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UNIQUENESS OF SMALL SOLUTIONS TO
THE DIRICHLET PROBLEM FOR THE
HIGHER DIMENSIONAL H-SYSTEM

HANS-CHRISTOPH GRUNAU

ABSTRACT. Let @ C R™, n > 2, u,v: Q — R**! be two
solutions of the constant mean curvature equation

) oy D .
Zax(lvu 251‘):” P H(ugy X - X uay,).

i
i=1

Assume u = v on 0 and |H|max(supq |u|, supg |v|) < 1/n.
Then » and v coincide in Q.

The Dirichlet problem for the equation of surfaces of prescribed mean

curvature in R3
Au = 2H (ug, X Ug,)

has been frequently studied, and great progress has been achieved in the
last decades. We only mention the important contributions of E. Heinz
[3, 4], S. Hildebrandt [5] and H.C. Wente [9]. A far more extensive
bibliography can, e.g., be found in [1]. Under reasonable assumptions
on H and the prescribed boundary values, existence, uniqueness and
regularity of “small” solutions have been proven.

F. Duzaar and M. Fuchs [1, 2] have studied the higher dimensional
analogue

"0 0
Z oz; <|Vu|”2 am'u> = 0" H (ug, % X ug,,)

K2
in Q CR",

u=1uy on Of.

Here Q C R™, n > 2, is a smoothly bounded domain, v : Q@ — R**! is
the unknown vector function, H is a constant and wug a sufficiently
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smooth boundary datum. [Vul? := Y7 | |ug,|? || is the usual
Euclidean norm. The cross product a; X --- X a, of n vectors in
R"*! is defined in such a way that the relation (a; X - -+ X a,) - b :=
(ai,...,an,b) := det(ai,...,a,,b) holds for any vector b € R"1.
(.)--ry.) denotes the parallelepipedal product and “-” the usual scalar
product.

Definition. u € L>®(Q)NH""(Q) := (L>°(Q))" T n(HY"(Q))"* ! is
called a weak solution to the Dirichlet problem (1), if u—uo € Hy™ ()
and if the relation

2 - /Q (IVul" ?uq,) - po, dae = n"*H /Q (Uays oo U ) d2
i=1

holds for any vector function ¢ € L () N Hy™(Q).

Under the additional assumption |H| - supyq, |ug| < 1, F. Duzaar and
M. Fuchs [1] show existence and, if the data are sufficiently smooth,
Cl%_regularity of “small” weak solutions, i.e., they satisfy

(3) sup [u| < sup [uo|.
Q o0

We remark that all the authors mentioned above also treat variable
curvature functions H(u). In the present paper we prove the follow-
ing uniqueness result for “small” solutions. Property (3) ensures its
application, if supyq |ug| is small enough.

Theorem. Let u,v € C°(Q) N HY™(Q) be weak solutions to the
Dirichlet problem (1). Assume that u and v obey the smallness condi-
tion

1
(4) |H|-max<sup|u|,sup\v\) < =
Q Q n
Then u and v coincide, i.e., u = v in €.

For n = 2, this result is already contained in [3]. Moreover, for n = 2,
W. Jager [7] gives a stronger and presumably optimal result: in (4) 1/2
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may be replaced by 1; furthermore, continuous dependence in the C°-
norm of the solutions on the boundary data is shown. The proof of
Jager’s result requires the choice of a refined auxiliary function and a
corresponding auxiliary differential equation. This technique fails for
n > 3 because of the quasilinear, degenerate and coupled character of
the principal part of equation (1).

The proof of the theorem is achieved by multiplying the difference of
the differential equations for v and v (scalarly) by u—wv. The estimation
of (ug, X -+ X Uy, — Vg, X +- X Vg )-(u—v) requires some effort. In
particular, an optimal bound for the permanent is needed, see Lemma, 1
below.

Throughout this paper permutations will play an essential role. S,
denotes the symmetric group of {1,... ,n}, i.e., the set of all permuta-
tions 7 of {1,... ,n}.

