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ON THE TRUNCATION OF FUNCTIONS
IN LORENTZ AND MARCINKIEWICZ SPACES

J. APPELL AND E.M. SEMENOV

ABSTRACT. Given a measurable function = on [0, 1], we
study the family Q(z) of all quasi-concave functions 1) such
that [|zp|[ar(yp) = o([|znlla(y)) as b — oo, where x;, denotes
the truncation of z at height h. We show, in particular, that
Q(z) is nonempty if and only if # € L1\Loo.

Recall that a Banach space E of measurable functions on [0,1] is
called symmetric space or rearrangement invariant (r.i.) space if the
following holds:

(a) from |z(t)] < |y(t)| and y € E it follows that x € E and
lzllz < lylle;

(b) if x is equi-measurable to y € E, then z € E and ||z||g = ||y||&-

Denote by X, the characteristic function of a measurable set e C [0, 1].
By (b), the norm ||X.||r depends only then on the measure pe of e.
Consequently, the function ¢g : [0,1] — [0,00) given by ¢gr(ue) =
[|Xe||E (the so-called fundamental function of E) is well-defined.

Examples of r.i. spaces are the classical Lebesgue, Orlicz, Lorentz
and Marcinkiewicz spaces. Denote by (2 the set of all quasi-concave
functions ¢ : [0, 1] — [0, 00), i.e., 1(0) = 0, and both functions ¢ — ()
and ¢t — t/19(t) are increasing. Given 1 € €, let

1
(1) 2l acw) = / (1) dip(t)

T

o YO [T
@) lellcoy = sup B a0y

where x*(t) denotes the decreasing rearrangement of |z(t)|. The space
A(v)) defined by the norm (1) is usually called Lorentz space, the space
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M (v) defined by the norm (2) Marcinkiewicz space (see, e.g., [3, 5, 7]).
Even in the very special case ¥(t) = t%, 0 < o < 1, these spaces are
extremely important in interpolation theory [3, 4, 9-13]. Recall that
the fundamental function of an r.i. space is always quasi-concave (see
[7, Chapter II, Theorem 4.7]). If F is an r.i. space whose fundamental
function ¢g is concave, then

(3) Apr) CE C M(¢g),

and the corresponding imbedding operators have norm 1. On the space
L1 we define an ordering < by requiring that = < y if and only if

/OTx*(t) dt < /OTy*(t) dt

for all 7 € [0,1]. If an r.i. space E is separable, or isomorphic to a
separable space, then « < y implies that ||z||g < ||y||g. In particular,
this holds for any Lorentz space. For more information on the preceding
notions and results, we refer to the monographs [3, 7, 8.

In case E = L; we have pg(t) = t and A(pg) = M(pg) = L.
Similarly, in case F = Lo we have ¢g(t) = signt and A(pg) =
M(pg) = Lo. These two cases are quite exceptional; in fact, the
inclusion A(pg) C M(pg) is always strict for E # Ly, Loo.

Given a function ¢ € €, by ¥ we denote the concave magjorant of 1.
The functions ¥ and 1 are equivalent in the sense that

G(t) < P(t) <20(t),  0<t<1

(see [7, Chapter II, Corollary to Theorem 1.1]). Furthermore, by U we
denote the conjugate function of 1 defined by

(1) Bty = =

\ t
¥(t)

Lemma 1. Suppose that @/; is concave and

(5) lim 4 (t) = lim ¢ (t) = 0.
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Then

Proof. Suppose that
1 ~ A~
t/W@W@ﬁ=C<w
0

by (1), this means that ¢ € A(¢)). For any = € M (1) with ]| aree) <
1 we have then, by (2) and (4),

/OTx*(t)dtgﬁz/oT@L’(t)dt, 0<7<t,

ie, x =< 1&’. By what we have observed before, this implies that

2lla ) < 18 1la) = C-

We have shown that M (/) € A(¢)) and hence, by (3), that M(y)) =
A(¢) with equivalent norms. But (5) implies that the space A(v) is
separable (see [7, Chapter II, Lemma 5.1]), while M (1)) is not. O

