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ℵ-PROJECTIVE SPACES
IN NONCOMPACT CATEGORIES

LOUIS M. FRIEDLER AND STEPHEN WILLARD

ABSTRACT. Neville and Lloyd have defined ℵ-projective
topological spaces and characterized them in the category
of compact Hausdorff spaces and continuous maps. The
present paper characterizes the spaces ℵ-projective in various
noncompact categories of topological spaces and maps.

1. Introduction. A topological space X is projective in a category
provided whenever g : X → Z and f : Y → Z are admissible maps
with f onto, a map ψ : X → Y can be found with f ◦ψ = g. Thus, the
requirement is precisely that a solution ψ can be found making diagram
(1) below commutative.

(1)

X �

ψ
�
�
���g

Y

�
f (onto)

Z

Let ℵ be an infinite cardinal. In [16] Neville and Lloyd defined a
space to be ℵ-projective (in the category of compact Hausdorff spaces
and continuous maps) provided diagram (1) has a solution ψ whenever
all spaces are compact Hausdorff and the weight of Y is less than ℵ.
They then showed that a compact Hausdorff space X is ℵ-projective
if and only if it is a totally disconnected Fℵ-space. (A space is an Fℵ-
space if and only if disjoint ℵ-open sets have disjoint closures; a set is
ℵ-open if it is the union of fewer than ℵ cozero sets.)

Our purpose here is to study ℵ-projectivity in various categories in
which the objects are not necessarily compact. For this purpose, we
will modify the definition of an ℵ-projective space by requiring that
the weight of Z in diagram (1) also be less than ℵ. The resulting
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notion is clearly equivalent to the Neville-Lloyd definition (hereafter,
“ℵ-projective in the sense of Neville-Lloyd”) in the category of compact
T2 spaces and continuous maps, and also in categories with perfect
maps. We will later (Corollary 2.11) show that the two definitions
are also equivalent in the category of Tychonoff spaces and continuous
maps. In Section 2 below, we consider noncompact categories with
continuous maps, deriving a general result from which it follows that a
Tychonoff space is ℵ-projective in the category τ3 1

2
of Tychonoff spaces

and continuous maps if and only if it is ℵ-discrete. Other results in
that section bear on the categoryHC of H-closed spaces and continuous
maps. In Section 3 we study noncompact categories with perfect maps.
The problem in this setting is complicated by the fact that the space
Z in diagram (1) must have weight less than ℵ, and there may exist
spaces X admitting no perfect map ϕ onto any space of weight less
than ℵ. Such spaces X will be vacuously ℵ-projective. Our results in
this section tend to characterize nonvacuously ℵ-projective spaces. For
example, in the category of Tychonoff spaces and perfect maps, every
Fℵ∗-space is ℵ-projective, and every nonvacuously ℵ-projective space is
an Fℵ∗-space. (See Section 3 for the definition of an Fℵ∗ -space.)

In what follows, the weight of a topological space X will be denoted
w(X). All maps are assumed continuous.

2. Continuous maps. Let C be a fixed category of topological
spaces and suppose X ∈ C. We say U ⊆X is ℵ-open(C) if and only
if there exist a space Z ∈ C with weight less than ℵ, a continuous
g : X → Z and an open set W ⊆Z such that U = g−1(W ). The
following theorem shows that this definition agrees with the definition
of an ℵ-open set in [16] if the objects of C are Tychonoff and include
the compact Hausdorff spaces.

Theorem 2.1. Let C be a category such that every compact Hausdorff
space is an object of C and every object of C is a Tychonoff space. Let
X ∈ C and suppose ℵ > ℵ0. Then U ⊆X is ℵ-open(C) if and only if U
is the union of fewer than ℵ cozero sets.

Proof. (⇒). Suppose U is ℵ-open(C) in X. Then there exists a Z ∈ C
of weight < ℵ, a continuous g : X → Z and an open W ⊆Z with
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U = g−1(W ). Since Z is Tychonoff and w(Z) < ℵ, W can be written
as the union of fewer than ℵ cozero sets. Since the inverse image of a
cozero set is a cozero set, U is the union of fewer than ℵ cozero sets.

(⇐). Assume U = ∪α∈AUα, where |A| < ℵ and each Uα is a cozero
set. For each α ∈ A, there exists a continuous map gα from X to a copy
Iα of the closed unit interval such that Uα = {x ∈ X : gα(x) 
= 0}. Let
g : X →

∏
α∈A Iα be defined by [g(x)]α = gα(x). Then g is continuous,∏

α∈A Iα is an object of C of weight < ℵ and

U =
⋃
α∈A

g−1[(Iα − {0})×
∏
β �=α

Iβ]

= g−1

[ ⋃
α∈A

((Iα − {0})×
∏
β �=α

Iβ)
]

so that U is ℵ-open(C).