Lemma 1 (Estimate of the permanent). Letn € N, A =
(@ij)ij=1,.. n be an arbitrary n x n-matriz with columns ai,... ,an.
Then there holds:

n!
(5) Z Ar(1),1 " -+ Gr(n)n| < W|al||an|
TESK
We recall that | - | denotes the Euclidean norm of vectors in R™. The
constant n!/n™'? is optimal.

It is shown, e.g., in [6, 8], see also the references therein, that
the maximum absolute value of a symmetric multilinear form on unit
vectors can be attained with all vectors equal. Together with the
geometric-arithmetic mean inequality, this gives Lemma 1. For the
reader’s convenience, an elementary proof of Lemma 1 is given in the
appendix.

Lemma 2. Let u,v € (C°(Q) N HLY™(Q))" be arbitrary vector
functions which satisfy u = v on 0. Then we have:
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(6) ‘/Q(ug;1 X oo X Uy, — Ugy X oot Xy ) (u—v)de

n
— an/Z

max (sup |u|, sup \v\)
Q Q

/{|Vu|”*2 V" 2|V (4 — o) da.
Q

Proof. By density we may assume u,v € C%(Q). In the following
calculations, all variables zi,...,x, should play an equivalent role.
This is achieved with the help of permutations.

/(uw1 X oo XUy — Ugy Xooe XU ) (u—v)de
Q

1
= g sgn T ; {(u — U)IT(I) X Uz, X o0 0 X Ug

TES,

+ Vz,qy X (u - v)wf(z) X X Ug

Tt Vg ) X X Vg gy (u_v)z,(n)} . (U—’U) dz

1
= ZsgnT/((u—v)wf(l),uwf(z),... s U, (s U — V) dT
n Q

" TeS,

1
+o ngnT/Q(va(l),... sV gy (U= Vg, s U — V) dT

' res,
1
+ o Z sgnT/ {(sz(l), (U = V), s Uz, ays e v v s Uy (yy U — V)
' res, Q
+ (/Uz‘r(l)7 v 7UIT(n_2)7 (U_U)IT(TLA)’UIT(") ) u_v)} dz.

The first summand is integrated by parts with respect to z,(,). This
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yields

(7)

1
—— E sgnt [ {((u— V) a1y @r(mys Wit (a5 + + + 3 Yty (p 1y » Uy U — V)
n. Q
TESn

+ ((u — U)zr(l)’uwf(z)a s U oy Uz (1)@ () W U — v)

+ ((u - U)zf(l)’uﬂw(z)’ cees U gy Uy (u - U)ﬂh(n))} dz.

Let i,57 € {1,...,n}, i # j, 70 € S, be fixed. Then there is
precisely one permutation 71 € S,\{m0} with 7 (k) = (k) for any
ke {l,...,n}\{3,5}. There holds sgnm = —sgn1y. That means that
all terms containing second derivatives occur in pairs but with opposite
sign. Thus, they cancel out. Hence, (7) is equal to

1
Y Z sgnT/ (U= V)ar ) Uap o)+ Uy Us (U = V)a,(,)) A
G TES, Q

The other terms in the sum above are treated in the same way.
The second summand is integrated with respect to ;). The third
summand is split into two identical terms with weight 1/2. The first
of these terms is integrated with respect to (1), the second one with
respect to z.(,). We obtain

/(ugﬂ1 X oo X Uy —Ugy Xt Xy ) (u—v)de
Q

1
= —g Z SgnT/Q {((U — v)z'r(l)’qu—(z)’ e ,Uzﬂ_(nil),u, ('U/ — v)zr(n))

’ TESn
+ (Uv UIT(z) et /Uz‘r(n—l)7 (u - U)Er(n)v (u - v)z‘r(l))
+ (1/2)("}7 (u - U)wf(z)’uwf(s) PR 7uzr(n)’ (u - U)‘Z'T(l))
+ (1/2)(1), Variays e+ s Ver(n_2ys (u - v)m-r(n—l)7uzﬂ'(n)’ (u - v)zru))
+ (1/2)(’017(1)7 (u - v)zq—(2)7uxﬂ—(3)7 T 7uwT(n_1)7 U, (u - U)ET(n))

