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THE INTEGERS OF A CYCLIC QUARTIC FIELD

R.H. HUDSON() AND K.S. WILLIAMS(?

ABSTRACT. A simple explicit integral basis is given for a
cyclic quartic extension of the rationals.

In [3] the authors show that a cyclic quartic extension K of the
rational number field @ can be expressed uniquely in the form

® K =Q(A(D +BVD)),

where A, B,C, D are integers such that

(2) A is squarefree and odd,
(3) D = B? + C? is squarefree, B>0,C >0,
(4) GCD(A,D) =1.

This representation of K is simpler than those given in [2] and [4]. The
field K is totally real if A > 0 and totally imaginary if A < 0. It is also
shown in [3] that the discriminant d(K) of K is given by

(25A2D3, if D=0 (mod2),
20A4%2D3 if D=1 (mod2), B=1 (mod?2),
24A%2D3 if D=1 (mod2), B=0 (mod?2),
A+ B =3 (mod4),
A2D?, if D=1 (mod2), B = 0(mod2),
A+ B =1 (mod4).
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146 A CYCLIC QUARTIC FIELD

These results enable us to give a simple explicit integral basis for K.
We prove the following theorem.

THEOREM. Let K = Q(1/ A(D + Bv/D)) be a cyclic quartic extension
of Q where A, B,C, D are integers satisfying (2), (3) and (4). Set

(6) a=1/A(D+BVD), f=+/AD - BVD).

Then an integral basis for K is given as follows:

(i) {1,vD,a,B}, if D =0 (mod 2);

(i) {1,5(1+VD),a,B}, if D= B =1 (mod 2);

(i) {1,5(1 + VD), 3(a + B),3(e = B)}, if D = 1 (mod 2),B
0 (mod 2), A+ B = 3 (mod 4);

(i) {1,301+ VD), (1 + VD + a + £),;(1 = VD + a = B)}, if
D =1 (mod2),B=0(mod2),A+ B =1 (mod4),A=C (mod4),

() {1,350+ VD), ;1 + VD + a - 6),5(1 = VD + a + f)}, if
D =1(mod2),B=0(mod2),A+ B=1(mod4),A=—C (mod4).

This theorem corrects and simplifies the integral basis for K given
by Albert [1] in 1930. As observed by the authors and Xianke [4],
independently, Albert’s work contains a number of errors and so cannot
be relied upon.

PROOF OF THE THEOREM. We begin by showing that all the elements
of K listed in (i)—(v) are integers of K. This is clear except in the case
of the following:

(a) (e +€B), if D=1 (mod?2),B=0(mod2), A+ B =3 (mod4);

(b) (1 +evVD+a+¢€B),if D=1 (mod2),B=0(mod2), A+ B =
1 (mod 4), A = C (mod 4);

() i1+ eVD+a—e€B),if D=1(mod2),B=0(mod?2),A+ B =
1 (mod 4), A = —C (mod 4);

where € = +1. Let tr (resp. N) denote the trace (resp. norm) from K
to Q(v/D). We shall show that tr(y) and N(v) are integral in Q(v/D)
for each element v € K listed in (a),(b) and (c), proving that each = is
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an integer of K. Let 7 € Gal(K/Q(v/D)) so that

(7) tr(y) =y+7(v), N =v7()-
We note that

(8) (VD)=VD, r(a)=-a, 7(8)=-5,

(9) o + 82 =24D,  of = ACVD.

Case (a). In this case we have

tr(%(a + EB)) =0

and
1 1 9 AD €
The latter is clearly an integer of Q(v/D) as A, C, D are all odd.

Case (b). In this case we have
1 1
tr(z(l +e\/5+a+eﬂ> =5+ VD,

which is clearly an integer of Q(v/D), and
1
16

:%6<(1+D+26\/5)

N(i(l +eVD+a+ef)) = o ((1+eVD)? - (a +h)?)

~ (24D +2ACVD))
= %(X +YVD),

where

X=(1+D-24D)/8, Y =¢(1—AC)/4.

A= B+1(mod4), D =2B+1 (mod8),
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we have
1+D—-2AD=1+2B+1-2(B+1) =0 (mod8)

so that X is a rational integer. Further, as AC' = 1 (mod 4),Y is a
rational integer. Lastly X and Y are of the same parity as

8(X +€Y)=3+D —2AC — 2AD
=3+ B?+C?-2AC - 2A(B* + C?)
=3+ B?+(C - A)? - A? —2AB? - 2AC?
=3+ B? - A? - 2B? — 2A(mod 16)
=4 - B?— (A+1)*(mod 16)

4 — B? — (B +2)*(mod 16)

= —4B — 2B*(mod 16)

= 0 (mod 16).

This proves that (X + Y VD) is an integer of Q(v'D).
Case (c). This case can be treated similarly to case (b).

Finally we show that the discriminant of each of the sets (i)—(v) is
equal to the field discriminant d(K) given in (5). We just give the proof
in case (v), as the details are similar in the other cases. The Galois
group of the extension K/Q is a cyclic group of order 4 generated by
the automorphism 6 defined by

We have
8(VD)=-vD,  4(B)=—a.

The conjugates of v = (1 + VD + a — f3) over Q are

1 86 =2(1-VD+a+h),

1+VD—-a+p), 0*(7)=-(1-vVD-a-38),

==
N

0°(v) =



R.H. HUDSON AND K.S. WILLIAMS 149

and
1 {1+vD) v 6(v)
1 $(1-vD) 6(y) 6%*(y)
1 L(1+VD) 6*(y) 6*(y)
1 $(1-VvD) 6(y) =~
11 vy ()
_lypt -1y 63(y)
2 1 1 6%(r) 6y
1 -1 6°() v
11 v ()
_1 510 =2 0y -7 () -06(y)
2 0 0 & )—v ()00
0 0 &(y)—0y 60"
_ 02(v) —v  6*(v) —0(v)
=-vD 0(y) —0(y) v —6*(v) ‘

so that, by (5),
discrim{1, %(1 +VD),v,0(7)} = (AD¥2)2 — A2D? — d(K).

Hence {1,%(1 + VD), 7,0(7)} is an integral basis for K as asserted.

This completes the proof of the theorem. O
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