solution at 0 of (1), i.e.,
Xo=0,Up=1

(i) The second part of (A2) (i.e., limy_, o n2(A) = 0) simply means
that Ao € R exists such that na(A\) = 0 for A < A\g and, by Remark 2,
this is equivalent with

det Xny1(A) #0 forall A< .

By Remark 1 (iii), det Xy 41(A) is a polynomial in A, and this is in turn
equivalent with det Xn41(A) #Z 0 so that the eigenvalue problem (E) is
nondegenerate, i.e., not every A € R is an eigenvalue of (E).

(ii) The first part of (A2) (i.e., limy_,_on1(A) = 0) means that
Ao € R exists such that ni(A) =0 for A < A, and by Definition 1 (iii)
this means that

(7) Ker Xp11(\) C Ker X;(\) and  Dy(\) = Xp(N) X[, (\)Bg >0

holds for all 0 < k < N and all A < )\g. Moreover, we shall see in
the next section that the kernel condition holds for all 0 < £k < N and
A ¢ N, so that ny(\) is well defined by Definition 1 (iv) for A ¢ N.
The following representations of ni(A) and ny(\) follow directly from
Definition 1 (ii), (iv) and Remark 2:

(8)

ni(A) =Y ind De(N), n2(A) = > def Xy i1(p) forall AeR\N.

k=0 neN
P<A
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Finally it follows from the Reid roundabout theorem for symplectic
systems [6, Theorem 1] that the second part of (A2), which is the same
as assertion (7), is equivalent to

Folz,A) :== Z,Ifzo{xfckTAkxk +ul DEBruy, + 2ul BY Crr}
=A Zivzo xzﬂwkxkﬂ >0
9) for all A < A\ and for all admissible z = (xy, uk)kN:tJl, ie.,
Tpi1 = Apxp + Brug for 0 <k < N
and 29 = zy41 = 0 with o = (a5)2_, # 0.
Note that this positivity of Fy(z, ) holds for all A < A if it is true just
for A = Ao, because Wy, > 0 for all k € Z by (Al).

(iii) Next we discuss the form of Sy in our difference system (1).
We shortly prove that the assumptions on Sy, are necessary in the
following sense. First we require that the “equation of motion,” that is
the equation for x4 resulting from (1), does not depend on A (which
is important when considering the quadratic form in (ii)). Hence Sy
must be of the form

Sk = ( 9 p ) with certain n x n matrices (fk, ﬁk
Cr Dy
Next we impose that Si(A) is symplectic, i.e., Sf (A\)JSk(A) = J for
all A € R. Since —JJT = J? = —1I, we obtain that (Sf(\)J)~! =
S(N)JT and therefore S, (\)JSF(N) = J for all A € R. Altogether
we obtain the following formulas, see also (A1), for all k € Z:

Alc, =cF A, BID,=DIB., AID,—-CFB.=1,

AFC, =Cr A, ALDy, = CFBs, BI'D), = DI By;
ABE = BiAL, ¢ DI =Dl ADE - Bl =1,
ADE =BG, DI =Dyl CDY = DT

Hence A;{D,Z — Bkc}f = I and rank (A, Bi) = n so that the matrix
Ky = .Ak.A;;F + BkBkT is invertible.

Next def (Ag,Br) = n = rank (_BET) and AyBF = BrAL so that
k

Ker (Ag, Br) = Im (_BE{). Since Ak@,{ = BkékT, a matrix Wy, €

R™*"™ exists such that

DI = BfW,, and CF = AT W



AN OSCILLATION THEOREM 1243

Finally we obtain from the above formulas that

KL (W = W) Ky,
B ATC, — CF A, ATDy —CIBL\ (ALY
= (A By) (zﬁ,{Ak _ B¢, BID, DB, )\l )=

Thus W;f = W, because K}, is invertible, and therefore
Wi is symmetric for all &k € Z.

As we shall see in the next section, the nonnegativity of Wy is needed
for the monotonicity of Dy (\), which is crucial for the whole theory,
and which corresponds to the comment after statement (9) in Remark 3
(i) above.

