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CRITERIA FOR RIGHT DISFOCALITY
OF AN nTH ORDER LINEAR DIFFERENCE EQUATION

TIMOTHY PEIL

1. Introduction. We consider the nth order linear difference
equation

(1.1) Pu(m) = Zai(m)u(m +1i)=0, mel

where [ is an integer interval I = [a,b] = {a,a+1,a+2,... ,b}. We use
the notation I* = [a,b + k] where k is an integer such that k > a — b,
as used by Hartman [5]. We assume the coefficients a;(m) are defined
on I, with a,,(m) =1 and that

(1.2) (=1)"ag(m) >0 for m e I.

In [9], necessary and sufficient conditions were given for right (I, n—1)-
disconjugacy and left (I,n —[)-disconjugacy in terms of the coefficients
a;(m), 0 < i < n, of equation (1.1), which lead to an improvement of a
result of Hartman [5] for disconjugacy. Here we will give similar results
for right p;-disfocality. For the general nth order linear difference
equation (1.1), we will give some necessary conditions in terms of
the coeflicients «;(m) for right p;-disfocality. In the special case
l =n —1, we will give necessary and sufficient conditions in terms of
the coefficients «;(m) for right p,,_1-disfocality. For the second order
linear difference equation these results lead to necessary and sufficient
conditions in terms of the coefficients a;(m) for right disfocality.

The concept of disfocality for linear differential operators was intro-
duced by Nehari [7]. Nehari showed that a certain generalized linear
differential equation is disfocal if and only if the principal minors of a
Wronskian matrix are positive.

More recently, Eloe [1] brought over to linear difference equations
many of the results given by Muldowney [6] and Eloe and Henderson [3]
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for disfocality of linear ordinary differential equations. Eloe [1] stated
criteria for right disfocality of linear difference equations involving D-
Markov, D-Fekete and D-Descartes system of solutions on I"™. Other
recent papers concerned with disfocality criteria for linear difference
equations are Eloe [2] and Eloe and Henderson [4].

We begin with some basic definitions and examples.

Definition 1.1. [5] We say u has a generalized zero at m provided

either u(m) =0 for m > a, or for m > a thereis a k € {1,... ,m —a}
such that (—1)*u(m — k)u(m) > 0 and if £ > 1 then u(m — k+1) =
-eo=u(m—1)=0.

Hartman [5, Proposition 5.1] stated the following discrete analogue
of Rolle’s theorem which we will use frequently in this paper. We will
be using the forward difference operator A defined by Au(m) = u(m+
1) — u(m), and A’ is defined recursively by Afu(m) = A(A* 1u(m))
with A%u(m) = u(m).

Proposition 1.1 [5] (Rolle’s Theorem). Suppose that the finite
sequence u(l),... ,u(j) has N; generalized zeros and that Au(l),...,
Au(j — 1) has M; generalized zeros. Then M; > N; — 1.

Definition 1.2. Equation (1.1) is said to be disfocal on I™ pro-
vided there is no nontrivial solution u of equation (1.1) and points
mo,... ,Mp_1 € I"% such that Afu(m) has a generalized zero at m;
for0<i<n-—1.

Definition 1.3. Equation (1.1) is said to be right disfocal on I™
provided there is no nontrivial solution u of equation (1.1) and points
a<my<--<mu_1 <b+1such that Alu(m) has a generalized zero
at m; for0<i<n-—1.

Note that by using Rolle’s theorem, it can be shown that if equation
(1.1) is right disfocal on I™, then equation (1.1) is also disconjugate on
I™. We say equation (1.1) is disconjugate on I"™ provided there is no
nontrivial solution of (1.1) that has n generalized zeros.
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Definition 1.4. Fix ! € {1,...,n — 1}. Equation (1.1) is said to
be right p;-disfocal on I™ provided there is no nontrivial solution u of
equation (1.1) and points a < my < my < - < my_p < b+ 1 where
| < k < n such that u(mg) = Au(mg) = --- = A¥~lu(mg) = 0, and if
k < n, A*iy(m) has a generalized zero at m; ;1 for 0 <i<n—Fk — 1.

