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HYPONORMAL AND QUASINORMAL WEIGHTED
COMPOSITION OPERATORS ON /2

J.W. CARLSON

ABSTRACT. Characterizations of hyponormal and quasi-
normal weighted composition operators on the Hilbert space
of complex valued functions on the integers are given in this
article. Similar results are also presented for the adjoints of
weighted composition operators.

Let H be a Hilbert space of complex-valued functions defined on
a set X. A weighted composition operator on H is usually defined by
Tf =u(fog)forall fin H whereu : X — Cis a weight function and g :
X — X is a composition function. An operator A on H is hyponormal
if A*A— AA* > 0, is seminormal if one of A or A* is hyponormal, and
is quasinormal if AA*A = A*AA. In the very general setting where
H is a sigma-finite L? space, measure theoretic characterizations of
hyponormal weighted composition operators have been obtained by A.
Lambert [3] and measure theoretic characterizations of hyponormal,
seminormal, and quasinormal unweighted composition operators have
been obtained by D. Harrington and R. Whitley [2].

In this article we will restrict ourselves to the Hilbert space ¢2
of complex-valued functions on the integers (Z = integers, C =
complex numbers). We will also generalize the definition of a weighted
composition operator: for y a subset of Z,9 : y - Z and u : Z —
C\{0}, define the weighted composition operator T, by

u(n)fog(n) forniny,

Ty f0) = {

0, for n not in y.

Characterizations of when T,, and T}, are hyponormal, seminormal
and quasinormal are presented here. The characterization of T4
hyponormal is a more concrete example of the characterization given
in Lambert [3]. Here we have slightly generalized the definition of Ty,
to encompass more operators on £2 and we have given an independent
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proof relying on the properties of Ty, on ¢%. It is hoped that this
presentation of 13, hyponormal will offer the reader some new insight.

Certain definitions and notations concerning a function g : y — Z
are needed before we can proceed. Let g : y — Z and n be in
Z. Then ¢@) = gogo---0yg (9 composed with itself ¢ times),
g t(n) = {kiny : g(k) = n} and the orbit of g containing n is the
set

{kinY : for some i > 0 either ¢) (k) = n or ¢V (n) = k}.

The space ¢? can also be denoted by L%*(Z,m), where m is counting
measure on Z. In what follows we will sometimes work in a weighted
space L?(Z,3) where (3 is not counting measure. To denote norms and
inner products in L?(Z , 3), when £3 is not counting measure, we will use
a subscript 8. In Carlson [1] it was shown that if 3 has sigma-algebra
the power set of Z, then a weighted composition operator 1,4 acting
on L*(Z, f3), is unitarily equivalent to a weighted composition operator
T,, acting on ¢2. Using the unitary operator constructed for showing
T.g on L*(Z, ) is unitarily equivalent to T}, on ¢2, the results given
here can easily be given for any L?(Z,3) instead of £2.

Let Y be a subset of Z,g: Y — Z, and u : Z — C\{0}, also let
T = T,y. We will need formulas for 77, TT*,TT*T,T*TT, T*TT*,
and TT*T*. Let n be in Z

Z |u(k)|?e, if n is in Image g,
(1) T"Ten = 4 keg1(n)

0 otherwise

Z u(n)u(k)eg, ifnisinY,

(2) TT e, = keg—1(g(n))
0, otherwise,
Z Z k)eg, if nisin Imageg,
(8) TT"Ten = | jeg '(n)keg (n
0, otherwise,

Z Z k)er, if nisin Imagey,

(4) T*TTen = k€g— )Jeg )

0, otherwise,
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u(n) Z |u(k)[Pegny, ifnisinY,
()  T'TT"en = keg—1(9(n)

0, otherwise,

and

u(n) u(g(n)) Z u(k)eg, if g(n)isinY,

0, otherwise.