(iv) We conclude this remark with pointing out one of the applications
of formula (5) (a similar comment also applies to the statements of
Theorems 3 and 4 below; see formula (12)). Let Ay € R be given. If
we want to know how many eigenvalues of (E) are less than or equal
to A, we could calculate the principal solution (X,U) at 0 of (1) and
determine the number of zeros of det Xx1(\) that are less than or
equal to Ao (observe part (i) of this remark). However, det Xy 11()\)
is a polynomial in A, and hence it might be difficult to calculate the
number of its zeros that are less than or equal to Ag. Alternatively, if the
assumptions of Theorem 1 are satisfied, then we just need to calculate
the principal solution of (1) at 0 for the particular Ag in question
and count the number of its focal points in the interval (0, N + 1].
Both calculating the principal solution recursively and counting the
number of its focal points are easy tasks and can be done numerically.
Moreover, this procedure may be used to treat numerically the algebraic
eigenvalue problem for symmetric, banded matrices via Sturm-Liouville
difference equations as discussed in Section 1 of [16], cf. also [15].

3. Proof of the main result. Assume (A1), let N € N be fixed,
and suppose that (X,U) = (X (\), Uk (\))kez is a conjoined basis of (1)
such that Xo(\) = Xy and Uy(N\) = Uy do not depend on A. Moreover,
we assume that a A\; € R exists such that, compare (6),

A3
(A% Tk := maxyer rank Xp(A\) = rank X (A1) for 0 < k< N +1
and Ker Xj11(M\) C Ker X (A1) for 0 < k < N.
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In the sequel we derive a number of conclusions, which will lead to
the “local oscillation theorem,” below, and our main result, Theorem 1,
is more or less a consequence of this local result.

(C1)
N :=R\{) € R:rank X;(A\) = ry for 0 < k < N+1} is a finite set.

Proof. By definition, Ao € R exists such that rank Xi(Ao) = 7.
Hence there is a submatrix of Xj(\g) of size ry x r;, whose determinant
is not zero. Since this subdeterminant of X () as a function of A is a
polynomial, it has finitely many zeros. Hence, N is a finite set. ]

(C2) Ker Xi(\) = Vi := Ker X(A\q) for all A € R\ N and V;, C
Ker X;(A) forall \ e Rand all 0 <k < N + 1.

Proof. Let k € {0,... ,N+1}, ¢ € V} and put z,(A) = X,(Ne,
uu(A) = Uu(N)e, = zu(M1), uy = uu(Ar) for 0 < p < k. Then, by
(A3), zp = --- = x = 0. We prove by induction that

z,(A\) =x2,=0,u,(N\)=u, for 0<pu<k.

This is clear for o = 0, because Xy and Uy do not depend on A. It
follows inductively for 0 < p < k, using (1), that

Tur1(A) = Az (A) + Buup(A) = Ayzy + Buuy = xp41 =0,
U1 (A) = Cup(A) = AW 41 (A) + Dpup(A) = Dty = g

Hence, ¢ € Ker Xj(\) for all A € R so that Vi, C Ker Xi(A). Moreover,
Vi, = Ker Xi () if A ¢ N because

dimVy, = n —r, = dimKer X (\) for A ¢ N

by the definition of 74 in (A3). o
Based on statement (C2), we can undertake the following.

Construction. Starting with an orthonormal basis of Vyi1 =
Ker X n41(A1) we successively supplement an orthonormal basis of V1
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to such a basis of V; for ¥ = N,...,0. This is possible because
Vit1 C Vi by (A3). Using (C2) we can conclude that an orthogonal
matriz P € R™™ ™ exists such that

XeMP=(_* 0) forall XeRand0<k<N+1.

Tk

Note that, by (A3),0<7y<r; <---<ryq1; <n.

Next, using Gram-Schmidt orthogonalization, we may choose orthog-
onal matrices Qr € R™ "™ for 0 < k < N + 1 such that, use (A3),

5 X 0
Xy = Qkxk@l)P:( 0 O),

where X117 = X11(k, A1) € R™ " ig invertible.
Let

Ull U12

Ui = QrUp(M)P =
= QrUr(A\1) <U21 Uns

) . where Ujp € R™%7%,

Then, by Definition 1 (i),

o T T
Xto, = <X110U11 X110U12) =PTXT(\)UL(M)P is symmetric.