Note that, by using Rolle’s theorem, it can be shown that if equation
(1.1) is right p;-disfocal on I™, then equation (1.1) is also right (I, n—1)-
disconjugate on I"™ where equation (1.1) is said to be right (I,n —I)-
disconjugate on I™ for fixed | € {1,...,n — 1} provided there is no
nontrivial solution u of (1.1) that has [ consecutive zeros followed by
consecutive n — [ — 1 zeros and a generalized zero.

It is clear from the definitions that disfocality implies right disfocality
implies right p;-disfocality on I™. But, the converses are not true, as
will be shown in later sections of this paper. Yet we will now present
an example of an equation which is disconjugate, but is neither disfocal
nor right disfocal on some interval I"™.

Example 1.1. Consider the following equation

(1.3) 2u(m) — 2u(m+1) + u(m +2) =0, for m € [0, 1].

We can show equation (1.3) is disconjugate on [0, 3] by the results
in [8]. But there is a nontrivial solution u of equation (1.3) where
u(0) = 0, w(l) = 1 and u(2) = u(3) = 2. That is, u(0) = 0 and
Au(2) = 0; hence, equation (1.3) is neither disfocal nor right disfocal
on [0, 3].

We will use the notation D! (m) to represent certain determinants of
the coefficients of equation (1.1) as used in [9, 10].

(1.4)
ay(m) a41(m) e agk-1(m)
D (m)= : : : :
o pr2(m+k—2) o grs(m+k=2) -+ ap1(m+k—2)
aj—pr1(m+k=1) ap_gro(m+k—1) ---  ayim+k-1)

where a;(m) =0 for i <0 or i > n, and o, (m) = 1.
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We will define two more determinants E!(m) and F}(m) similar to
D! (m). These two determinants will be defined in terms of equations
equivalent to equation (1.1) in the same manner as D} (m) was defined
for equation (1.1). The first of these equations we obtain using the
formula

n—1 1
A" lu(m+1) = 3 (-1) I <" ]‘ ) u(m +j +1)
7=0

|

(= (121) utm o+ i

1

K2

namely,

(1.5) Pu(m) = i: Bi(m)u(m +1i) + A" lu(m +1) = 0

where
Bo(m) = ag(m)
Bim) = as(m)+ (-0 (T2 dri<isn-t,

where (i) is the binomial coefficient j!/[il(j — ©)!].

The following notation will be used for determinants involving the
coefficients of (1.5). For fixed I € {1,...,n — 1}, we define E}(m) =
Bi(m), and, for k > 2,

(1.6)
ay(m) a1 (m) o ougp—1(m)
Ej(m)= : : E :
ozl_k+2(m+k72) al_k+3(m+k*2) al+1(m+k72)
Bi—k+1(m+k=1) Bipi2(m+k—1) - Bi(m+k-1)

where a;(m) = 5;(m) =0 for i < 0 or ¢ > n, and ay(m) = 1.
Fix j € {1,...,n—1—1}. By considering the binomial expansions of
Atu(m +n — j), for 1 < i < j, we can write equation (1.1) in the form

n—j

(17) Pu(m) = 3" 2 (m)u(m+0)+ " 7y (m)Alu(m+n—3) = 0
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where fyg(m):oz,-(m) for0<i<n-—j—1and~}(m)=1onlI.

Similarly, we can write equation (1.1) in the form

(1.8)
!
Pu(m) = 3" 47~ (m)u(m + )
i=0
n—I—1 ]
+ Z ’yf+_il(m)A’u(m + 1)+ m)A™ tu(m +1) =0
i=1
where 7"~ (m) = a;(m) for 0 <i <l and 4*~!(m) =1 on I.

The following notation will be used for determinants involving the
coefficients of equations (1.1), (1.7) and (1.8). We define F}(m) =
A7t (m), and, for k > 2,

(1.9)
n—Il—k n—Il—k n—Il—k
i (m) v T m) e RS ()
n—Il—k+2 n—Il—k+2 n—Il—k+2
Fli(m): V-1 (m+1) M (m+1) - Visk—_2 (m+1)
P mrk=1) Pl (mak=1) - AP (mtk—1)

where 4/(m) = 0 for i < 0 or i > n. Also, 4%(m) = 1, and
'yg(m) = a;(m) for j <0, and 'yg(m) =aim)yfor0<i<n—j—1
where j < n —[. These are all elements of F, ,i (m), except possibly the
last row and last column are an «;(m).

Note that for [ = n — 1, we have EL(m) = F}(m).