A space X is ℵ-discrete if and only if the intersection of fewer than
ℵ open sets is open. (These spaces are called < ℵ-discrete in [17].) In
a fixed category C, we will refer to a space X as weakly ℵ-discrete(C) if
and only if the intersection of fewer than ℵ sets which are ℵ-open(C) is
open.

Clearly, every ℵ-discrete space is weakly ℵ-discrete(C) and it is
straightforward to establish the converse if the objects of C are Ty-
chonoff and include the compact Hausdorff spaces.

More generally, let C be a category, X a space in C which has an open
base of ℵ-open(C) sets. Then X is weakly ℵ-discrete(C) if and only if X
is ℵ-discrete. This includes the above-mentioned case since if compact
T2 ⊂ C ⊂ Tychonoff, and X ∈ C, then X has a base of cozero-sets
which are ℵ-open (C) by 2.1. Other cases are included as well: e.g., if
C consists of 0-dimensional T2-spaces and {0, 1} ∈ C, then any X ∈ C
has a base of open-closed sets which are ℵ-open(C) for any ℵ.

The following example shows that these two classes do not coincide
in general.

Example 2.2. Let τ3 be the category of T3-spaces with continuous
maps. Then for X ∈ τ3, U ⊂ X is ℵ1-open(τ3) if and only if U is
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a cozero-set (since second countable T3-spaces are metrizable). But
there exist T3-spaces X on which every real valued continuous function
is constant. For such a space X, U is a cozero-set if and only if U = ∅

or U = X. Hence, such a space is weakly ℵ1-discrete (τ3), but cannot
be ℵ1-discrete unless |X| = 1. Note that such a space is easily ℵ1-
projective(T3).

In the example above, not every open subset is ℵ-open(C). Note that
in a space of weight < ℵ and in a discrete space, every open set is
ℵ-open(C). The next example shows these are not the only spaces with
this property.

Example 2.3. Let τ2 be the category of T2-spaces with continuous
maps. We provide a connected H-closed space of weight ≥ ℵ in τ2
which has every open set ℵ-open(τ2).

Let U be the usual topology on [0, 1], and let S be the collection of
all countably infinite sequences in [0, 1] which converge in U to 0. Then
{U − S | U ∈ U , S ∈ S} is a base for a topology τ on [0, 1] and every
open set in τ is of the form U − S1 where S1⊆S for some S ∈ S. Let
X = ([0, 1], τ ). Then X is Hausdorff, H-closed and not first countable
at 0, so w(X) > ℵ0 [8, Example 4.3]. Clearly, X is connected.

We claim every open set in X is ℵ1-open(τ2). Let V be open in X.
Then V = U0 − S0 for some U0 ∈ U and S0 ⊂ S ∈ S. We define a
new topology τ0 on [0, 1]. Neighborhoods of 0 are of the form U − S0

for U ∈ U and other points have τ -neighborhoods. Let Y = ([0, 1], τ0).
Then Y is H-closed, Hausdorff and has weight ℵ0. Let f : X → Y be
the identity map. Then f(V ) is open, V = f−1f(V ), f is continuous
and w(Y ) < ℵ1, so that V is ℵ1-open(τ2).

The same example works if τ2 is replaced by the category HC of
H-closed spaces with continuous maps.

The weakly ℵ-discrete (C) spaces play a central role in the char-
acterization of ℵ-projective spaces in categories whose maps are the
continuous maps.
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Theorem 2.4. Let C be a category in which:

(a) the admissible maps are precisely the continuous functions;

(b) given an object X in C and p ∈ X, the space formed from X by
making {p} open is an object in C;

(c) objects are productive.

Then an ℵ-projective space in C is weakly ℵ-discrete(C).

Proof. Let X be ℵ-projective in C, and suppose U = ∩α∈AUα in X,
where |A| < ℵ and each Uα is ℵ-open(C). We must show U is open in
X.

Let p ∈ U . For each α ∈ A, there are a space Zα in C of weight
< ℵ, a continuous gα : X → Zα and an open Wα⊆Zα such that
Uα = g−1

α (Wa). Let Z =
∏
α∈A Zα. Then w(Z) < ℵ, and, by (c), Z

is an object of C. Define g : X → Z by [g(x)]α = gα(x). Then g is
continuous, and g(p) ∈ ∩α∈A(Wα ×

∏
β �=α Zα).