Hence, U5 = 0 because X7 is invertible. Moreover,

T T T
n = rank (X7 (A1), UL (\1)) = rank X Un U2T1 7
0o o0 UL

and therefore Uy is invertible. By [12, page 114, Exercise on QR
factorization], an orthogonal matrix Q exists such that Uy,' Q is lower
triangular, and then, of course, QT Us, is also. Hence, we may choose
the orthogonal matrices Qf in such a way that Uss is lower triangular.
This completes our construction.

Now we define new matrices X5 (\), Up()), etc., and we arrange a
block structure with the agreement that certain blocks do not occur
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if 7, = 0 or rp, = n, which was already presupposed above. For
0 <k < N +1, respectively, < N and A € R, we put

Xk()\) = Qka(A)'P = < E
B ()gll(k,A) Xio(k, A
o X21(I€,)\) X22(k,)\
where

X1 (k,A) e R™>™  and Xy (k, \) € RTe+1XTk+1

and Uy (\) == QuUx(N)P = (U (k,\)) = (U, (k, \)) with the same
block structure. Moreover, we define

~ A k A k Thk4+1XTk+1
im = () 1) e,

and with the same block structure

Bi:= Qui1BrQf = (Buy(k)), Ci:= Qu1CQf = (Cpun(k)),
Dy = Qi1 DeQf = (D (k)), Wit = QuetWi Qb ) = (W (k).

We continue with our conclusions and with the understanding that
they are valid for all 0 < k < N + 1, respectively < N.

(C3) (X,U) = (Xy,Ux)a4} is a conjoined basis of the symplectic
difference system

{{QH(A) A X (V) + BUk(N),
Uk+1 (/\) Cr Xy, (/\) /\Wka+1(/\) + 'DkUk()\),
and Wk > 0.

Proof. X (AN U,(\) = PTXE(\)U(A\)P is symmetric,
rank (X (), U (A)) = rank (X;{ (A), Ui (A)) = n
by Definition 1 (i). The system is symplectic, because by (Al),

ALC, = 0, AT CLOF  BIDy, = Q1BF D QT are symmetric,
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and ATDy, — CF By = Qu(ATDy, — CIBL)OF = 0,.9F =1. o
(04) Xlg(k,)\) =0, ng(ki, /\) =0 for all A € R.
Proof. This holds by the construction of P. O

(05) Xll(k‘) = Xll(k‘,)\l) is iIlVGI‘tible, Xgl(k,)\l) = O7 Ulg(k‘,)\l) =
0, and Uaa (k) := Usa(k, A1) is an invertible, lower triangular matrix.

Proof. This is true by the construction of Qj and the corresponding
calculations. O

(C6) Xn(k) = Xll(k,)q) = (Xlg(k) g), X21(k, A1) =0, Xlz(k,)\) =

0 and Xao(k,A\) =0 for all A € R, Uja(k, A1) = 0, Usa(k) := Usa(k, A1)

is an invertible, lower triangular matrix. Moreover,

Ull(k,Al) 0

7 _ (n—rk) X (n—7rk)
Ur(ha) = (Um(ml) U22<k>> where Una(k) € R ’

1:/ (k) 0 = (res1—7r)X(Tpy1—Tk)
Uso (k) = 22 ~ where Usgg(k) € RV* * )
i) = (P28 0y ) e Bt

such that Usgy (k) is also an invertible, lower triangular matrix.

Proof. This follows directly from (C5) and the arranged block
structure. O

(C7) Bia(k) = Dia(k) = 0, Aa(k) = Bai(k) = 0, Baa(k) = 0,
AL, (K)Daa(k) = T so that Aga(k) and Dao(k) are invertible.