2. Necessary conditions for right p;-disfocality. In Theorem
2.1 we will give necessary conditions for right p;-disfocality involving
the signs of E!(m) and F}(m). But first we will prove several lemmas,
which will be needed in the proof of Theorem 2.1.

Lemma 2.1. Fizle {1,... ,n—1}. Assume equation (1.1) is right
pi-disfocal on I™. For k € {1,... ,cardI} let s € I*™*. Ifu is a
solution of (1.1) satisfying

u(s+1) =0, for0<i<l—1
u(s+l+k-1)=1
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and if

l<n-1, u(s+1+k+1i) =0, for0<:<n-1-2,

then

(—D)" A (s + 1+ k — 1) > 0.

Proof. The result is clear for [ = n — 1, thus assume | < n — 2.
Note that A" " ly(s +1+k —1) = (=1)" "1, We will show that
Atu(s+1+k - 1DAFy(s+1+k—1)>0forn—1-1<i<n-—2
Our result will then easily follow.

By n — 2 applications of Rolle’s theorem, there are points s < sg <

- < $p—1—2 < s+ k such that Alu(s) = 0 for 0 < i <[ —1 and
A'*iy(m) has a generalized zero at s; for 0 < i < n — 1 — 2. Let
i€{n—1-1,...,n—2} and let t = max{m : A'u(m) has a generalized
zero at m < s+ 1+ k — 1}. We may assume A’u(t) > 0. We consider
two cases Atu(t) = 0 and Afu(t) > 0.

For Afu(t) = 0, we may assume A’u(t+1) > 0. But then A" 1y(t) >
0. And since (1.1) is right p;-disfocal on I™, we must have Afu(m) > 0
form e [t+1,s+1+k—1] and A lu(m) > 0 for m € [t,s+1+k—1],
for otherwise we would have an extra generalized zero.

For A'u(t) > 0, by the way t was chosen we have that A’u(t—1) < 0.
But then A™"'y(t — 1) > 0. And since (1.1) is right p;-disfocal on I,
we must have Afu(m) > 0 and Ai*tu(m) > 0 for m € [t,s+1+k —1].
]

Lemma 2.2. Assume I = [a,b]. If equation (1.1) is right p;-disfocal
on I™ for a fizedl € {1,... ,n—1}, then E!(m) is nonzero form € I'~*
where k =1,... ,card I.

Proof. We will show the contrapositive. Assume there is an s € I~
such that E!(s) = 0. We will show that equation (1.1) is not right
pi-disfocal on I™. Since E}(s) = 0, there are constants A, ..., Aj not
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all zero such that

al(s)Al + -+ al—i—k—l(S)Ak = 0
al_1(8+1)A1 + -+ al+k_2(5+l)Ak = 0

(21) s s
O{l,k+2(8+k—2)A1 + -+ oq+1(s+k—2)Ak = 0
Bi—k+1(s+k—1)A; + -+ +  Bi(s+k—-1)A4;, = 0.

We will consider two cases k <n—Iland k >n —1.

First assume k < n —I. Let u be the solution of equation (1.1)
satisfying the initial conditions

u(s+1) =0, for0<i<l-—1
u(s+1+1i)=A4;11, for0<i:<k-1

and if £ < n —1,

u(s+1l+k+17) =0, for0<i<n-l—-k-1.
Note u is a nontrivial solution of (1.1) since at least one of Ay,... , A
is nonzero. Also note that Aiu(s) =0 for 0 < i <[ — 1. Now consider
equation (1.1) for m = s+ ¢ where 0 <i < k — 2. For m = s,

ar(8)A1 + -+ appr-1(8)Ar + an(s)u(s +n) = 0.

By the first equation in (2.1), u(s + n) = 0. Thus, recursively for
1<i<k-—2

o i(s+)A1+ -+ ak-1-i(s+0)Ar + an(s+i)u(s+n+1i) =0.
Then by (2.1), we have

u(s+n+i) =0 for1 <i<k-—2.
Thus, v has n — [ — 1 consecutive zeros beginning at s + + k. And
since u(s) = -+ = u(s+1—1) = 0, we have by n — 2 applications of
Rolle’s theorem that Afu(s) =0 for 0 <i <1 — 1 and there are points

5§ <89 <+ <5,y 9 <s+ksuch that Au(m) has a generalized
zero at s; for 0 <i<n-—1[-—2.
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Now for m = s + k — 1 in equation (1.5),
Brks1(s+k—1)A1 4+ +Bi(s +k—1)Ax + A" tu(s + k) = 0.

