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GENERALIZED SCHWARZ CONSTANTS
ON THE CLASSICAL CARTAN DOMAINS

SHOZO MATSUURA

1. Introduction. The classical Schwarz lemma for the unit disc has
been previously generalized to the cases of several complex variables.
The Ahlfors type generalizations for some manifolds are treated by
many authors, for example, Chen-Cheng-Look and Royden [12]. Yau
[14] has recently given

(1.1) f*So < (Kp/Kq)*?Sp,  f€Ho(P,Q),

where (P,S%) is a complete Kihler manifold with Ricci curvature
bounded from below by some constant Kp(< 0) and (Q,S3) is an
Hermitian manifold with holomorphic bisectional curvature bounded
from above by Ko(< 0). In particular, for any irreducible classical
Cartan domain M,(j = ILILIII,IV) (see Section 4) and any self-
mapping f € Hol (M, M;) Look [6] gave

(12) f*SMj S C(Mj,Mj)SMj,

where ¢(M;, M;) denotes the so-called Schwarz constant which is the
best possible constant depending only on M; and further c(M;, M;) =
(K p, /K 1;)'/? (j =1 ~1V) are concretely given. Here f* denotes the
pullback by f and K M; and fMj are inf and sup of the holomorphic
sectional curvature of M;, respectively.

First, from another point of view, we shall give a generalized Schwarz-
Pick type lemma for Hol (H, H') with respect to the Bergman metric,
where H and H' are arbitrary homogeneous bounded domains.

As an application, for two arbitrary (irreducible or reducible) classical
Cartan domains M and N, we should like to generalize (1.2) and to
give the explicit value of the generalized Schwarz constant c¢(M, N).
Further, in this case we will show that each value ¢(M, N) (best possible
constant) coincides with the value (K ,,/K n)/2.
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1322 S. MATSUURA

Incidentally, (1) we give a generalization of the Schwarz lemma of
Ozaki-Matsuno [11] in Example 4.1 as a Corollary of Theorem 4.1
and (2) the Schwarz constant c¢(M;j, M;;), M;; = M; x M;, in [6] is
slightly amended in Lemma 4.2. Through the argument in this paper
an interesting canonical condition Prop (A) plays an important role.

Secondly, in Section 5, by combining our expression of the Schwarz
constant c¢(M;, M;) with the theorem recently obtained by Kubota
[5] we shall give a geometrically simple characterization of M; with
Prop (4).

Finally, in an appendix we shall show that Prop (A) is deeply related
to some extremal problems in some holomorphic equivalent class of
domains.

2. Schwarz lemma on the Bergman metric. For a bounded
domain D in C", it is known that

(2.1)  Cp(t,u) :=sup{|0. . f(t)[|f € Hol (D), f(t) = 0,|f(2)[p < 1}

and

(2.2)

Sp(t,u) := sup{|0,uf (t)|kp(t,t)/*|f € Hol (D) N Ly(D), f(t) = 0,
Ifllp < 1}

define the Carathéodory metric and the Bergman metric of D, respec-

tively, where kp(z,t), |f|p, ||f||p and 0., denote the Bergman kernel
of D, sup{|f(z)||z € D}, the Lo-norm of f on D and

Oz = (0-/02)u:=(0/0z1,...,0/02,)(-)u

forz =%(z1,...,2,) € Dand u = (uy,...,u,) € C*"—{0}, respectively
[2]. These two metrics are biholomorphically invariant.

For the Bergman tensor
(2.3) Tp(z,t) := 8*logkp(z,t)/02*0z

it is well known that the Bergman metric Sp(t,u)? coincides with

u*Tp(t,t)u, where A* denotes the transposed-conjugate ‘A of a matrix
A.
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Lemma 2.1. Let B, (t, p) be a ball of radius p with center att € C",
and put B = B, (0,r); then we have

(2.4) Sp(z,u)? = (n+1)Cp(z,u)?, z € B,
and
(2.5) Cp(0,u) = |ul|/r (see [3]).

We shall often use u(t,D) and v(t,D) as the maximum and the
minimum characteristic values of Tp(t,t), respectively.