Proof. Tt follows from (C3), (C4), (C5) and (C6) that

0= X1o(k+1,\1) = Bra(k)Usa (k)

so that Bia(k) = 0 (since Uso(k) is invertible),
0 = Xoa(k +1,A1) = Baa(k)Usz(k) so that Byy(k) =0
0= Uia(k +1,\1) = Di12(k)Usz(k) so that Dys(k) = 0.
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Hence by (C3), in particular simplecticity, and from what we have
shown, we have

(0 I) a (Asz A, *) D1 Do (k)
ct o Bin 0
(G G)w (g o) w.
and this implies that

I = AL (k)Doy(k), 0 = AL (k) Doz (k) so that Ay (k) =0,

because Doy (k) is invertible by the first equation. Moreover,

T T
<361 Bozl) (k) (g; D022) (k) is symmetric,
and therefore B, (k)Da2(k) = 0 so that By (k) = 0. o

; A11(k) Bui(k) 0 .
(CS) The matrix ( " Di(k ) A (Wll(k)All(k) Wll(k)Bll(k)) 15

symplectic for all A € R and Wi (k) > 0.

Proof. We have to prove (A1) for the corresponding matrices. First
Wi1(k) > 0 by (C3) and its definition. By (Al) and using (C3) and
(C7), we have that

s [ AL(k) 0 Cu(k) Cia(k)
4“(%%»A%@>Qmw @Mﬂ and

ST BL(k) 0 Dq4 (k) 0 .
T 11 11
B;, Dy, = ( 0 0 ) (D12(k> Das (k) are symmetric,

and ATDy — CFBy = I. Hence AT, (k)Cyi(k) and BT, (k)Dyi (k) are
symmetric, and AlTl(k:)Dn(k) — C’lTl(k)BH(k) —I. o

(C9) Uya(k, A) and Usa(k, A) do not depend on A so that Uja(k, A) =
Uia(k, A1) = 0 and Uaa(k, \) = Uaa(k) is an invertible, lower triangular
matrix for all A € R.
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Proof. This assertion is true for kK = 0 by our construction, see (C5).
It follows inductively, using (C3), (C6) and (C7) that

Uia(k+1,)\) = Dy1(k)U1a(k, \) 4+ D12 (k)Usa(k, \)
= D11 (k)Uia(k,\) =0,
Uss(k + 1, \) = Doy (k)Ura(k, \) + Das (k) Usa(k, \)
= Doy (k)Usa(k,A\) = Una(k + 1, A1) = Upa(k + 1)

for all A € R. O

(C10) X51(k,\) =0 for all A € R and X;1(k,\) is invertible for all
A€ R\WN.

Proof. Tt follows from (C3), (C4) and (C9) that

) is symmetric.

Hence X7, (k, \)Usa(k) = 0 so that Xo1(k,A) = 0 for all A € R because

Uso (k) is invertible. This last conclusion, (A3), and (C2) imply that
rank X 11 (k, \) = rank X (\) = rank X;()\) = rank X;(\;) = %

so that X1 (k, \) is invertible for all A e R\ N. O

(C11) We have for all A € R

Xi1(k4+1,)) = Ay (k) X11(k, \) 4+ By (E)Uy1 (K, \),
Upi(k+1,0) = Cri (k) X11(k, ) = AW (k) X110 (k41,0
+ D11 (k)Uri (K, N),
XL (k, U1 (K, A) and XT (k, A\)Uy1(k, \) are symmetric,
rank (X7, (k,\), UL (k, \)) = 7.
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Proof. Besides the last assertion, the other statements follow
from what we have shown so far, more precisely from (C4), (C10),
(C9), (C6), (CT7) and (C3). The last assertion follows by induction:
rank (X4 (0), Uf,(0)) = rank X;11(0) = 7o, and

rank (X35 (k4 1,0), U (k4 1,)))
= rank (X7, (k,\), UL (k, \)

(XlTl(kv)‘) Uty (k,A) * )
= rank =
0 0 Uaa(k)

= rank (X7, (k, \), UZ (k, \)) + rank Uss (k)

=7k + (k1 — Th) = Ty,

because (:]22(16) is invertible by (C6). o

(C12) Quu(k+1,A) :=Un(k+1, )\)Xl_ll(k: + 1, ) is symmetric and

d
L Quk+1,0) < —Wu(k) <0 forall A€R\N.