Given a measurable function z : [0,1] — R consider the truncation

x(ﬂ_{xw if [x(t)] < h,
"7 hsigna(t) it [o(t)] > b,
and let

Q(x)—{w:weﬂ, lim M_o@},

h—oo [|Zn || a1 (p)

For example, if we take
Valt) =t  ap(t)=t""

for 0 < a < 1and —oo < 8 < o0, a straightforward computation shows

that ¥, € Q(z4), but ¥, ¢ Q(zg) for any 8 # «. In particular, Q(zg)
is nonempty if 0 < B < 1. This is not accidental, as the following
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theorem shows which generalizes and improves some results from [1,
2] and is the main result of the present paper.

Theorem. Let x : [0,1] — R be a measurable function. Then Q(x)
is nonempty if and only if x € L1\ Lo

For proving this theorem we need some auxiliary lemmas. Denote by
A the set of all increasing positive sequences y = (yx)r such that

(6) klim Y = 00,

and by 7 the set of all positive sequences A = (A;)x such that

™) S = o
k=1

For such sequences, we have, for j < n,

n n n
S OMUE =D MUk > Y5 > Ak
k=1 k=j k=j
hence

(8) 22:1 )\kyk

> 1.
Maxi<j<n Yj Dojp_j Ak

Consider the functional ® : 7 x A — [1,00) defined by

A
O (A, y) = liminf Dkt kyl; '
n—00 Maxi<;<n Yj Zkzj Ak

Lemma 2. Foranyy € Aand A €T one can find z € A and p € T
such that zi41 > 225, k=1,2,3,..., and ®(\,y) < 2®(u, 2).

Proof. We construct a sequence (n;); of natural numbers by induction
as follows. Let ny = 1. If ny,no,...,n; are constructed, we put
ni+1 = min{n : y, > 2y,, ;. Now, defining z and p by

2k = Yngs Mk = Any + A1+ Apy -1,
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we have

n
A
®(\,y) = liminf 2 k=1 kryl;
n—oo MaXj<;j<n Yj Zk j

nnl

D)
< liminf Ll
M= MaX|<i<m—1 Yn, Zk ni >‘k

m—1 Npy41— 1
Zr 1 2yn7‘ k=n, )\k

< lim inf v
MO MAXT Ci<m 1 Yy Doy D Ak
Zm 1 T
= 2liminf r=1 7" Tm_l
M= maxi<i<m—1 % ZT:i Hr
= 2®(u, 2).
This proves the assertion. u]

Lemma 3. Let y € A be given with

o0

(9) C=supyp Y !

= < 00.
n
k>1 T Zj:l Yj

Then noy
lim inf M <(C
n=00 Ap D g1 Yk

for every A € T.

Proof. If the assertion is false, we find d > C and p € N such that

> Mk = dAn > uk
k=1 k=1

for all n > p. For ¢ > p, we have then

> s Sz e
Zg 1 J k=1
Interchanging the order of summation on the lefthand side, we obtain

ZAkykZZ >dz)\n,

]1]
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which together with

ykzz _ykzz

j=1Yj 3193

implies that
q q
CY Me=dd A
k=1 k=p

Letting ¢ tend to infinity we get a contradiction, by (7) and by our
choice of d. o

Lemma 4. For any (\,y) € T x A, the estimate

(10) DA y) <8
holds.
Proof. First let y € A satisfy yri1 > 2yk, kK = 1,2,3,... . We

claim that y then satisfies the hypothesis (9) of Lemma 3. In fact, from
Yn > 27k, for n > k, we get

ykzz <ykz_<yk22nk =2,
nk

which is (9) with C = 2. By Lemma 3, for every € > 0 there exists an
N = N(e) € N such that

jl]