For the extremal radii
(2.6)

R(a, D) :=inf{p|B,(a,p) D D},  r(a,p) :=sup{p|B,(a,p) C D}
at a € D and the values
(2.7)

r'(8,D') := R(B,D"u(3,D)?,  ~(a, D) := r(a, D)v(a, D)2,
at B € D' and o € D, put
(2.8) éaB(DvDI) = F(IB,DI)/"/(O(,D),

then we have

Theorem 2.1. Let H C C" and H' C C* be arbitrary homogeneous
bounded domains; then we have a generalized Schwarz-Pick type lemma

(2.9) f*Sy < é(H,H')SH, f €Hol(H,H'),
where

¢(H,H') := inf {éop(H,H') |a € H,3 € H'}.

Proof. Equation (2.9) denotes Sy (w,v) < é(H,H")Sy(z,u), z € H,
u € C" — {0}, with v = (df (z)/dz)u for w = f(z) € Hol (H, H'). Let
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fo € Hol (H, H') with fo(a) = B, then from the monotonicity of the
Carathéodory metric [3] and Lemma 2.1, we have

luo|/R(a, H) = OB, (a,R(a,i)) (@, u0) < Cr(a, uo)
< CB, (a,r(a,m)) (s w0) = |uo|/7(, H).

Since v(a, H)|uo|? < Sy (a,ug)? < p(a, H)|up|? holds, then we have
(2.10) (e, H) 'Sy (a,up) < Crla,up) < y(a, H) ' Su (e, uo).
On the other hand, the decreasing property of C'y gives

(211) fgCH’ < Chy, fo € Hol (H, H’), fo(a) =3, [3]
From (2.10) and (2.11), we have

(2.12) Sur, (fo(@),vo) < (I'(8, H')/+(e, H)) S (e, uo),

where vy = (dfp(a)/dz)ug. For any f € Hol (H,H') and any (¢t,7) =
(t, f(t)) there exist transitive mappings hg of H with hg(t) = o and
hH’,T of Hl with hHI’.,-(T) = B Put f() = h;I},TOthHﬂg, fo(Oé) = ,3 and
(dhg(a)/dz)up = u, then from the relative invariance of the Bergman
kernel and the chain rule of derivatives we have Sg(a,ug) = Su(t,u)

and Sg/(B,v0) = Su/(f(t),(df(t)/dz)u). Therefore, from (2.12) we
have the result. o

3. Canonical domains and Prop (A). The Schwarz constant is a
biholomorphical invariant [6]. Therefore, in order to get the Schwarz
constant we should treat certain canonical domains rather than use
arbitrary ones in the biholomorphically equivalent class of domains.

Definition 3.1. A bounded domain D in C™ with a canonical
condition

(3.1) Tp(a,a) = a®E,

is called a domain with Prop (A4) at « € D, where E,, denotes the unit
matrix of order n.
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Any bounded domain D is biholomorphically equivalent to a domain
with Prop (A) at 0 under a suitable linear transformation since the
Bergman tensor Tp(z,z) is positive definite and relatively invariant
under any biholomorphic mapping [1].

4. Generalized Schwarz constant between arbitrary two
classical Cartan domains. Let H and H' be homogeneous bounded
domains with Prop (4) at 0 € H C C" and 0 € H' C C?, respectively;
then from Theorem 2.1 we have

(4.1) f*Su < éoo(H, H')Sy,  f € Hol (H,H'),
where
(42) éOO(Hv Hl) = F(OaHl)/’Y(OaH)

Now we may set a conjecture that for arbitrary homogeneous bounded
domains H and H' with Prop (A) at 0, éoo(H, H') gives the generalized
Schwarz constant ¢(H, H').

We will prove that the conjecture is true at least between two
arbitrary (irreducible or reducible) classical domains M and N or their
biholomorphic images.

In order to treat our cases uniformly, the irreducible classical Cartan
domains M;(j = L, IL,III,IV) with Prop (A) at 0 are defined as follows:

My = Mymxn) = {Z1 = (2rs) : m xn matrix|E, — Z{Z; > 0}, m > n.