Proof. First Qq11(k + 1, ) is symmetric by (C11). In the following
calculation we omit the arguments (k), (k,\), (k + 1, A), respectively,
and we put / = (d/d\). Using (C11) we obtain that

d _ _ _
P3N Qu(k+1,)) =Uj, X51" — Un X1y X1, X!
= (X)) (XU UL X)X
= (X{) X {Cn X, — AW XY,
— Wi X1 + DuUiy b — UL X)X
= Wi + (X5H)HHX L
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where, using (C11), (C8) and (A1) for the matrix in (C8),
(] = {X{, AT, + UL, BLH{COn X1, + DUy}

— X[\ W XG, —{X{ CT, + U DY HAG X + B Uy}
+ AX{ W X,

= X1 (AT ¢ - Ol A XY,
+ X{1(A], D1y — CI, Bi) UL, + UL (B, D1y — D Bi) U7,
+ U1 (Bf,Ci1 — DI An) X7,

= Xﬂﬁh - U1T1Xh

_XlTlO U{l()_Uﬂ* X1, O
L0 0 x ok 0 = 0 0

_ X7 (Uthf - VXX g) X
. kA 0 ¢
:X1T1 (Qn% ) 0) X, <0

by induction on k because (d/dA\)Q11(0,)\) = 0. Hence, (C12) holds.
O

(C13) Dy(N) = Xe(W) X[, (NBi = OF (P § ) Qx with
Di(\) == X11(k, N X1 (k + 1, \) By (k),
ind Dy (\) = ind Dy () and
Di(A) = B, (k)(D11 (k) = AWi (k) Bia (k) — B (F)Qu1 (k 41, A) By (k)
for all A € R\ V.

Proof. It follows from easy properties of the Moore-Penrose inverse
as, for example, the behavior under orthogonal transformations (note
that P and Qy are orthogonal matrices), and from (C11) and (C7) that

Di(\) = QL Xk (NPT (L1 Xkt (NPT QY1 B Qe
= X (WPTPX, (N Qe 19841 BrQx
- T Xll(k,)\) 0 X_l(k+17>\)Bll(k) O
_Qk< 0 o)( ! 0 0>Qk

=9 <Dk0()\) 8) Q.
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Hence, ind Dy (\) = ind Dg()\). Moreover, the last formula for Dy ()
follows from (3), (C8) and (C11), because X11(k+1,\) is invertible for
al \eR\N. O

A similar calculation as in the proof above shows that

Qu(A) = XeNXL NN XL = OF (Q”(ok’A) 8) o
for all A € R\ WV, see (2) and (C12).

Altogether, the above conclusions lead to the following local result.

Theorem 2 (Local oscillation theorem). Assume (Al), let N € N
and suppose that (X,U) = (Xi(AX), Up(N))kez is a conjoined basis of (1)
such that Xo(A\) = Xo and Uy(X) = Uy do not depend on \. Moreover
assume that A1 € R exists such that (A3) holds. Then for all Ao € R
and 0 < k<N,

ind Dk(>\0+) —ind Di(Ao—) = deka+1()\0) — deka;O\o) + Tht1 — Tk,
where Dy (X) := Xk()\)X,IH()\)Bk, as in (2) or (C13).

Proof. Let k € {0,...,N} and A\g € R. By (C8) and (Al), the
matrix BY, (k)D11(k) is symmetric and rank (Bf, (k), DT (k)) = req1.
Hence, by [14, Corollary 3.1.3], a symmetric matrix S; and a matrix
Sy exist such that

DT (k) = BT, (k)S1 + Sy, rank (BY, (k), S2) = 741, Ker Sy = Im By (k).

We apply [14, Theorem 3.4.1, Index Theorem| (cf. also [13]) with the
same notation. To do so, we put m = i1, t = g — A,

Ry = D{(k) = MB{,(k)Wi1(k), Ry := B, (k),

X = X1 (k+1,)), U:=-Un(k+1,\),
X(t) = X1 (k41,0 —t), U(t) :== —Upi(k+1,X0—t), and
Ri(t) := RySy(t) + Sy with Si(t) := Sy + (t — Xo)Wir (k).
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By (C1) and (C10), there exists € > 0 such that [A\g —¢&, Ag+¢|\{ o} C
R\ N so that

X (t) is invertible for ¢ € [—¢,¢] \ {0}.