By the last equation in (2.1), A" lu(s + k) = 0. Set s,—;—1 = s + k.
Thus, we have A'u(s) = 0 for 0 < i < [ — 1 and Afu(m) has a
generalized zero at s; for 0 < ¢ < n — [ — 1. Hence, equation (1.1)
is not right p;-disfocal on I™. This completes the proof for the case
when k£ <n —1.

Next consider the case where k > n — [. Let u be the solution of
equation (1.1) satisfying the intial conditions

u(s+1) =0, for0<i<i-1
u(s+1+14)= A1, for0<i<n-—1.

Note that since k > n—1, all the terms u(s+1+1),for 0 <i <n—1-1,
are defined. Since k +1! > n and a;(m) = 0 for i > n, the system of
equations (2.1) becomes
(2.2)
a(s)A; +---
ar-1(s+1)A; 4+

O‘n(s)AnflJrl =0
an(s+1)An_142 =0

_l’_
_l’_

op—kt+1(s+l-n+k—-1)A; +---+ au(s+l—-n+k-1)4; =0
op—k(s+l—-n+k)A; +-4+ ap_1(s+l—-n+k)4r =0

Oél_k+2(8-‘rk72)A1 + -+ OéH_l(S—l-k‘*Q)Ak =0
,Bl,k+1(8+k—1)A1 +--t Bl(8+k—1)Ak =0.

Consider equation (1.1) for m = s+ ¢ where 0 < i <l —-n+k — 1.
Using the initial conditions, we get at m = s,

a(s)Ar + -+ an_1(8)An_i + an(s)u(s +n) = 0.
Solving for u(s + n) and using the first equation in (2.2), we get

u(s+n)=—ai(s)A; —+ — an—1(8)An_i
= An—l+1-
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Thus, recursively for 1 <i<Il—n+k—1at m=s+1,
aj—i(s+1)A1+ -+ an—1(s+1)An_iri + an(s +9)u(s+n+1i) =0.
Solving for u(s 4+ n + i) and using (2.2), we get
u(s+n+i)=—oq i(s+0)A — - —an_1(s+1)An 14
=An_itiy1-
Hence, we have
u(s+mn)=Au_141,...,u(s+1+k—1) = Ay

And since Aq,...,Ap are not all zero, we now know that u is a
nontrivial solution of equation (1.1).

Now consider equation (1.1) for m = s+i where l —n+k <i < k—2.
Form=s+1l—n+k,

an—p(s+l-—n+k)A 4+ +an_1(s+1—n+k)Ax
+ap(s+l—n+ku(s+1+Ek)=0.

By (2.2), we have u(s + 1+ k) = 0. Thus, recursively for [ —n + k <
1< k-2,

o i(s+i)A1+ -+ irk-1(s+i)Ag+u(s+n+i)=0
and by (2.2), u(s +n+ i) = 0. That is,
u(s+l+k)=0,...,u(s+n+k—-2)=0.
And since u(s) = --- = u(s+1—1) = 0, we have by n—2 applications of
Rolle’s theorem that A*u(s) =0 for 0 <4 <! —1 and there are points

s <89 <+ < 8p_y_g < s+ k such that A'**u(m) has a generalized
zero at s; for 0 <t <n—1—2.

Now for m = s + k — 1 in equation (1.5),
Bigi1(s+k DA +---+Bi(s+k —1)Ap + A" Lu(s + k) = 0.
By the last equation in (2.2),

A" ty(s+ k) = 0.
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Set s,_;_1 = s + k. Thus, we have Alu(s) =0 for 0 <i <[ —1 and
Atu(m) has a generalized zero at s; for 0 < i < n — 1 — 1. Hence,
equation (1.1) is not right p;-disfocal on I"™. o

By arguing along the lines of the proof of Lemma 2, we can show a
similar result for F}(m). That is, if equation (1.1) is right p;-disfocal
on I" for a fixed [ € {1,... ,n—1}, then F}(m) is nonzero for m € I'=*
where £k =1,... ,card [.