My = Myyny = {Z11 = (2rs) : n X n symmetric matrix|E, — X{; X1 >
0, X1 = () with z,, = 2, and z,, = 2,,/V2, 7 # s}.

Mt = Mini(ny = {Zm1 = (2rs) : n X n skew symmetric matrix|E, —
ZI*IIZHI > 0}

Myy = MIV(n) = {ZIV = t(zl, ey Zn)|].—2XI*VX1\/+|tX1\/le‘2 > 0,
1- |tXI\/X[v| >0, Xiv = t(acl, Ces ,:En) = Zlv/\/i}, (Cf [6])
The Bergman kernels of M;’s were given by Hua [4] so that
ij (ZJ’, Zj) = cj(det Y}')_nj,

where Y; = E, — Z7Z; (j = LII), Y = E, — X;jXu, Yiv =
1—2X} X + " Xiv Xy, mm=m+n, np=n+1, nim=n— 1,
nry = n and each c; is a positive constant depending only on M;.
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Let the contraction column vectors Z; with respect to Z; (j = I ~ IV)
be 21 = *(((zre )i )s) € ©%, i = (o) i) € CHED2,

Zm = Y(((zrs)"_py1)i=t) € CM=Y/2 and Zry = Zry € C™, then the

r=1
Bergman metrics of M;’s are defined by

(4.3)  Swm;(Z;,U;) = 9;0;log kg, (25, Z;) = Uy Tag, (Z5, Z;)U5,
where 9; A = ((8a,s/8Z;)U;) for A = (ays) and U; = dZ;.

Lemma 4.1. For M; (j = LILIII,IV) we have the table

J 1 II II1 v

p(0,M;) =v(0,M;) m+n n+l 2(n-1) n
R(O,Mj) n1/2 n1/2 [n/2]1/2 21/2

r(0, M;) 1 1 1 1

Proof. We shall use the formulas 0;(AB) = (0;A)B + A(9;B),
6jY71 = 7Y71(an)Y71, ath‘C = tr ((9]0) and aj logdetY =
tr (Y 10;Y), where AB and Y denote a matrix product and a reg-
ular Hermitian matrix function of Z; and 7]-. Note that (9ij|zj:0 =0
(j =I~1V), then we have

0;0jlog det Y;|z,—0 = tr (Y;7(9;0;Y;— (97 Y;)Y; ™ (9;Y;))| 2,0

(4.4) / .
= tr (8] 6j}/}')|zj:0 = 6j ajtr )/3'|Zj=0-

For example, SMII (0, UYII)2 - —(n—i—l)@I*I@Htr }/II|ZH:0 = UI*ITMII (Ol O)UH
and thus T, (0,0) = —(n + 1)0%(n — Y0 _, |zrs|?) /0211021 =
(n + 1)Ey (n41)/2 which shows that u(0, Mir) = v(0,My) =n+1 and
My has Prop (A). Similarly, we have the other T, (j = I, IILIV).

We have the canonical representations as Z; = P;D;(Z;)Q; (j =
LIILIV) and Xi1 = PuDu(Xu)Qu, where P; and @, are suitable
unitary matrices and

Dy(21) = <diag ()\16...,)\")> ’
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mxmn, 1> > > X\, >0; DHQXH) = diag (A1,..., \n), n X n,
1> )\1 > )\n > 0; DIH(ZIII) = (E X diag ()\1,...,>\p)), n = 2p or
= (E x diag (A1,...,0p) +0),n=2p+1,

and Drv(Zrv) = V2D (X1v) = v2 (A1, vV=1X2,0,...,0), 1 > X\ >
A >0, A1+ A< 1 [4] Put

E,
DI—(0>7 DII:Ena DIV:t(ﬁaoa"'ao)a

DHI:EXEp,n:2p, or :(Epr—i—O),n:2p+l,

(4.5)

then we have D; € OM;, j =1 ~ IV, and R(0,M;) = |D;| = /n,
j=LIL = \/p, ]—III and = /2, j = IV, and further r(0, M;) = 1
(j =1 ~ 1V), since M;’s are strongly starlike and n > tr (ZI*ZI) =
|ZI|2 >1,n>tr (XI*IXH) |ZH‘2 >1,2p > tr (ZIIIZIII) = 2|ZIII| > 2
and 2 > 2tr (X, X1v) = |ZIV\2 > 1 hold In particular, for j = IV
put MI,V = {XIV = (.1'1,.. mn)|1 2XIVXIV + | lele|