PROPOSITION 1. Let Y be a subset of Z,g:Y — Z, u be a nonzero
weight function, and T = T, be a bounded operator. For each n in
Image g, let

The operator T is hyponormal if and only if Y is a subset of Image g
and

Z lu(k)|?v(k) <1 for all n in Imageg.
keg=t(n)

PROOF. Some of the computations that follow involve changing norms
and inner products in £2 to norms and inner products in L*(Z, |u|?g™1).
Let f =3,,cz fnén be in 2,

@ ThH=( Y Y k)P aen, Y facn)

n€lmage g keg—1(n) neZ

= > Y RPRBE =R,

n€lmage g k€g—1(n)

(7)
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and
<TT*f7 f> < Z Z fru ( ek, Z fnen>
neY kcg—1(g(n)) nez
=3 > fuuln) Fru(k)
neY keg=1(g(n))
= > > X fa®Teul),
j€lmage g k€g—1(j) tEg—1(5)
(8) (where j = g(n) forn € Y)
2
= f u
2 )
2
= f
jGImaZgGQ(Z) K ‘ G >|u\2!f1

2
)

i 2 ‘<f‘gfl(j>’u>

j€lmage g\Image g(2)

where h = W (Randon-Nikodym derivative).

Let T be hyponormal. For each f in ¢2, (T*Tf, f) > (TT*f, f). For
n in Y\Image g, (T*Te,, e,) = 0 and (T'T*e,, e,) = |u(n)|?. Thus, Y
is a subset of Image g so that Image g = Image ¢(*. Now (8) becomes

arsn= 5 [ Lo ]

j€lmage g

Let j be in Imageg and let N be the subspace of ¢? generated by
{er}treg-1(j)- Forall fin N, (T*Tf, f) > (TT*f, f). Using (7) and (8)
we see that

||f|‘|2u\2g_1 = <T*Tf,f> > <TT*f, f> = |<f7 h>|u\29*1|2

for all f in N. Thus, inner product with h[s-1(;) in L*(Z,|ul?g71)
corresponds to a linear functional with bound less than or equal to
one. Hence,

Y lu®)Po(k) = llAlg-1)[fyeg-r < 1.

keg=1(j)



COMPOSITION OPERATORS 403

Conversely, suppose that Y is a subset of Image g and

S Julk)Po(k) <1

keg=1(n)

for all n in Imageg. Then Hh‘g*(n)H\Zupgfl < 1 for all n in Imageg
where h = W Therefore, for all f in ¢2,

(TT*f, f) = Z ‘<f|g*1(n)7h>|u\29*1|2

n€Elmage g

< Z Hf|g*1(n)”\2u|29—1

n€lmage g
1Py = / SRdufPg = / [ f 0 ) [alf © 9))dm
=(Tf,Tf)=(T"Tf,f),

where m is counting measure on Z. Thus, T is hyponormal. O

PROPOSITION 2. Let Y be a subset of Z,g:Y — Z, u be a nonzero
weight function, and T = T,4 be a bounded operator. The operator
T* is hyponormal if and only if Y contains Imageg,g (n) contains
ezactly one element for each n in Image ¢(?), and

Yo )P < Julk) < ulg (k)

j€g=1(k)

for all k in Imageg.

PROOF. Let T* be a hyponormal operator. The formulas (7) and (8)
hold for each f in ¢2. For each f in (2, (I'T*f, f) > (T*Tf, f) since
T* is hyponormal. Let n be in Image g\Y, then (I'T*e,,e,) = 0 and
(T*Ten,en) = Xkeg-1(n) |u(k)|? # 0. Thus, Imageg\Y is empty and
Image g is a subset of Y. Let h = %. Then, just as in the proof
of Proposition 1, |(f, k) zg-1|* = (I'T*f, f) if f in £* is supported on
g~ 1(n) for some 7 in Image g(¥). Hence, if f in ¢ is supported on g~ 1(n)
for some n in Image g(® then |(f, h)|,j2q-1|* > ||f\|‘2u|2g71. Therefore,

for each n in Imageg(®), the subspace N generated by {ek}keg—l(n)
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is one dimensional and Y, c 1, [w(k)* (X e -1 lu()?) ! > 1.

So, g~%(n) contains exactly one element for each n in Image ¢(? and
lu(k)|* > > meg-1(k) |u(m)|? for each k in Image g.

Conversely, suppose Image g is a subset of Y, g~ !(n) contains exactly
one element for n in Image g, and D jeg—1(k) |l 12 < |u(k)|? for k
in Image g. Let f =3, .7 fnen be in £2, then

2

(TTf = > Ifal* D luk)

n€lmage g keg—1(n)
< Y lumPlfal
n€lmage g

= > D D> fu®) frulk)

j€Image g(2) keg=1(j) teg—1(4)

> Y thu ) Fru(k)

jelmage g keg—1(j) teg—1(j)

=(TT*f, ).

I A

Thus, T* is hyponormal. O

The seminormal weighted composition operators on ¢? are character-
ized by combining the results of Proposition 1 and Proposition 2. We
will now take up the topics of when T, is quasinormal and when T,
is quasinormal.