Theorem 2.1. Fizl € {1,...,n — 1}. If equation (1.1) is right
pi-disfocal on I™, then (—1)F"HDEL (m) > 0 and (—1)F "D EL(m) >0
form € I'* where k =1,... ,cardI.

Proof. Assume equation (1.1) is right p;-disfocal on I™. But then we
have that equation (1.1) is right (I,n — [)-disconjugate on I". Hence,
by [10, Theorem 3], we have (—1)¥("*0) D! (m) > 0 for m € I'~* where
k=1,...,card .

We will first show that (—1)*"tDE!(m) > 0 for m € I'~* where
k=1,...,cardl. For k = 1, let s € I. Let u be the solution of
equation (1.1) satisfying the initial conditions

u(s+1) =0, for0<i<l-1
u(s+1)=1
and ifl <n—1,
u(s+1+i) =0, forl<i<n-1-1.

We have by n — 2 applications of Rolle’s theorem that Afu(s) = 0
for 0 < ¢ <1l—1andif n—1 > 1 there are points s < g9 < --- <
Sn_i—2 < s+ 1 such that A!**u(m) has a generalized zero at s; for
0<i<n-—1-2. Also, we have that

A" y(s) = (1)t <n l— 1> ‘

Since equation (1.1) is right p;-disfocal on I™, we have
(1) I-tAR—Ly(s + 1) > 0.
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Now consider equation (1.5) with m = s,
Bo(s)u(s) +++++ Bn_1(s)u(s +n — 1) + A" tu(s +1) = 0.
Using the initial conditions, we get
Bi(s) = —A" tu(s +1).
Hence,

(=1 Ei(s) = (=1)"'Bi(s)
= (-1)"HH AT y(s + 1) > 0.

Now assume k > 1. Let s € I'*. Let u be the solution of equation
(1.1) satisfying the boundary conditions
u(s+1) =0, for0<i<i-—1

(2:3) u(s+l+k—-1)=1

and ifl <n —1,

u(s+1+k+14) =0, for0<i<n-—-1-2.

We have by n — 2 applications of Rolle’s theorem that Afu(s) = 0
for 0 < ¢ <1l—1andif n—1 > 1 there are points s < g9 < --- <
Sn_i—2 < s+ k such that Al*'u(m) has a generalized zero at s; for
0 <i<n-1I1-2. By Lemma 2.1, we have (—1)" "' A"ly(s+1+k—
1) > 0. Hence, since equation (1.1) is right p;-disfocal on I™, we have
(=) I=tAR—Ly(s + k) > 0.

Consider the system of equations obtained from (1.1) for m = s,
s+ 1,...,5s+ k — 2 and equation (1.5) for m = s + k — 1 with the
boundary conditions (2.3)

ar(s)u(s +1) + a1 (s)u(s+1+1)
+otagk-1(s)u(s+1+k—1)=0

ap gro(s+k—2u(s+1)+ oy gis(s+k—2u(s+1+1)
+-taqi(s+k—2u(s+1+k—-1)=0
,Bl_k+1(s+k*].)u(8+l) + ,Bl_k+2(8+k*].)u(8+l+l)
+ o+ Bi(s+k—Du(s+1+k—1)=—-A""u(s + k).
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By Lemma 2.2, each E!(m) is nonzero; therefore, we can use Cramer’s
rule to solve for u(s+1+k—1),

[~ A" u(s + k)] [Dy,_ (5)]
Ej(s) '

u(s+l+k-1)=

Since u(s +1+k—1) =1 and (—1)"""1A" 1y(s + k) > 0, we get

(~DFVE(s) = (1" A (s + R))[(-1)F DD (s)]
> 0.
Hence, we have (—1)F("*DEL(m) > 0 for m € I'"* where k =
1,...,cardl.

By arguing in a similar manner, we can show that (—1)*"+) F} (m) >
0 for m € I'*"* where k = 1,... ,card I. a

3. Necessary and sufficient conditions. We will now show
necessary and sufficient conditions for equation (1.1) to be right p;-
disfocal on I™ in the special case when | =n — 1.

Note that by the way E}' '(m) was defined, we can express it as an
(n — 1)st order nonhomogeneous linear difference equation in terms of
D! (m) depending on k with m fixed. That is,

(31) B ) =3 ("7 ") petm),

; )
1=0

where k > 1, Dy~'(m) = 1 and D!~ (m) = 0 for i < 0. We can solve
this as an initial value problem to get the following result.