1-— |tlele| > 0}, then XIV = va()\l,\/——l)\g,o,. .. ,0) = Zlv/\/i
in OMj,, satisfies Ay + A2 =1 and 0 < X\ < Ay <1, 1ie., R(0,M]y) =1
(M =1, A2 = 0) and 7(0, M}y,) = 1/v/2 (\ = )\2 = 1/2) Therefore
we have the results. Here D, — Dk corresponds to Zj — Zk O

Theorem 4.1. Between M; and M;, ¢,j = LILIIL IV, we have the
generalized Schwarz-Pick type lemma

(4.6) fiiSm; < e(M;, M;)Su,, fij € Hol (M;, M;),
where the Schwarz constants c(M;, M;) are given by
(4.7) e(Mi, M) = éoo(Mi, M;) = I'(0, M;)/~(0, M;).
In particular, for Hol (M;, M;) we have the usual Schwarz constants

(48) C(Mj,Mj) = éOO(ijMj) = R(O,MJ’), [6]
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Proof. From (4.1) and (4.2), it is sufficient to show that the equality
in f5Sm; < ¢oo(M;, M;)Sn, holds at Z; = 0 € M; for some f;; €
Hol (M;, M;) with £;;(0) = 0 and some U; = dZ; € CY¥mM: — {0}
since My(k = i,j) are homogeneous. Noting that Sy, (0,Ux)? =
(0, My)|Ux|?, k = 4,4, hold from Prop (A) at 0, we may only show
that

(4.9) 102,,6,:3(0)| = 1(dfi;(0)/dZ:)Ui| = R(0, M;)| Uil

holds for some f;; € Hol (M;, M;) and U; = dZ; € CY™Me _ {0},
Put

i i PZ;  fori=TI,IILIII,
(4.10) fii(Zi) = AijZ; = PV Z
PjQZ; fori=1V,
where
0 <(1) —\0/—1 0o ... %) /V?2, dim My x dim My matrix,

and P;; = (DjO) (dim M; xdim M;) for j = I,IL III, IV, then f;; belongs
to Hol (M;, M;). Indeed, for i = I, 1L, III we have A;;Z; = (D;0)Z; =
Djt € M; since M; is strongly starlike or more precisely convex and
Dj € OM; and |t| < 1 for the first element t of Z;, i = I, 11, III. And
further, we have

|8ifij(0)| = |D]| = R(07Mj)|Ui|v Ul = t(l,O, .- 70)7
which give (4.9) for ¢ = I, I, IIL
Next for s = IV and MIIV > XIV = t(xl, e ,In) = Zlv/\/i, AIV,jZ =
(D;0)QZ1y = (D;0)Qv2X1y = D;t, where |t| = |z — /—1za| < 1 [6,
p. 485] and D; C OMj, j =1 ~ IV. Therefore fry ; : My — M; and
fllI‘theI‘ we get ‘8IVfIV,j(0)| = |(D]O)QUI\/| = |DJ‘ = R(O,MJ)|UI\/‘ for
Ury =%(1,v/—1,0,...,0)/v/2. This completes the proof. O

Example 4.1. Let M = M,y (in particular M.y =
By (0,1) = B), then from (4.7) and Lemma 4.1 we have

R
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and the generalized Schwarz-Pick type lemma

1df(2)/dZ|]* < (1~ [F(2))N /(1 - 112]1)?,

(4.11)
ZeM, feHol(M,B),

where N = 2 for k = 1, N = 1 for k > 2 and ||X||*> denotes the
maximum characteristic value of X*X.