Moreover, by (C11), XT(#)U(t) = UT(#)X(t) for t € [~¢,¢] and, of
course, X (t) — X and U(t) — U as t — 0. Finally by (C12),

S1(t) + U)X () = Sy — AWii(k) — Uni (k+ 1, \) X3 (k+ 1))

decreases for t = A\g — A € [—¢,0) and for ¢ € (0,¢]. Hence the
assumptions of [14, Theorem 3.4.1] are satisfied. If we denote

M(t) = Ri(t)RY + RyU(t)X 1 (t)RT,
At) = Ri()X(t) + RU(t), A= R X + RyU,

then M(t) = Dy(Ao—t) by (C13), A(t) = X11(k, Ao —t) by (C11), (C8)
and (3). It follows from (C10) and (C11) that

def A(04+) = rg41 — 7 and  def A = rppq1 — 7 + def Xq1(k, No),

i.e., ind Dy (A\o—) — ind Dy (Ao+) = def X11(k, Ao) — def X11(k + 1, \o),
so that by (C13) and (C11),

ind Dk()\o—l—)—ind Dy, ()\0—) = defj(k_»,_l ()\0)—Tl+Tk+1 —deff(k()\o)—l-n—rk,

which yields our assertion by the definitions of X;()\) and Xj,1()).
]

Remark 4. Note that, by (C1), for 0 < k < N,

ind Dy, (Ao+) = ind Di(Ag—) forall Xg € R\WN.

Proof of Theorem 1. First the assumptions (Al) and (A2) imply
via the conclusions (7) of Remark 3 and (C1) that (A3) holds. Since
n1(A) = na(A) for sufficiently small A by (A1), we have to show that
(see Remark 4)

n1(Ao+) —n1(Ao—) = na(Xo+) —na(Aog—) forall Xy €N,
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where N is a finite set by (C1). Since r9 = 0 by Definition 1 (ii),
i.e., Xo = 0 and ry4+1 = n by Remark 3 (i), it follows from (8) and
Theorem 2 that

N
n1(Aot) = n1(Ao—) = Y _{ind Dx(Ag+) — ind Dy (Ao—)}
k=0

N
= Z{deka+1()\0) — deka()\o) + Tht1 — ’I‘k}
k=0

= def Xn41(No) — def Xo(Xo) + 711 — 70
=def Xni1(Xo) —n+n—0

= def Xn1+1(Ao)

= na(Ao+) — n2(Xo—),

which completes the proof. o

Remark 5. In view of the results in [16] (see also [15]), in particular
because of [16, Remark 11, Lemma 12 and Theorem 16], Theorem 1
can be considered as a generalization of an old result of Jacobi [10,
Section 3].

4. General boundary conditions.

4.1 Separated boundary conditions. Now we consider discrete
eigenvalue problems with more general boundary conditions. First we
deal with so-called separated boundary conditions. This leads to the
following eigenvalue problem (FEy), where N € N is a given fixed integer
as before.

(Es)
{ Try1 = Arxp+ Brug, uky1 = Crop — A\Wiap1+ Dy for 0<E<SN

with Rizo + Rouo =0, R}‘VJrlJ,‘N_i_l + Ryt1un+1 =0,

where R, Ro, Ry, and Ry are real n x n matrices such that

(A1) { rank (Rj, Ro) = rank (Ry ., Rnv41) = n,

T _ T T _ T
RoRy = RoRg' s Ry Byy = BBy
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holds. Note that (Ej) is the same as (E) if
RS = R}F\[le =71 and RO = RN+1 =0.
By [14, Theorem 3.1.2], a matrix Sy41 € R™*"™ exists such that

(10)  Ryi1RN41 = Rn+1SviiRy4, and Sy is symmetric.

Theorem 3.

Assume (A1), (A4), and let Z = (X,U) = (Xi(A), Up(N))kez be the
conjoined basis of (1) with

Xo=Xo(\) = -RY and Uy =Us(\) = R;T.
Moreover, suppose that

(A5) Alim ni(A) =0, lim nge(A)=0 and lim ng(A\) =0

——00 A——o00 A——00

holds, where ny(X) denotes the number of focal points of (X,U) in the
interval (0, N 4 1], na(X\) denotes the number of eigenvalues of (Es)
which are less than A and n3g(A) = indDyy1(N\) with Dyy1(N) =
XN 1N XL (N By with

(11)

{XN+2(>\) i= (By+1Sn41+T =By 1Bl ) Xn 1 (A +By11Un11(N),
Bni1 =Ry Rnyiand Sy as in (10).