Lemma 3.1. Assume (—l)kE%“l(m) > 0 for m € I'"F where
k=1,...,cardI. Then (=1)*D} *(m) >0 form € I*~*.

Proof. We first fix m € I. We will show this lemma by solving the

initial value problem (3.1) by induction on k where k = 1,... ,b+1—m.
We will show that the solution to the initial value problem (3.1) is

k a2
(32) Dpi(m) =Y (-1) <” Z > E'-Mm)  fork>1,

=0
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where EJ~"(m) =1 and E*(m) =0 for i < 0.

If we assume that equation (3.2) is valid, we can easily see our lemma
is true, since

DA Dptm) = (1FS (1) ("I Estn)

=0

= CfE ) + 0 (M) 1) B

+---+<”+Z_2> > 0.

We now show equation (3.2) holds. For k£ = 1, we have from equation
(3.1) and our initial conditions

B m) = oty + (")

Transposing this equation, we get

n—1

DrHm) = B m) - (")

: n+1i—2
=S (M) Eow).
Hence, equation (3.2) is valid for k£ = 1.

For k > 1, assume equation (3.2) is valid for all values less than k.
Solving equation (3.1) for D'~ (m), we get

Dt m = 5tom) - 5 (1) Do

=1

u

k— J

n— n—1 i n+2—2 n—
= -3 (") e (M)
=0

k—j .
= E"Y n—1 n+i—2 o1
= Ej Z ( ; )( ; )Ek_]._i(m).

=0

STE 3
>—A>—‘ ,_.

.
Il
—
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With a change of index, i — ¢ — j, we have

Dy (m) = BY () - ZZ(I) ("7")
- (") Ede
— 577 (m) ZZ(I) (")
- ("iZIT) Etom
- By m)

(724

(") e,

We now use two binomial identities found in [13, p. 619] to obtain

Dy (m) = By (m) + §<—1>i ("ri?) Eion

k

LY (M) Estow).

i=n
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‘We then have

n+1i—2
7

k .
DP=Y(m) = Bp(m) + 3 (-1)° (

_ g(l)i (”;Z - 2) Ep=H(m).

Hence the lemma follows from statements made at the beginning of the
proof. i

> Ep=l(m)

Theorem 3.1. A necessary and sufficient condition for equation
(1.1) to be right pn_1-disfocal on I™ is that (—1)*E}""(m) > 0 for
m € I'"F where k=1,... ,card I.

Proof. Necessity follows immediately from Theorem 2.1. To show
that the conditions are sufficient, assume (—1)*Ep~'(m) > 0 for
m € I™ where k = 1,... ,cardI. By Lemma 3.1, we also have that
(=1)kDp"'(m) > 0 for m € I"™ where k = 1,... ,cardI. But then
by [9, Theorem 2] we have that equation (1.1) is right (n — 1,1)-
disconjugate on I™.

Fix s € I, then k € {1,...,b— s+ 1}. Let u be the solution of
equation (1.1) satisfying the initial conditions

u(s+1) =0, for0<i<n-2
u(s+n—-1)=1.

We need to show that A"~lu(m) > 0 for all m € [s,b + 1]. We
first consider the cases where m = s, s + 1. By the initial conditions
A" !y(s) =1 > 0. And by equation (1.5), we have

A" u(s +1) = —Bn_1(s) = —E} 1(s) > 0.

Next, we consider the cases m = s + k where £k > 1. Consider the
system of equations obtained from (1.1) for m =s, s+1,... ,s+k —2
and equation (1.5) for m=s+k — 1.

an_1(s)u(s+n—1)+ ap(s)u(s+n)=0
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an—a2(s+1u(s+n—1)+an_1(s+1)u(s+n)+a,(s+1)u(s+n+1) =0

an-kr1(s+k—2u(s+n—1)4+ ap gi2(s+k—2)u(s+n)
+otan(s+k—2u(s+n+k—-2)=0
Brn-k(s+k—Lu(s+n—1)+Bp_r+1(s+k—Du(s+n)
dod Bua(s+k—Du(s+n+k—2) = A" tu(s + k).