In particular, for f € Hol (B, B) we have Ozaki-Matsuo’s theorem
(4.12) |ldf(Z)/dZ|]* < A=|f(2)")/(1~1Z)*,  ZeB  [11],
and for f € Hol (A, A) (A: unit disc) we have the usual Schwarz lemma
|df (2)/dz] < (1= 1f(2)*)/(1 = |2[*), z € A.

Lemma 4.2. Let ¢y, and py denote the Schwarz constant ¢( My, My,)
and p(0, My), k = i,7, respectively, then we have the Schwarz constant
Cijij = C(Mij,Mij) fO’I‘ Mij = Ml X Mj as

(4.13) c?j,ij = (mich; + Njcfj)/min(,uia,uj)-
In particular, if p; equals (1, then we have
(4.14) ¢y =cht+c;  (cf [6, pp. 492-494)).

1§,J

Proof. If p; < pj, put Z! = (ui/p;)/?Z;: M; — M|, then we have
Mj; = M; x M; with Prop (4) at 0, i.e., u(0,M];) = v(0,M];) = p;
since we have TMifj(O,O) = diag (Tnm;(0,0),T2,(0,0)) = pjEdim
from Enz, o, =k, X kar;. Hence we have

R(Oa Milj)z = R(Oa le)2 + R(Oa Mj)2

(4.15) ) ,
= (pi/p3)R(0, M;)* + R(0, M)
and
(4.16) r(0, M;)? = r(0, M})? = (i /p3)r(0, Mi)? = pui/ps;.

Therefore, from (4.8) we have

(4.17) (R(0, M) /r(0, M;;))? = (pach; + pjci;)/ min(pi, pj).
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In order to show that R(0, M;;)/r(0, M];) gives the Schwarz constant
c(Mi;, Mj;)(= e(Mij, M;j)), from (2.9) it is sufficient to prove

(4.18) (dfo(0)/dZ")U| = (R(0, M};) /r(0, M{;))|U],

7' = (2,2, Z' € M;j;, for some fo € Hol (M;;, M;;) and some

U € CUm My _ {0} (see (4.9)). We can construct a required extremal
mapping fy in the following. Set

P'Z'"  fori=11II1III,
P'Q'Z" fori=1V,

fo(z')=AZ' = {

Z'e M.

;j» where

’ Di 0 ,_(Q 0
P_<(Mj//~ti)1/2f7j 0> and Q_<0 0>

are square matrices of order dim M;; and further D; (¢ = LILIILIV)
and @ are defined in (4.5) and (4.10).

Let z; (respectively z}) be the first element of Z; (respectively Z!),
then we have

. 172, (i /i)*?, i=I, 11, I11,
1241 = (1) 2 |{ 2 s < 2, 11

where z; denotes the first element of X1y € My (X1y) with zq = V21,
and |z;| < 1. Further put D! = (u;/u;)*/%D;, then D} € OM].

Now, for each i(= I II III) and Z' € M;; we have P'7 =
Y(‘ Dy, (/‘j//‘i)jm tpj)zll = YD}, 'Dj)=1 € M’L’J’ Zl = Y2}, 'z;) =
C((pi/p)?2;, Z;) and for i = IV we have

PQZ =Dy, (s ) /2 Dy) (1 — V=123) V2
— (1D}, 1By) (a1 — v/ Taw) € M}

since Zry = (21,20, -, 2n) = V2 H(x1, 20, ..., 2,) = V2X1v (see the
definition of MIV(ZIV)) and |Z1 + \/—1$2| <1 [6, p- 485]
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On the other hand, for each i(=1 ~ IV) we have, from (4.15) and
(4.16),

|(dfo(0)/dZ")T|? = ['(* Di, (nj /ps) "/ D
= R(0, M;)? + (nj /1) R(0, M;)*
( (0, M) /r(0, M};))*|U %,
,..,0) (i = LILII), Uy =

where U = ( ) )w1t t(1,0
=0 (j = I ~IV). This completes

(1,+/-1,0,...,0) (i = )andU

the proof. |:l

Theorem 4.2. Let M and N be arbitrary (irreducible or reducible)
classical Cartan domains and K |, (respectively Kp) be the inf (respec-
tively sup) of the holomorphic sectional curvature with respect to the
Bergman metric for a bounded domain D, then the generalized Schwarz
constant c(M, N) is given by

(4.19) e(M, N) = &(M',N') = (K1 /K ) "/2,

where M’ and N' are suitable linear images of M and N, respectively,
and have Prop (A) at 0.