Let Y be the space Z with {g(p)} made open. By (b), Y is an object
of C, and clearly w(Y ) < ℵ. Let f : Y → Z be the identity. Then f is
continuous and onto so, since X is ℵ-projective, there is a (continuous)
lifting ψ : X → Y with f ◦ ψ = g.

Now ψ−1(f−1g(p)) is open and contains p. To show U open, it suffices
to show ψ−1(f−1g(p))⊆U . But if x /∈ U , then x /∈ Uα for some
α ∈ A, whence gα(x) /∈ Wα. Thus, g(x) /∈ ∩α∈A(Wα ×

∏
β �=α gβ

),
and so g(x) 
= g(p). It follows that x /∈ ψ−1(f−1g(p)). Thus,
ψ−1(f−1g(p))⊆U , completing the proof.

We wish now to establish the converse, that each weakly ℵ-discrete(C)
space is ℵ-projective. In the development below, we assume C is a fixed
category whose objects are Hausdorff and whose admissible maps are
precisely the continuous maps, X is weakly ℵ-discrete(C), Y has weight
< ℵ, and we have the following diagram:

(2)

Y

�
f (onto)

X �g Z
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We further assume that either Z has weight < ℵ or X is ℵ-discrete.

We will call a space ℵ-Lindelöf if every open cover has a subcover
of cardinality less than ℵ and hereditarily ℵ-Lindelöf if every subset is
ℵ-Lindelöf.

Lemma 2.5. Z (in diagram 2) is hereditarily ℵ-Lindelöf.

Proof. Let A⊆Z. Then f−1(A) has weight < ℵ and is thus ℵ-
Lindelöf. Now A = f [f−1(A)] is the continuous image of an ℵ-Lindelöf
space and is therefore ℵ-Lindelöf.

Lemma 2.6. Each q ∈ Z is the intersection of fewer than ℵ open
sets.

Proof. Let {Vα} be the collection of all open sets containing q. Since
Z is Hausdorff, {q} = ∩V̄α. Then {Z − V̄α} is an open cover of the
ℵ-Lindelöf space Z − {q}, so Z − {q} is covered by fewer than ℵ of the
sets Z − V̄α. Thus, {q} is the intersection of fewer than ℵ of the Vα.

Lemma 2.7. For each p ∈ X, g is constant on a neighborhood of p.

Proof. Say g(p) = q. Then {q} = ∩α∈AVα where each Vα is open
and |A| < ℵ. For each α, let Uα = g−1(Vα). Then if U = ∩Uα, U
is the intersection of fewer than ℵ open sets. If w(Z) < ℵ, then each
Uα is ℵ-open(C) and since X is weakly ℵ-discrete(C), U is open. On
the other hand, if X is ℵ-discrete, U is the intersection of fewer than
ℵ open sets, so again U is open. But g(U)⊆ ∩ g(Uα)⊆ ∩ Vα = {q}.
Thus, g is constant on a neighborhood of p.

Lemma 2.8. For each p ∈ X, g−1[g(p)] is open.

Proof. Say g(p) = q. Then g(U) = q where U is an open set
containing p. By Zorn’s Lemma, there exists a maximal open V
containing p such that g(V ) = q. We claim V = g−1(q). Since
g(V ) = q, V ⊆ g−1(q). But if x /∈ V and g(x) = q, then g(W ) = q for
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some open W containing x by Lemma 2.7, and then V ∪W contradicts
the maximality of V . Thus, V = g−1(q) = g−1[g(p)] and the latter is
open.

Theorem 2.9. Let C be a category whose objects are Hausdorff and
whose maps are precisely the continuous maps. Then

(a) every weakly ℵ-discrete(C) space is ℵ-projective in C;
(b) every ℵ-discrete space is ℵ-projective in the sense of Neville
Lloyd in C.

Proof. We do (a) and (b) together. Assume the situation of diagram
(2) where either (i) X is weakly ℵ-discrete(C) and w(Z) < ℵ, or (ii) X
is ℵ-discrete. In either case, by Lemma 2.8, those g−1(q) which are
nonempty partition X into disjoint open sets. For each such q, choose
any point yq ∈ f−1(q) and define ψ on g−1(q) to be constant and equal
to yq. If p ∈ g−1(q), then (f ◦ ψ)(p) = f(yq) = q = g(p) so f ◦ ψ = g.
Since ψ is continuous on each element of a partition of X into open
sets, it is continuous.

