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WEIGHTED L?-MULTIPLIERS

CHING-HUA CHANG AND CHIN-CHENG LIN

ABSTRACT. In this paper we give a simple proof of the
characterization of an L? multiplier with weight |¢|2*, k € N.

1. Introduction. Let f — f be the Fourier transform, f — f the
inverse Fourier transform, and m a bounded measurable function on
R. We say that m is a multiplier for LP(R), 1 < p < oo, if f € LN LP
implies (mf)  is in L? and satisfies

(mf) |l < Cpllfll, with C, independent of f.

For a > 0, we express L?(z%) the collection of f with \|f||%2(z2a) =
J75 |z f(2)]* de < oo, and Spo(R) = {f in the Schwartz class S(R):
f has compact support not including the origin}. For f € Spo, it is
easy to check that zf € Spp and f(k) vanishes in a neighborhood of

the origin for all k € N. Thus we have f*)(z) = [V f(*1(t) dt for all
k € N. Furthermore, it is well known that Spo is dense in L?(z2) (see
[4]).

Hoérmander [1] gave a sufficient condition for multipliers in 1960.
Kurtz and Wheeden [2] proved a weighted version of the Héormander
multiplier theorem. Both gave sufficient conditions for multipliers,
but not necessary conditions. Muckenhoupt, Wheeden, and Young [4]
provided sufficient and necessary conditions for L? multipliers with
power weight |z|?%, o € R. In this paper we use the principle of
mathematical induction to give a simple proof of the characterization
of an L? multiplier with weight |z|?*, k € N. Finally, we mention that
C will be used to denote a constant which may vary from line to line.

We recall that Hardy’s inequality with weights is stated as following.

Theorem 1 [3]. If1 < p < o0, there is a finite constant C' for which

(1.1) (/Ooo ‘U(m) /wa(t) dtpdm>1/p < C</OOO|V(ac)f(ac)|pdm)1/p
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is true if and only if

(1.2) sup </°° |U(x)|pdx>1/p</0T|V(x)|p’ d:c)l/p/ < o0,

where 1/p+1/p’ =1.

We say that m satisfies a Hormander condition of order k, k € N,
denoted by m € H(2,k), if m € L>(R) N C*(R\{0}) and

sup R2°‘_"/ \D*m(x)|* dz < 400
(1.3) R>0 R<|e|<2R

fora=0,1,2,... k.

2. Weighted L? multipliers. In this section we would like to
get sufficient and necessary conditions of a weighted L2-multiplier. We
start from estimates of ||z'~¢f’||y and ||m*) f(@a=F)]||,.

Lemma 2. For a € N, there exists a constant C, depending on a
only, such that

. ~ 2 ()P de < C - F(@) ()2 da
(2.1) /0\ F(@)|? d < / FO @)

0 0
(2.2) / 210 f (@) P dx < © / 7O (@)]? de

for all f € Spo-

Proof. It suffices to prove inequality (2.1) since inequality (2.2) is
obtained from (2.1) by changing variables x into —z. Obviously, (2.1)
holds for a = 1. For a = 2, we set U(z) = 27! and V(z) =1 in (1.2)

and get
* —1 g7 2d — < —1 mA// d
/0|w f(@) de / z /Of(t)t

<c [T

2
dx
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For a > 3, let U(z) = 217 and V(z) = 2% Then

oo T 4
/ |U(w)\2dm-/0 \V(m)|72dm:m for all » > 0.

We apply Theorem 1 again to get

/Ooo |w1_“f'(m)|2dm=/ooo zi=e /0 #(t) dt

<c / 22 (2)|2 da.
0

2
dzr

Repeating the same process, we have
oo N oo N
[ ei@rar<e [ @
0 0

s0/|ﬁﬂﬂWMFm
0

<¢ [ e P ds

0

c/ FO (@) de,
0

IN

which completes the proof. ]

Lemma 3. If m € H(2,a), then there exists a constant C such that
||m®) fla=R)| |, < O f@||2 for all f € Spo and 0 < k < a.

Proof. Given f € Spo, for @ = 1 and k = 0, it follows from
m € L*(R) that |[mf'|]a2 < C||f'||2. For a =1 and k = 1, we set
U(z) = m/(z) and V(z) = 1. Since m € H(2,1), we have

2k+l,

/ |m'(ac)|2dx-/0 dx:rZ/Zk |m/ (z)|? dz
"' k=0 "'

< rZC(2kr)_1 =(C forallr>0.
k=0
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It follows from Theorem 1 that

| m@i@ra - [ \m /.f 1 de
<c/ x)]? d

<ol fl3:

dac

Similarly, we have [°_ |m/()f(2)|? dz < C||f'||3, and hence ||m' f||> <
Ol fl2-

Assume that ||[m® f@=R)|, < C||f@)]|]y is true for a = n, 0 <
k < a Ifa = n+1, since f € Sp implies zf € Spo, we

~ ~ —~(a—1-k
have |[m(®) f@ Rl = [[m® ()@ B, = [[m®z] e <
—~(a—1 ~ ~

cla s = CIF) @ Dlls = ClIF@]ls for 0 < k < a. For the
case of k = a, we set U(z) = m(®(z), V(z) = '~ It follows from
m € H(2,a) that

/ |m(“)(ac)|2dm-/ 22 gy
T 0

2k+1
2%12/% Mm@ ()2 da

22
SO =9 @as)

for all » > 0.