Then

(12) n1(A) +ng(A) =na(\) forall NeR\N,

where the exceptional set
(13)
N =R\ {p € R:rank X (u) = rgleaﬁ(ranka()\) for 0 <k < N+1
and det A(u) # 0} is finite,
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(14) AQA) := Ry 1 Xn41(A) + By 1 Un 2 ().

Proof. Since Xy and Uy satisfy the first boundary condition of (FEy),
i.e., R§Xo+ RoUy = 0, it follows easily that A is an eigenvalue of (Ej)
if and only if

det A(M\) =0,

and then def A()) is its multiplicity.

It follows from [14, Corollary 3.1.3] that Ry, di + Ryi1d2 = 0
if and only if d; € ImR%_|r1 and dy + Syi1d1 € Ker Ry,q if and
only if Ridy + Rady = 0 for Ry := Byi1Sni1 + I — ByiBh, .,
RQ := Bny1, because Kerég = Ker Ry41, ImR2T = IrnRTAh_1 and
rank (]:Zl,f%g) = n, f%lf%zT = BNHSNHB]TVH is symmetric. Hence
(R1,Ry) = C(Ry,Ry) where C is an invertible matrix, so that for
AER,

(15)  Xni+1(A) = CA(\) with an invertible matrix C € R™*™.

Now we construct an equivalent eigenvalue problem (E) to which
Theorem 1 applies (cf. [7]):

(E)
(karl) :Sk()\) (wk) for —1§]€§N+1 with :L‘,1:£L'N+2:0.
Uk+1 U
We define for all A € R,

Sk(A\) :=Sp(\) for 0 < k < N — 1 (see Section 2),

- (R;;TK ~RY

S\ = RIK R6T> with K = (R{Ry" + RoRy) ™1,

o 0 0
Sn(A) = Sn(A) + <(5N+1 - B;rvH)AN (Snt1 — B;r\/Jrl)E”N> ’

5 I B
Snt1(A) = (O A}H) :
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By (A4) and (A1), K exists and the matrices Sg()\) are symplectic for
—1<k<N+2and A€ R. Let Z = (Xk, Uk)iv:t?l denote the principal
solution at —1 of this symplectic difference system, i.e., X_ 1 =0and
U, =1 Then Xg = —RYT = X and Uy = R3T = Uy, so that
X=X, and Uy = Uy, for 0 < k < N. Moreover,

Xni1 =Xyt and Unyi =Uns1+ (Snvi1 — B}LVH)XNH,

and Xnyi2 = Xnio as defined in (11). If A1(A) and fg(A) are

defined according to Theorem 1 for the eigenvalue problem (E), then
n1(A) = ng(A) for all A € R\ N by Theorem 1 using (15), because
the definitions of A by (6) and (13) coincide. Moreover, again by (11),
Definition 1 (iv) and our notation,

HQ(A) = ﬁg()\) and ﬂl(A) + ng()\) =N ()\) for e R\N,

which completes the proof. u]

Of course, Remark 3 (i) and (ii) apply here accordingly. We summa-
rize the conclusions. The assumption limy_, o, n2(A) = 0 means that
det A(A) # 0, and limy_,_o(n1(A) + n3(A)) = 0 means that (X,U)
has no focal points in the interval (0, N 4 2], where A(X) and Xy 12(N)
are defined by (14) and (11). Using the above construction, the last
assertion is equivalent with the positivity of a corresponding quadratic
form via the Reid roundabout theorem [6, Theorem 1].