Corollary 2.10. In the following categories, the ℵ-projective spaces
are exactly the weakly ℵ-discrete(C) spaces:

(a) the category τ3 of T3 spaces with continuous maps,

(b) the category τ2 of T2 spaces with continuous maps.

In the category τ3 1
2

of Tychonoff spaces with continuous maps, a space
is weakly ℵ-discrete(τ3 1

2
) if and only if it is ℵ-discrete. Consequently,

Corollary 2.11. The following are equivalent for a Tychonoff space
X:

(a) X is ℵ-discrete:

(b) X is weakly ℵ-discrete(τ3 1
2
);

(c) X is ℵ-projective(τ3 1
2
);

(d) X is ℵ-projective(τ3 1
2
) in the sense of Neville Lloyd.
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Note that the category HC of H-closed spaces and continuous maps
does not satisfy condition (b) of Theorem 2.4. In the theory of
projective spaces, it is known (e.g., Theorem 5.3 in [12]) that an H-
closed space is projective in HC if and only if it is finite. We conjecture,
but have not proved, that this result holds also for ℵ-projective spaces.
However, it is easily verified that every finite space is ℵ-projective in
HC, and we show that every ℵ-projective space is weakly ℵ-discrete
(HC) and also that every ℵ-discrete H-closed space is finite.

In the following theorem, K will represent the second countable, H-
closed, noncompact Urysohn space described in [2, Example 3.13].
Thus, K = ([0, 1] × N) ∪ {a}, where a /∈ [0, 1] × N , and basic
neighborhoods of a take the form Vk = ∪j≥k((0, 1]× {j}) ∪ {a}.

Theorem 2.12. Let X be H-closed and ℵ-projective in HC. Then
X is weakly ℵ-discrete(HC).

Proof. Let X be ℵ-projective in HC and let U = ∩α∈AUα, where
|A| < ℵ and each Uα is ℵ-open (HC). To show U is open, let p ∈ U .

For each α ∈ A, there are an H-closed space Zα of weight less
than ℵ, a continuous gα : X → Zα and an open Wα⊆Zα with
Uα = g−1

α (Wα). Let h : X →
∏
α∈A Zα be the continuous function

defined by [h(x)]α = gα(x). Since the product of H-closed spaces is H-
closed [2, Theorem 3.3],

∏
Zα is H-closed, and clearly w(

∏
Zα) < ℵ.

Let Z = K×
∏
Zα, embed

∏
Zα in Z by i(y) = (a, y), and let g = i◦h.

Now g : X → Z is continuous, Z is H-closed and w(Z) < ℵ.
Let Y be the space formed from Z by making the dense subspace
A = (K −{a})×

∏
Zα ∪{(a, h(p))} open in Y . By a result of Vermeer

[21, Theorem 1.1.11(i)], Y is H-closed. Let f : Y → Z be the natural
continuous projection. Since w(Y ) < ℵ and X is ℵ-projective, there is
a continuous ψ : X → Y such that f ◦ ψ = g.

Now ψ−1f−1(A) is open and contains p. To show U open, it thus
suffices to show that ψ−1f−1(A)⊆U . But if q /∈ U , then q /∈ Uα for
some α ∈ A. Then gα(q) /∈ Wα so that h(q) /∈ ∩α∈A(Wα ×

∏
β �=α Zβ).

Since h(p) is in the latter set, h(q) 
= h(p). Thus, g(q) /∈ A and
q /∈ ψ−1f−1(A). The result follows.
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Corollary 2.13. In the category HC of H-closed spaces and contin-
uous maps, the ℵ-projective spaces are precisely the weakly ℵ-discrete
(HC) spaces.

Lemma 2.14. Suppose ℵ > ℵ0 and let X be an ℵ-discrete Hausdorff
space. Let S = {x1, x2, . . . } be a countable, closed, discrete subset of
X. If p /∈ S, then p and S can be separated by disjoint open sets.

Proof. Let Sn = {x1, x2, . . . , xn} for each n = 1, 2, . . . . For each n,
choose disjoint open sets Un and Vn so that Sn⊆Un and p ∈ Vn. Let
U = ∪Un and V = ∩Vn. Then V is open, since X is ℵ-discrete, and,
thus, U and V are disjoint open sets containing S and p, respectively.

Theorem 2.15. Let ℵ > ℵ0. An ℵ-discrete H-closed space is
necessarily finite.