Use Cramer’s Rule to solve for u(s +n + k — 2) to get

—A" (s + k) DR~}
u(s+n+k—2)= u(fhl ) kfl(s).
E;(s)

Solving for A" 'u(s + k),

(DB (s)
(~DF D)

A" lu(s+k)=u(s +n+k—2)

Now since equation (1.1) is right (n — 1, 1)-disconjugate on I™ and,
by our initial conditions, we must have that u(s +n + k —2) > 0.
Hence, we have that A" 1u(s + k) > 0. Thus, equation (1.1) is right
pn—1-disfocal on I™. O

For the remainder of the paper, we will consider equation (1.1) for
the special case when n = 2. We can then write equation (1.1) as

(3.3) ag(m)u(m) + a;(m)u(m+1) +u(m+2) =0

where ag(m) > 0 on I2.

We now give an example of an equation which is right p;-disfocal but
is not right disfocal on some interval I"™.

Example 3.1. Counsider the following equation

(3.4) —u(m)+2u(m+1)—3u(m+2)+u(m+3) =0, for m € [0, 1].
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We can show that equation (3.4) is right pe-disfocal on [0,4], by
applying Theorem 3.1 which we will prove later in this paper. But
there is a nontrivial solution u of equation (3.4) where u(0) = 0 and
u(1) = u(2) = u(3) = 1. That is, u(0) = 0, Au(1) = 0 and A2u(1) = 0;
hence, equation (3.4) is neither right disfocal nor right p;-disfocal on
[0,4].

We will show that right p;-disfocality and right disfocality are equiv-
alent for equation(3.3). Further, we will give better necessary and
sufficient conditions for equation (3.3) to be right disfocal on I"™, which
are similar to results for disconjugacy in [8].

Theorem 3.2. Equation (3.3) is right disfocal on I? if and only if
equation (3.3) is right p;-disfocal on I*.

Proof. The one direction is clear from the definition of right dis-
focality. Thus, we assume that equation (3.3) is right p;-disfocal
on I?. Then there is no solution u of equation (3.3) and points
a < my < mg < b+ 1 such that u(m;) = 0 and Au(m) has a gen-
eralized zero at my. But then equation (3.3) must be disconjugate on
I

Suppose, by way of contradiction, that equation (3.3) is not right
disfocal on I?. Then there is a nontrivial solution u of equation (3.3)
and points a < m; < mg < b+ 1 such that u has a generalized zero
at m; and Au(m) has a generalized zero at ms. Let u be such a
solution of equation (3.3) and let mg be the least such generalized
zero for Au(m). We may assume that m; > a and u(m;) > 0 since,
otherwise, our hypothesis would be contradicted. Then we would have
Au(mgz — 1) > 0 and Au(mz) < 0.

Let v be the solution of equation (3.3) satisfying the initial conditions
v(my; —1) = 0 and v(my) = 1. Since Av(m; —1) =1 > 0, we have
by the hypothesis that Av(m) > 0 for m € [m; — 1,b + 1]. We may
assume that u(m) < v(m) on [my, b+ 2] since a constant multiple of u
is also a solution of equation (3.3).

Since Av(mg) > 0 and Au(mg) < 0, we have that v(mz) < v(mg+1)
and u(mg) > u(ms +1). Hence, we have v(mq) — u(ms) < v(mg+1) —
u(msg + 1).
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Let A = min{\ : Au(m) = v(m) for some m € [m1,ms + 1]}, and
let my be the point in [mj,my + 1] where this occurs. Note that
my € [my,mz]. Let w = v — Au. Then w is a solution of equation
(3.3) where w(mo — 1) > 0, w(mg) = 0 and w(mg + 1) > 0. But then
w is a nontrivial solution of equation (3.3) with a zero followed by a
generalized zero, which contradicts that equation (3.3) is disconjugate
on I2. o

Corollary 3.1. Necessary and sufficient conditions for equation (3.3)
to be right disfocal on I? is that (—=1)¥EL(m) > 0 for m € I'=% where
k=1,...,b—a+1.

The proof follows immediately from Theorems 3.1 and 3.2.

Theorem 3.3. If there is a solution u of equation (3.3) such that
u(a) =0 and Au(m) > 0 for m € [a,b+ 1], then equation (3.3) is right
disfocal on [a, b+ 2].