PROPOSITION 3. LetY be a subset of Z,g:Y — Z ,u be a nonzero
weight function and Ty4 be a bounded operator. The operator T,g =T
is quasinormal if and only if (Y C Imageg) and, for each orbit G of g,
there is a constant K > 0 such that

> Ju@)P =K forallkin (Imageg) NG.

j€g—1(k)

PROOF. Let T be quasinormal. For any n in Z, the equality
TT*Te, = T*TTe, holds. Thus, by observing (3) and (4) we see
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that g~ 1(n) NImageg = g~ !(n) for any n in Image g. Therefore, Y is
a subset of Image g. Again equating (3) and (4),

Z lu(4)|? = Z lu(t)|* #0 for n in Tmage g.

j€g—(n) teg=1(g(n))

Hence, for each orbit G of g there is a constant K > 0 such that

Z |u()|* = K for all n in G.
jeg=t(n)

Conversely, suppose that Y is a subset of Image g and, for each orbit
G of g, there is a constant K¢ such that } ;. 1, u(j)]* = Kg for
all n in G. Now (3) becomes TT*Te, = 3 yc,-1(n) Kcu(k)er if n is
in the orbit G and (4) becomes T*TTe, =} ;¢ -1(,) Kcu(k)ex if n is
in the orbit G. Both (3) and (4) are zero if n is not in Image g. Thus,
TT*T =T*TT. O

PROPOSITION 4. LetY be a subset of Z,g:Y — Z,u be a nonzero
weight function and Ty =T be a bounded operator. The operator T™*
is quasinormal if and only if Image g is a subset of Y,g *(n) contains
ezactly one element for each n in Image g?, and, for each orbit G of
g, there is a constant K > 0 such that

Z lu(k)|? = [u(j)]* = K for j in Imageg.
keg—1(j)

PROOF. Let T* be quasinormal. If n is in Image g\Y then TT*T*e,,
is not zero and T*TT*e,, is zero. Hence, Image g\Y = & and Image g
is a subset of Y. If n is in Imageg then, by equating (5) and (6),
{k: g(k) = g(n)} = {n}. So, for j in Image g‘*), g~!(j) contains exactly
one element. Let j be in Imageg. Then w(n)d o 1 lu(k)]? =
u(n) u(j)u(j) for each n such that g(n) = j. Thus, > keg-10)) |u(k)|? =
|u(7)|? for each j in Image g. Therefore, for each orbit G of g there is
a constant K such that

Z u(k)* = u(j)? = K for j in GNImageg.
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Conversely, suppose Image g is a subset of Y, g~ !(n) contains exactly
one element for each n in Imageg®, and for each orbit G of g
there is a constant Kg > 0 such that |u(j)|> = > keg-1(j) lu(k)|? =
K¢ for j in Image g. The formulas (5) and (6) now become

T*TT*e, — {u(n),KGeg(n) ifnisin Y NG,

0, otherwise
and
TT*T*e, = {u(n)KGeg(n), ifg(n)isin GNY,
0, otherwise.

Since Imageg is a subset of Y,n is in Y if and only if g(n) is in Y.
Thus, TT*T* =T*TT*. O

COROLLARY 5. Let Y be a subset of Z,g9:Y — Z,u be a nonzero
weight function, and T = T4 be a bounded operator. The operator T’
on €% is normal if and only if

(i) g is one-to-one and Y = Image g,

(ii) For each orbit G of g there is a constant K > 0 such that
lu(n)| = K for alln in G.

PROOF. First, it is clear that (i) and (ii) imply (1) is equal to (2) for
each n in Z. Thus, T is normal.

Conversely, let T be normal. The operators T and T* are both
quasinormal. Propositions 3 and 4 imply Y is a subset of Imageg
and Image g is a subset of Y. Hence, Y = Imageg. Let G be an orbit
of g. Then, by Proposition 2, there exists a constant K > 0 such that
|u(n)| = K for all n in G. O

The following example illustrates a quasinormal operator 13, that is
of the type farthest from being a shift with constant weights (i.e., a
normal shift). Let g : N — Z be defined by ¢g(1) = 3, and g(n) =n+1
for n > 2 and let w : Z — C be defined by u(n) = 1 for n > 3,
u(1) = u(2) = 1/(1\v/2). The operator T, is quasinormal.
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