4.2 The general case. For N € N we consider the following discrete
eigenvalue problem

(Eg)
Tp1 = Apzy + Brug, g1 = Cprp — AWiagy1 + Dyuy, for 0<SE<N
{ with the boundary conditions Ry (I;xfl ) + Ro (u:]il ) =0,
where Ry and Ry are real 2n x 2n matrices such that
(A6) rank (Ry, Ry) =2n and RiRY = RyRT
holds. As in Section 4.1, a matrix S; € R?"*2" exists such that

(16) R1R2T = RgSleT and S7 is symmetric.
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Theorem 4. Assume (A1), (A6), and let Z = (X,U), Z = (X,U) be
the principal solution and the associated solution at 0 of (1) according
to Definition 1 (ii). Moreover, suppose that (A5) of Theorem 3 holds.
Then the assertion (12) of Theorem 3 holds, where N, ny(\), na(X),
ns(A), via the principal solution, are given as in Theorem 3, but we
consider the above eigenvalue problem (E,) instead of (Es), and we

define A(X) and Dy11(N) instead of (14) and (11) by

A()\) = R1XN+1(>\) + RQUN+1(>\) € R2™%2"  with

S 0 I - I 0

Xi(X) = (ka Xm)) Ui(A) = (Um) Um))

(17) for 0<EkE<N+1,
Dni1(N) := Xy (VXL ,(VNB  and

XN+2()\) = (BSl +1I— BBT)X]\H_l (/\) + BUN+1()\),

B:=RIRy and S; as in (16).

Proof. We introduce a “big” eigenvalue problem (Ej) of size 4n x 4n
with separated boundary conditions, which is equivalent with (E,)

Tyl = Ay, + By, Uk1 = Cray — )\Wk:xkurl + Dyuy,
(E,) for 0 <k <N,
with Rfzo + Rouo =0, Ry on11 + Ryjiuns1 =0,

where the 2n x 2n matrices occurring are defined as follows:

- I 0 > 0 O > 0 O
A’“‘(o Ak)’ B’“‘(o Bk)’ C’“‘(o ck)’
— I 0 - 0 O
Dk‘(o Dk)’ Wk_(o Wk>’
. (I 1 0 0 i}
RO_(O 0>7 RO_(—I I>7 Ry, 1 =Ri, Ryy1= Rs.

A simple calculation shows that (A1) holds for the big difference
system correspondingly. The definitions of Rf, Ro, Ry, Rn+1 and
(A6) imply that (A4) holds. Moreover, by (17), Xo(A) = —R{E,
Uo(A) = R§T and (Xi(N), Uk(N\)nty' satisfies the big difference sys-

tem of our eigenvalue problem (Es). Hence the assumptions of The-
orem 3 are satisfied for (Es). Since rank X;(A) = rank X;(\) and
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Ker X1 1(\) C Ker Xx()) if and only if Ker Xj11(\) C Ker Xx()), we
obtain Theorem 4 directly from Theorem 3, provided we prove that

(18)  ind Dy(A\) =ind Di()\) forall 0<k <N, A€R\WN,

where Dp(\) = Xp(NX[  (NBr, Dip(\) = Xp(NX], (VB are
defined as usual. We show that

= 0 0
(19) Dk()\)<0 Dk(>\)> forall 0<kE<N, XeR\N
holds, which implies (18).

For the proof of (19), let 0 < k < N, A € R\ N, and put

)_(,1(/\) = (: g) Then, by our notation,

= 0 1 0 PB

Dy = (Xku) )MA)) (0 QB:>
(0 Q8k~ A 0
N0 XpPB,+X,QB, ) \0 XyPBy)’

since QB = 0 by the symmetry of Dy()\) (cf. Remark 1). Since
Ker X1 11(A) C Ker X (A) (see (C2)) we have the following formulas
(where we omit the argument \): B = Xk“X,iHBk (see Remark 1
(i)) Xi = XkX);_HXkH (see [6, Remark 1 (v)] or [4, Lemma A5])
and P = (872X, 11)1S71/2 with § = I + X X7 (see [4, Lemma A6]
or [5, Remark 8]). Using these identities and the basic property of
Moore-Penrose inverses X = XXX, we obtain that

X PBj = X’CXII+1X’€+1((S_l/szJrl)TS_l/Q)Xk+1X11+1Bk
= X3 X[ SV (ST X)) (ST X0 )T (STV2 X ) X4 B
= Xip X} SV2STV2X 0 X By,
= X4 X| 1B
= Xp X}, B
= Dr(N),

which completes the proof. ]
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