Proof. Since the Bergman metrics, the Schwarz constants and the
holomorphic sectional curvatures are biholomorphically invariant, then,
by the same way as in the proof of Theorem 4.1, we have

¢(M,N)=¢M',N"y=1(0,N")/~(0,M").

. . ——1
inlthe _ot_hler hand, using Ky .y, = min{ Ky, K}y Kypon; =
Ky, + Ky, [6], (4.15) and (4.16), we have

cij = e(M;, My) = I'(0, M;) /7(0, M;) = (K pr, /K 1,)"?,
i,j = LI TIL 1V,
from (4.7), Lemma 4.1 and the following table [6]
J I 11 II1 v

Ky, —2/n(m+n) -2/n(n+1) -1/[n/2)(n—-1) -1/n
Ky, —2f(mtn)  —2/@+1)  —1/(a-1)  —2/n
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In general, I'(0, N') /v(0, M") = (K 3. /K n)Y/? = (K, /K n)*/?. This
completes the proof. i

Example 4.2. (1) c(Mignxn), Mum)? = k(k +1)/(m +n) =
KMI(an)/KMII(k)'

(2) For M = MI(mxn) X MII(n) and N = MIII(n) X MIV(n): set
M'" = Mi(mxn)y X MI’I(n) and N = My ¥ Ml’v(n), where MI'I(n) =
((n+1)/(m+ n))*?Myy,) and My, = (n/2(n — 1))Y2Myy (), then
by direct calculations we get

o(M',N')=&(M',N") = 2((n—1)/(n+1))([n/2] +n/(n—1)) = K, /K x

since R(0,N")* = R(0, My(n))* + R(O,Ml’v(n))2 = [n/2] +n/(n - 1),
p(0,N') = (0, Mum)) = (0, Miy,) = 2(n - 1), r(0,M')* =
(n+1)/(m+n) and p(0, M) = m + n hold.

5. Geometric meaning of the Schwarz constants and Prop (A).
First we need a slight modification of Theorem 1 of Kubota [5].

Lemma 5.1. For any M; (j = I, ILIIL IV) with Prop (4) and any
A >0, set

par;(A) = sup{pynr; = (0, f(M;)) | f € Hol (Mj, Bn(0,2)),

(5:1) 0 € f(M;)},n = dim Mj,

then we have

pum; = A/ R(0, M) [5, Lemma 1]

(5.2) = \ej; (see (4.7)).

Theorem 5.1. For any M;(j = LIL IIL,IV) with Prop (A) we have
(5.3)
¢jj = R(0, M;)/r(0, My) = (K, /K )"

= infy {R(E, f(M;))/r(t, f(M;)) | f € Hol™(Mj), f(0) =t}
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Proof. Equation (4.18) for M = N = M gives the first part of (5.3).
Without loss of generality, we may treat the case of f(0) = 0. For any
A(> 0) put

Holo(M;j : A) = {f € Hol™(Mj) | R(0, f(Mj)) = A, f(0) =0},

then from Theorem 4.1 and Lemma 5.1, we have

R(0, f(Mj)) _ A oA
r(0, f(Mj)) (0, f(M;)) = par;(N)
= R(0, M;) = % = ¢jj

for f € Holo(M; : A). Since A(> 0) is arbitrarily chosen, then we
obtain (5.3). o

Remark 5.1. By Theorem 5.1 for f € Hol™(M;) with f(0) = t we
have
R(0, M;)/r(0, Mj) < R(t, f(M;))/r(t, f(My)),

which shows that any classical Cartan domain M; satisfying Prop (A)
at 0 is most close to a ball in the Hol ™ (M)-equivalent class of domains.

APPENDIX

6. On Prop (A). Many canonical domains are more or less related to
the Ly-minimum problems for some classes of holomorphic mappings
(see [9]).