Proof. If X is an infinite ℵ-discrete H-closed space, let S =
{x1, x2, . . . } be a denumerable subset of X. Then [9, 4K.1] S is closed
and discrete. Let Um be the collection of all open sets in X containing
{xm, xm+1, . . . }, and let U = ∪∞m=1Um. Then U is an open filter base
on the H-closed space X, so there is a point p in ∩{Ū : U ∈ U}. If
p = xm for some m, then by Lemma 2.14, p and {xm+1, xm+2, . . . }
can be separated by disjoint open sets; but this easily contradicts
p ∈ ∩{Ū : U ∈ U}. Thus, p /∈ S. But now Lemma 2.14 can be
applied to p and S, again contradicting p ∈ ∩{Ū : U ∈ U}.

Thus X must be finite.

3. Perfect maps. In this section we will employ the partial lifting
technique used by Neville and Lloyd [16]. We review their terminology
here. Suppose the situation of diagram (3) below:

(3)

Y

�
f (onto)

X �g Z

Then a partial lifting of g over f will be a quadruple (ψα, jα, fα, Yα)
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making diagram (4) below commutative:

(4)

Yα�
�
�
��

fα

Y�

jα (onto)

�
f (onto)

X

�

ψα

�g Z

The partial lifting (ψα, jα, fα, Yα) is said to be subordinate to the
partial lifting (ψβ, jβ , fβ , Yβ) if there exists a map j = jβα : Yβ → Yα
such that j ◦ jβ = jα, j ◦ ψβ = ψα and fα ◦ j = fβ . Note that in this
case, ψβ is a lifting of ψα over j.

For notation and terminology concerning inverse limit systems

(Xα; fαβ) we refer the reader to [5].

A closed surjection f : Y → Z is called irreducible if and only if for
no proper closed A⊆Y is f(A) = Z.

Given a category C of topological spaces, a spaceX is said to be Fℵ(C)
if and only if disjoint ℵ-open(C) sets in X have disjoint closures. We
say X is Fℵ∗(C) if and only if for any two disjoint ℵ-open(C) sets U and
V in X, there is a partition of X into open-closed sets X1 and X2 such
that ClU ⊆X1 and ClV ⊆X2. If the objects of C are Tychonoff and
include the compact Hausdorff spaces, then in view of Theorem 2.1, X
is Fℵ(C) precisely when X is an Fℵ-space in the sense of Neville and
Lloyd [12]. It is also clear that a zero dimensional compact Hausdorff
space is Fℵ(C) if and only if it is Fℵ∗(C).

A category C of topological spaces will be called nice provided:

(a) the maps are exactly the perfect (continuous) maps;

(b) the objects are regular closed hereditary;

(c) the objects are Hausdorff;

(d) the disjoint union of two objects in C is an object in C;
(e) whenever (Xα; fαβ) is an inverse system of spaces which are

objects in C and maps which are perfect, onto and irreducible, then
lim←−Xα is an object of C; and

(f) either the objects of C are closed hereditary or else irreducible,
perfect preimages of objects of C are also objects in C.
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Lemma 3.1. Let (Xα; fαβ) be an inverse system with each bonding
map fαβ perfect, onto and irreducible and each space Xα Hausdorff.
Then

(i) each projection fα : lim←−Xα → Xα is perfect and onto;

(ii) each projection is irreducible;

(iii) if ψα : X → Yα is perfect for each α, then the natural map
ψ : X → lim←−Xα is perfect;

(iv) if ψα : X → Xα is onto for each α, then ψ : X → lim←−Xα is
onto;

(v) if ψα : X → Xα is perfect and irreducible for each α, then
ψ : X → lim←−Xα is irreducible.

Proof. (i). See [5, Theorem 3.7.12]

(ii). See [7, Lemma 4].

(iii). See [5, Theorem 3.7.11].

(iv). See [5, Theorem 2.5.9]

(v). The proof is straightforward.

The following categories are nice (in each case, the maps are the
perfect maps):

(i) T2 (or T3, or Tychonoff) spaces;

(ii) Compact T2 spaces;

(iii) H-closed spaces (the required conditions except for (e) and (f)
are easily seen to be true. Condition (f) follows since the preimage of an
H-closed space under a perfect, irreducible onto map is H-closed [23]
and condition (e) follows since the projections are perfect, irreducible
and onto by 3.1(i) and (ii), and so the inverse limit is H-closed by
condition (f)).

(iv) Paracompact T2 spaces (again, all but (e) are easily true and
(e) follows since the projections are perfect and onto by 3.1(i), and
the preimage of a paracompact space under a perfect, onto map is
paracompact).
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Theorem 3.2. Every Hausdorff space X is the continuous perfect
irreducible image of a Hausdorff space X̃ which has a basis with open
closures. Further, w(X̃) = w(X) and if X is H-closed, then so is X̃.