N
An Zkzl Yk

-
MAX1<j<N Yj D ey Ak

(11) (N y) <(2+4¢)

Since
N N
>y <yn Y 2N <2y,
k=1 k=1

we conclude that

N
AN D j—q Uk < 2ANYN

(12) <
maxi<;<nN ¥Yj chv:j )\k yNAN

=2.
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Combining (11) and (12) yields ®(A,y) < 4. For general y the proof is
reduced to the above case by using Lemma 2. The assertion is proved.
O

We point out that the estimate (10) is nontrivial only for sequences
y = (yk )k satisfying (6). In fact, if (yx)r is bounded, then ®(\,y) =1
for all A € 7. To see this, fix ¢ > 0 and choose j € N such that
[1Ylloo = sup{y1,y2,...} < (14 ¢)y;; we then get

T A A
lim inf Lk=1 kylfL < liminf W# =1+e¢,
oo maXi<i<n Yy Doy Ak nooe W= SRR,

which together with the trivial estimate (8) proves the assertion.

Similarly, condition (7) is also important for the validity of the
estimate (10). In fact, one can prove that, if A = (A\x)x is a positive

sequence such that
oo
Z A < 00,
k=1

one can always find a sequence y = (yx)r € A such that ®(\,y) = co.
To see this, it suffices to put

1
Y = <o -
’ Ek:j)‘k

In fact, from the convergence of the series 220:1 Ak, it follows that the

series
Z‘OO 1 Ai

k=1 “i=
is divergent [6].

We turn now to the proof of the theorem. Let x : [0,1] — R be
a measurable function. Suppose first that Q(x) is nonempty and fix
¥ € Q(x). With the measurable function z, we associate the function

u(t) = Z x*(2_k)X(2—k—172—k] (t).
k=0
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Then

u(t) < z*(t) < u(t/2)
and
(13) llulle < |lzlle < 2[|ullp

for any r.i. space E, hence Q(z) = Q(u). Fix n € N and put
h = z*(27™). For any ¢ € Q, we have

|\Uh||A(¢)
n—1
={]z"(27")X (0,2 + Zx*(ka)X@—k—lz—k]
k=0 A(Y)
<2 Zx*(2_k)X(2—k—l72—k]
k=0 A(Y)
=2) 2" (272 @)
k=0
<2y a" (27 F)u(2h)
k=0
and —
vE2) [
lunllare) = max == ; un(t) dt
n
j *(g—kyo—k—1
> max (277)27 kzg; (27%)2
=j
Putting
Me = 227027k g = p(27F)2k
we get
(14)
23 pxt(27F)yp(27F
lim inf LuhHAw < liminf Zkio.x ( n)w( " {k —
h—oo |[un|[ag, — n—oe maxo<j<n (277)27 30, 4% (27F)2
— 40(), ).

The sequence y = (yg ) 18 increasing and tends to infinity. Indeed, the
boundedness of the sequence 1(27%)2% is equivalent to the fact that
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¥(t) ~ ct for some ¢ > 0. But in this case we have A(y)) = M (¢) = Ly,
and there is nothing to prove.

Now the assumption « ¢ Ly implies (7), i.e., A = (M) € 7. From
(13), (14) and Lemma 4 we conclude that

timin 2@ o g Tllaw) gy < 6a.
h—oo ||z [ a1 (p) h—oo ||un | ar(p)

In this way we have shown that Q(x) # & implies that x € Lq; the fact
that Q(z) # @ implies that x ¢ L., is obvious.

Conversely, suppose now that ¢ € L1\ L. Putting

(15) Y(t) = —F——

is concave and (5) holds. By Lemma 1,

1 B 1 B .
/ B (8)a (t) dt = / B (e (8) dt = oo,
0 0

which shows that = ¢ A(t)). On the other hand, it follows immediately
from definition (15) that 2 € M (), and hence ¢ € Q(x). This finishes
the proof of the theorem. u]
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