A bounded domain D in C™ with kp(z,0) = kp(0,0) for z € D
is called a Bergman minimal domain (with center at 0) and it has
the minimum volume in the F = {f € Hol"(D) | f(P) = 0,
det (df (P)/dz) = 1}-equivalent class of domains [1].

Any bounded complete Carathéodory circular domain (shortly a
bounded balanced domain) M, say a classical Cartan domain, is a
Bergman minimal and is also a representative (< T (z,0) = Ta(0,0)
for z € M) domain with the same center at 0 (shortly an m —r domain)
[7].
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For the class G={f € H"(D)NLy(D)|f(0)=0, |det (df(0)/dz)| =1},
an extremal mapping wp in this class, which minimizes the moment
of inertia I(D) = fw(D) |w|?w,,, defines the Mitchell minimal domain

wp (D) with center at 0 [9, 10, 13].
Prop (A) has the following extremal properties:

Theorem 6.1. Let D be an m —r domain in C™; then the following
are equivalent.

(1) D has Prop(A) at 0: Tp(0,0) = a®’E,, a > 0.
(2) D is a Mitchell minimal domain with center at 0.
In particular, if D is a bounded balanced domain, then (1), (2) and

(3) D has Prop(A') at 0 : [,22*w. = a?’E,, d >0 [9]
are equivalent.

Further, for a balanced domain D with one of (1) ~ (3) satisfies

(6.1) a’a’? = vol (D).

Proof. Let mb(2,0) and MY En(2,0) be the minimal mappings
of [, 1Jf(2)Pw, for f € F and [} |g(2)]’w. for g € H = {f €
Hol™(D)| f(0) = 0, df(0)/dz = E,}, respectively, then we have
mh(2,0) = kp(z,0)/kp(0,0) = 1 and Mp " (2,0)/m}(2,0) =
Tp'(0,0) [y Tp(t,0)dt = 2 for z € D (see details in [9]). Therefore,
for an m — r domain D we have

(6.2) M E(2,0)=2, z€D.

On the other hand, D is a Mitchell minimal domain if and only if D
satisfies

(6.3) MYFr(2,00=2 and Tp(0,0)=a’E,, a>0, [9, 13].

This shows (1) < (2).

Suppose that D is a balanced domain, then D is an m — r domain
and the linear part of an orthonormal system of D is given by Byz =
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O0kp(z,0)/0z*, where Bj is a constant n X n matrix [1, 4]. Hence, we
have

Tp(0,0) = (8%kp(0,0)/02%02) /kp(0,0) = Bj Byvol (D)

since kp(0,0) = vol (D)~! [1]. Therefore, we obtain
/ 22*w, = (BfB;) "' = vol (D)T5(0,0).
D
This shows (3) < (2). (6.1) is clear. O

For a bounded simply connected Lu-Qi Keng domain (< kp(z,t) #0
for (z,t) € Dx D), the image domain N of D under the normal mapping

(6.4) n(z) = Tp'?(0,0) /OZ Tp(t,0)dt, te D,

is called a normal domain with center at 0. It is known that the
normal domain IV of D with center at 0 is unique up to unitary linear
transformations in Bihol (D)-equivalent class of domains and satisfies

(6.5) Tn(2,0) = Ty (0,0) = E,

and vice versa (see details in [8]).
Lemma 6.1. A formally defined normal domain N of a bounded
balanced domain D is similarly equivalent to a Mitchell minimal domain

M of D with the same center at 0 up to unitary linear and similar
transformations.

Proof. N is a representative domain with Prop (A4) from (6.5).

Since D is an m — r domain with center at 0, then from (6.4)
the normal mapping 7(z) equals T 12 (0,0)z = V*diag ()\1, o A)Vz
V*V = E,, where Tp(0,0) = V*dlag (A2,... )\2)V (A1 > 2 An
0). Take a linear mapping u(z) = diag (Ay,..., )Vz/(H M)/

>
S
G and put M = u(D), then we have Ty/(0,0) = a’E, where a’ =
det T (0,0). This shows that M is a Mitchell minimal domain of D
and 7(z) = aV*u(z), i.e., N = aV*M. This completes the proof. O
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