Proof. See [8]. The proof depends on the fact that Hausdorff and
H-closed are regular closed hereditary properties which are inherited
by inverse limits when the bonding maps are perfect and irreducible.
In short, we need the categories of Hausdorff spaces and of H-closed
spaces to be nice.

Since the inverse limit of T3 (Tychonoff, compact T2) spaces is T3

(Tychonoff, compact T2, respectively) and since a T3 space with a base
of sets with open closures is zero dimensional, we have a number of
corollaries.

Corollary 3.3. (i) Let C be a nice category and X an object of C.
Then X is the perfect, irreducible image of a space X̃ in C which has a
base with open closures and weight equal to the weight of X.

(ii) Every T3 (Tychonoff) space is the perfect, irreducible image of a
zero dimensional T3 (Tychonoff) space of the same weight.

(iii) [4, Corollary 2.3.8] Every compact Hausdorff space is the perfect
irreducible image of a zero dimensional compact Hausdorff space of the
same weight.

Lemma 3.4. Let f : X → Y be perfect, irreducible and onto, and
let U ⊆X be open. Then

f(ClU) = Cl(Y − f(X − U)).

Proof. See [11].

Corollary 3.5. Let f : X → Y be perfect, irreducible, and onto.
Let V1 and V2 be regular closed sets in X with disjoint interiors. Then
f(V1) and f(V2) are regular closed sets with disjoint interiors.
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Lemma 3.6. In a nice category C, assume the situation in diagram
(5). Further

(5)

Yα�
�
�
��

fα

Y�

jα (onto)

�
f (onto)

X

�

ψα

�g Z

assume that f is irreducible, Y has weight < ℵ and X is Fℵ∗(C). Let E
be an open-closed set in Y . Then the partial lifting (ψα, jα, fα, Yα) is
subordinate to a partial lifting (ψβ, jβ , fβ , Yβ) where Yβ is the disjoint
union of jα(E) and jα(Y − E) (and thus has weight < ℵ).

Proof. Let V1 = E, V2 = Y − E and, for i = 1, 2, let Wi = jα(Vi).
Let Yβ be the disjoint union of W1 and W2. Since f is irreducible, it is
clear that both jα and fα are irreducible. Since jα is perfect, if follows
from Corollary 3.5 that W1 and W2 are regular closed sets with disjoint
interiors. Since C is nice, Yβ is an object of C. Now ψ−1

α (IntW1) and
ψ−1
α (IntW2) are disjoint ℵ-open(C) sets since w(Yα) < ℵ. Since X is

Fℵ∗(C), X can be partitioned into open-closed sets X1 and X2 such
that Cl[ψ−1

α (IntWi)]⊆Xi for i = 1, 2. Note that if ψα(x) /∈ W1, then
ψα(x) ∈ IntW2 hence x ∈ X2. Thus ψα(Xi)⊆Wi for i = 1, 2.

Define ψβ : X → Yβ to be a copy of ψα | X1 on X1 and a copy of
ψα | X2 on X2. Since X1 and X2 are open-closed, ψ is continuous,
and since ψα is perfect, ψ is perfect. Define jβ to be jα | V1 on V1

and jα | V2 on V2. Again, jβ is continuous and perfect. Let j be the
projection map from Yβ to Yα and set fβ = fα ◦ j. Then jα = j ◦ jβ ,
ψα = j ◦ ψβ and f = fβ ◦ j. Clearly, j is irreducible so that fβ and jβ
are irreducible, and fβ is perfect.

Lemma 3.7. In a nice category C, assume the situation in diagram
(6). Further suppose f is irreducible, Y has a basis with open closures
and w(Y ) < ℵ and X is Fℵ∗(C). Then a solution ψ : X → Y exists,
i.e., there exists a perfect map ψ : X → Y such that f ◦ ψ = g.

(6)

Y

�
f (onto)

X �g Z
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Proof. Let U be a basis for Y such that each u ∈ U has open closure
and |U| < ℵ. Let {Eα : α ∈ A} be a well ordering of the closures of the
elements of B, where |A| < ℵ. If β is an ordinal of cardinality w(Z), we
determine for each α ≤ β a partial lifting (ψα, jα, fα, Yα) as follows.