Applying Theorem 1 and (2.1), we get

Ammﬂnmﬂmﬁmriéwkﬂkmﬂfﬁ@df

<c [ )P ds
0

dz

<c [ 179 @)P
0

Similarly, we have

0
/\mw() de<c/ (2)|? da.
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Both inequalities imply ||m(® f|l, < C||f]||, which proves the in-
equality for k = a. By the principle of induction, ||m®*) f(e=F)||; <
C||f @], for all a € N, and 0 < k < a. u]

We are ready to prove a sufficient condition of a weighted L2-
multiplier.

Theorem 4. If m € H(2,a), there exists a finite constant C' such
that H(mf)v HLZ(I%) < C||f‘|L2(Izk) fO’I‘ all f S 800, 0 < k <a.

Proof. Obviously, the inequality holds for £ = 0 by the boundedness
of m. We notice that m € H(2,a) impliesm € H(2,k) forall1 < k < a.
By Lemma 3, we get

[(mf) " 1|12 (g2 = ClID*(mf)]|2

< 02( ) Iy,

< CIIf 9|5 = 2413
= OHfHLZ(sz) forall f € Sg9p, 1<Ek<a. ]

The next theorem states that m € H(2,a) is also a necessary
condition. The first part of the following proof is the same as the
one in [4]. For reasons of complement, we write the detailed proof as
follows.

Theorem 5. Letm € CH(R\{0}). If [|(mf) " ||12(2r) < C||f] L2224
forall f € Spo, 1 <k < a, then m € H(2,a).

Proof. First we show m € L>®°(R). Since m is locally integrable,
almost every point of R is a Lebesgue point of m and |m|. Let g # 0
be an arbitrary Lebesgue point of m and |m| with m(zg) # 0. It suffices
to show |m(zp)| < C. Let ¢ € C§°(R) satisty

(i) suppo C{z:1/2 < |z| <4},

(il) ¢(z)=1for 1< |z <2,
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| * ¢ (x0) — 4m(zp)|

o)
‘/m )6, (20 — y) dy — mxo/¢ ‘

fm(y) - (xo)}aﬁ(

e

r/2<|y—zo|<4r
Im(y) — m(zo)| dy
ly—mo | <4r

—0 asr—0.

1
<=

Hence, lim,_,om * ¢.(z) = 4m(xp). Similarly, lim,_,q |m| * ¢,(z0)
4|m(zp)|. Let 0 < r < |zg|/8 be chosen such that |m x ¢, (zo)]
2|m(zo)| and |m| x ¢,(z0) < 8m(zp)|. Define g € Spo(R) by g(z)
ér(zo—x) = (1/7)¢((zo — ) /7). Since |e*® —e'*@0| < |z(t—zo)| < 1/8
for || <1/(32r) and [t — x| < 4r,

2rr|(mg) (z)| = ‘/ m(t elreo dt+/ m(t eirt — ’”")dt

> | [ miva )dt‘—g/ltz0<4r| m(t)a(t) e
= |m * ¢ (wo)| — §|m| * ¢ (w0)

1
> |m(zg)| for |z| < 3o

Hence, |m(z¢)|? < 472|(mg) (z)|? for |z| < 1/(32r). Multiplying both
sides by z? and taking integration on |z| < 1/(32r), we obtain

im(z0)]? < Cr?’/ |(mg) (z)|?|z)? de.

|| <1/(32r)
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It follows from the assumption and a change of variables that

m(zo)? < 0 [ lg(o)Plaf da
R
— C 3 n 2 2d
r /R 1(r) Pl de
=C | |$(x)Plz|* dx < C.
/R ()2l ? der <

Thus m € L*°(R), and hence there exists a constant C' such that
(mf) [l2 < C[|fl]2 for all f € L*(R).

To prove m € H(2,a), we still have to show (1.3). Define f,., r > 0,

by fr(x) = ¢(x/r). Then f, € CF¥(R), fy(x) = rfi(rz), and f(z) = 1
for r < |z| < 2r, which imply

/ \fo(@)a®? do = / Irfu(rz)at ? de
R R

_ ,,,17219/ |f1(l‘)|2|w|2k dr S Crlek:
R

for all £ > 0 and all » > 0. The Plancherel theorem and the assumption
give

m®) (2)|? dz = ka; 212 da
/KM @Fde= [ DH(mf)(@)

r<|z|<2r

<C [ latmf) @P de
< C/R|xkfr(m)|2dm

S C’I"l_2k

forall0 < k <aand all »r > 0. ]
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