Proof. Assume there is a solution w of equation (3.3) such that
u(a) = 0 and Au(m) > 0 for m € [a + 1,b+ 1]. Then we have that
u(m) > 0 for m € [a+ 1,b + 2]. Hence, equation (3.3) is disconjugate
on [a,b+ 2].

We will show this by way of contradiction. Suppose equation (3.3) is
not right disfocal on [a,b+ 2]. Then, by Theorem 3.2, equation (3.3) is
not right p;-disfocal on [a, b+ 2]. Hence, there is a nontrivial solution v
of equation (3.3) and points a < m; < mg < b+ 1 such that v(m1) =0
and Av(m) has a generalized zero at ma.

Without loss of generality, we may assume that Av(mg —1) > 0
and Av(mg) < 0. Further, we may assume that 0 < v(m) < u(m)
on [my + 1,b 4+ 2]. Since Av(mz) < 0 and Au(msz) > 0, we have
v(mg) > v(ma+1) and u(mz) < u(mao+1). Hence, 0 < u(msz)—v(ms) <
u(mg +1) —v(ma +1).

Let A = min{)\ : Av(m) = u(m) for some m € [mq + 1, my + 1]} and
myp the point in [m; + 1,m2 + 1] where this occurs. Let w = u — Av.
Then w is a solution of equation (3.3) where w(mg—1) > 0, w(my) =0,
and w(mo + 1) > 0. But then w is a nontrivial solution of equation
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(3.3) with a zero followed by a generalized zero, which contradicts that
equation (3.3) is disconjugate on [a,b + 2]. u]

Corollary 3.2. Necessary and sufficient conditions for equation (3.3)
to be right disfocal on I? is (=1)*E}(a) > 0 where k = 1,... ,b—a+1.

Proof. Necessity follows immediately from Corollary 3.1. To show
that the conditions are sufficient, we assume that (—1)¥El(a) > 0
where k = 1,... ,b—a+1. By Lemma 3.1, we have that (—1)*D%(a) > 0
where k =1,... ,b—a+ 1. But then, by [8, Theorem 2], we have that
equation (3.3) is disconjugate on I2.

Let u be a solution of equation (3.3) satisfying the initial conditions
u(a) = 0 and u(a + 1) = 1. Then Au(a) =1 > 0. We need to show
that Au(m) > 0 for m € I', then the proof will follow from Theorem
3.3.

Using equation (1.5) at m = a, we have

Aufa+1) = —pi(a)
= —El(a) > 0.

Next, we consider m = a + k where k£ > 1. Consider the system of
equations (3.3) for m = a,a+1,... ,a + k — 2 and equation (1.5) for
m=a+k-—1,

ar(a)u(a+1)+u(a+2)=0

ag(a+Du(a+1)+a1(a+Du(a+2)+ula+3)=0

apla+k—2u(la+k—-2)+ai(a+k—2u(a+k—-1)+ula+k)=0
Bola+k—1ula+k—1)+Bi(a+k—u(a+ k) = —Au(a + k).

Use Cramer’s Rule to solve for u(a + k) to get

—Au(a +k)D}_,(a)

ulat k)= =)
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Solve for Au(a + k),

_1\kpl a
) Bufo ) = ula + o

Since equation (3.3) is disconjugate on I? and, by the initial conditions,
we must have that u(a + k) > 0. Thus, since each term on the right
side of (3.5) is positive, we have Au(a + k) > 0. O

Now we give an example of an equation which is right disfocal but is
not disfocal on some interval I™.

Example 3.2. Consider the following equation

(3.6) 2.5u(m) — 3u(m + 1) + u(m + 2) = 0, for m € [0, 2].

We can show that equation (3.6) is right disfocal on [0, 4] by using
Corollary 3.2, which we will prove later in this paper. But there is
a nontrivial solution u of equation (3.6) satisfying w(0) = u(1) = 1,
u(2) = .5 and u(3) = —1. That is, Au(0) = 0 and u has a generalized
zero at m = 3. Hence, equation (3.6) is not disfocal on [0, 4].

Remark . Lloyd Jackson noted that the above result could be stated
as an ordering of D,ﬁ (a). That is, a necessary and sufficient condition
for equation (3.3) to be right disfocal on I? is (—1)**'Dp. (a) >
(-=1)*D}(a) >0 for k =1,... ,b—a. This is easily seen from equation
(3.1) and Corollary 2.
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