Let (ψ0, j0, f0, Y0) = (g, f, i, Z) where i is the identity on Z, and
note that since f is perfect, w(Y0) = w(Z) ≤ w(Y ) < ℵ. Assume
(ψα, jα, fα, Yα) has been defined for each α < γ, w(Yα) = w(Z) < ℵ,
and that for all α, κ < γ, the fακ : Yα → Yκ are perfect, irreducible
maps (with appropriate commutative digrams). Let Zγ = lim←−(Yα; fακ

)
with projections f ′γα : Zγ → Yα. By [18, Lemma 2.8] w(Zγ) = w(Z) <
ℵ. By Lemma 3.1(i) and (ii), each f ′γα is perfect and irreducible and
thus so is f ′γ = fα ◦ f ′γα, and by 3.1(iii), (iv) and (v), the natural
maps ψ′

γ : X → Zγ and j′γ : Y → Zγ are perfect and j′γ is onto
and irreducible. (Note that if γ = α + 1 for some α, then Zγ � Yα.)
Now by Lemma 3.6, (ψ′

γ , j
′
γ , f

′
γ , Zγ) is subordinate to a partial lifting

(ψγ , jγ , fγ , Yγ), where E = Eγ . For each α ≤ κ, let fγα : Yγ → Yα be
f ′γα ◦ j. Note that fγ = f ′γ0 ◦ j and fγ is irreducible. Also, fγ ◦ jγ = f ,
fγ ◦ ψγ = g, and w(Yγ) < ℵ.

When γ = β, each open-closed set Eγ which is the closure of a basis
element for Y has the property that Eγ = j−1

β [jβ(Eγ)]. But then jβ is
one-to-one, continuous and closed and, hence, a homeomorphism.

Let ψ = j−1
β ψβ : X → Y . Then ψ is perfect since jβ and ψβ are, and

f ◦ ψ = g.

Theorem 3.8. If C is a nice category and if X is an object of C
which is Fℵ∗(C), then X is ℵ-projective in C.

Proof. Assume we have our original diagram in C:

(1)

Y

�
f (onto)

X �g Z

where f is onto and w(Y ) < ℵ, but where we now assume X is Fℵ∗(C).
Since C is a nice category, Corollary 3.3 provides us with a space Ỹ
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which is an object of C of weight equal to the weight of Y and a perfect
irreducible map f̃ of Ỹ onto Y , where Ỹ has a base of sets with open
closures. Let h = f ◦ f̃ . Then h is perfect and onto. We use the
standard technique (see [23]) to choose Ỹ0, a closed subset of Ỹ such
that h | Ỹ0 is perfect, irreducible and onto. By condition (f) of the
definition of a nice category, Ỹ0 is an object of C. Also, Ỹ0 still has a
base of sets with open closures and w(Ỹ0) ≤ w(Ỹ ) = w(Y ) < ℵ. We
now have the following situation:

Y
~

Z

Y

gX

Y
~
0

⊂

h⎮Y
~
0

f
~

f

h

It follows from Lemma 3.7 that there is a perfect map ψ : X → Ỹ0

such that (h|Ỹ0) ◦ ψ = g. But then (f̃ |Ỹ0) ◦ ψ : X → Y is perfect
and f ◦ [(f̃ |Ỹ0) ◦ ψ] = g, so that (1) has a solution in C. Thus X is
ℵ-projective in C.

Corollary 3.9. In each of the following categories C, every Fℵ∗(C)-
space is ℵ-projective:

(i) T2 (or T3 or Tychonoff) spaces and perfect maps,

(ii) H-closed spaces and perfect maps,

(iii) Paracompact T2 spaces and perfect maps.

We center attention now on the question: can a converse to Theorem
3.8 be developed? Our first observation: the full converse fails in a
rather frustrating way. Call a space X from a nice category C ℵ-bad(C)
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if there is no perfect map of X into a space from C of weight < ℵ.
If X is ℵ-bad(C), then X is (vacuously) ℵ-projective in C (because
no diagram 6 exists, since w(Z) < ℵ). That ℵ-bad(C) spaces exist
which are not Fℵ∗(C) can be seen by observing that whenever X is
not ℵ-Lindelöf (every open cover admits a subcover of cardinality < ℵ)
then X is ℵ-bad(τ3 1

2
). [Otherwise f : X → Z exists where w(Z) < ℵ,

hence Z is ℵ-Lindelöf, hence X is ℵ-Lindelöf]. Thus, for example, every
non-Lindelof space is ℵ1-bad(τ3 1

2
). In particular, the Moore plane is a

connected ℵ1-bad(τ3 1
2
) space.

A partial converse to Theorem 3.8 is available if it is first restated to
take account of ℵ-bad(C) spaces.

Theorem 3.10. If C is a nice category, an object X of C which is
either Fℵ∗(C) or ℵ-bad(C) is ℵ-projective in C.

Theorem 3.11. Let C be a category whose maps are the perfect maps
and whose objects are

(i) Hausdorff,

(ii) regular closed hereditary,

(iii) preserved by disjoint unions

and either

(iv) preserved by perfect maps into Hausdorff spaces or

(v) productive and closed hereditary.

Then an object X of C which is ℵ-projective is either ℵ-bad(C) or
Fℵ∗(C).

Proof. Suppose X is not ℵ-bad(C). Then there exists a space Z0

which is an object of C of weight < ℵ and a perfect map g0 of X into
Z0.

Let U and V be disjoint ℵ-open(C) sets in X. To show X is Fℵ∗(C),
we construct an open-closed partition {X1, X2} of X with ClU ⊆X1

and ClV ⊆X2. Since U and V are ℵ-open(C), there are Hausdorff
spaces Z1 and Z2 in C of weight < ℵ and, for i = 1, 2, continuous
maps gi : X → Zi and open sets Wi⊆Zi such that U = g−1

1 (W1) and
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V = g−1
2 (W2).

Let g : X → Z0 × Z1 × Z2 be defined by g(x) = (g0(x), g1(x), g2(x)).
Since g0 is perfect and Z0×Z1×Z2 is Hausdorff, it follows immediately
from [5, Theorem 3.7.9] that g is a perfect map. Note that w(Z0×Z1×
Z2) < ℵ.

We claim:

(1) If g−1(y) ∩ U 
= ∅, then g−1(y)⊆U . (As a result,
g(U) ∩ g(ClV ) = ∅.)

(2) g(U)⊆ g(X)− Cl g(V ) and Intg(U) ∩ IntClg(V ) = ∅.

(3) g(X)⊆Cl[g(X)− Clg(U)] ∪ Cl[g(X)− Clg(V )].

Note that since g(X) is closed in Z0×Z1×Z2, ClZ0×Z1×Z2E = Clg(X)E
when E⊆ g(X). By IntE we mean Intg(X)E.

To prove (1), assume z ∈ g−1(y) ∩ U . Then g1(z) = y1 ∈ W1. If
x ∈ g−1(y), then g1(x) = y1 ∈ W1 so that x ∈ U . To prove (2),
observe that since g is closed, g(ClV ) = Clg(V ). Both statements
now follow easily. To prove (3), let x ∈ X. If g(x) ∈ IntClg(U), then
g(x) /∈ Clg(V ), so g(x) ∈ g(X)−Clg(V ). If g(x) ∈ Clg(U)−IntClg(U),
then every neighborhood of g(x) in g(X) intersects g(X)− Clg(U), so
g(x) ∈ Cl[g(X) − Clg(V )]. Finally, if g(x) /∈ Clg(U), then g(x) ∈
g(X)− Clg(U). (3) now follows.

Let Y1 = Cl[g(X) − Clg(V )] and Y2 = Cl[g(X) − Clg(U)], and let
Z = Y1 ∪ Y2. By (2), g(X) = Z. If objects in C are preserved by
perfect maps onto Hausdorff spaces, Z is an object of C, while if C is
productive and closed hereditary, Z is again an object of C. Clearly,
w(Z) < ℵ. Let Y be the disjoint union of Y1 and Y2, and let f : Y → Z
be the natural projection. Then Y is an object of C (since C is regular
closed hereditary and the disjoint union of objects in C is an object of
C), f is perfect and onto, and w(Y ) < ℵ.

Since X is ℵ-projective, there is a lifting ψ : X → Y such that f ◦ψ =
g. Since g(U)⊆Z − f(Y2) by the first claim, and g(U) = (f ◦ ψ)(U),
it follows that ψ(U)⊆Y1. Similarly, ψ(V )⊆Y2. Since {Y1, Y2} is an
open-closed partition of Y and ψ is continuous, if Xi = ψ−1(Yi) for
i = 1, 2, then {X1, X2} is an open-closed partition of X with ClU ⊆X1

and ClV ⊆X2. Hence, X is Fℵ∗(C).
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Corollary 3.13. In each of the following categories C, if X is ℵ-
projective, then X is either ℵ-bad(C) or Fℵ∗(C):

(i) T2 (or T3 or Tychonoff) spaces with perfect maps,

(ii) H-closed spaces with perfect maps,

(iii) Paracompact T2 spaces with perfect maps.

Many thanks to the referee, who pointed out one serious mistake and
contributed Example 2.2.
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