+ (1/2)(7)307(1)7 o V(o (u - v)wf(na)vu’ (u - v)wf(n))} dz.
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By means of Hadamard’s estimate, | det(by, ... ,bnpy1)| < |b1] -« -|brt1],
change of index of summation and Lemma 1, we conclude

‘/uml X U, — Vg X oo X Vg ) (u—v)dx

< — max (sup ], sup \v\)

Z J 1= 0 0= 00

TES,
+ [(u — U)ET(1)| | (u — U)ET(2)| : |U£T(3)| Teeet |UET(n)|
1
+ §|(u - U)ET(1)| : |(u - v)zq—@)‘ : |uz1—(3)| et |uwf(n_1)‘ : |uz‘r(n)‘
1
+ §|(u - U)xT(1)| | (u — U)zf(z)‘ : |UET(3)| Tt |vzf(n71)| ) |uzT(n)|
1
+ §|(u - U)xT(1)| | (u — U)zf(z)‘ : |uzf(3)| e |uET(n71)‘ : |UET(n)|
1
+ _|(u_v)wr(1)| : ‘(U_U)w7(2)| : |vwr(3)| et |’Um-r(n71)‘ : |vm7'(n)| dz

< ——=max (sup |ul, sup |v|>
/2 0 Q

3 3
/ V(u—v)IZ{—IVuI"_%r—IW"‘2
Q 2

1 - . . . .
= Z (Vo |Vu|* 277 + Vu|’|Vv|”27)} dz

[\

1
< —
< o max (Slglzp \u|,51$p |v|>

3 3
/ V(u—v)IZ{—IVUI"2+—|Vv"2
Q 2

19527 L o m—2—G
22<n—2| ol =Vl
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. o
+ L jwur2 4 B2 g2 ) Ve
n—2 n—2
" max ((sup [ul, sup o] )
= —— max ( sup |ul,sup |v
2nn/2 Q Q
/ V(u—v)*{|Vu|""2 + |Vv|"?} dz. O
Q
Now it is not difficult to furnish the proof of the theorem. Let u,v

be solutions to the H-system as described there. We multiply the
difference of the equations for v and v (scalarly) by (u — v):

=3 [T P, = ) () de
=179
:n"/zH/(um1 X oo X Uy — Ugy X o0 XU )+ (u—v)de.
Q
For the lefthand side, we have

=3 [ Tu P, = V0P, (1= ) do
=179

1
=-3 / (\Vu|"72 + |Vv|"72)|V(u — v)|2 dz
Q

1
-5 [(Tur + Vo) de
2 Q
1
45 [Au2 [0 4+ Va2 012 d
Q
1
<=5 [(TuP =2 490"V (- ) do
Q
1
-5 [(ur Vo) de
2 Ja

1 n—2 2
+ —/ ( Vul™ + 2|Vl
2 Ja n n

2 -2
+ 2|V + "—wn) dz
n n

1
=3 / (\Vu|"72 + |Vv|"72)|V(u — v)|2 dx.
Q
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With the help of Lemma 2, the righthand side is estimated as follows:

n"/QH/(um1 X o X Uy, — Ugy X0t XUy ) (u—v)de
Q
n
>~ |H|- 3 - max (‘sup ul, sup [v])
2 o Q

[ TuP 2 Tl - )P
Q
Combining these estimates, we arrive at

0> (1 —n|H| max(sup |u|, sup |v|>)
Q Q

-/(|Vu|"—2 V")V (1 — )2 da.
Q

This inequality proves Theorem 1. a
APPENDIX

As the estimate of the permanent may not be so widely known,
we give a proof of Lemma 1, which relies only on some elementary
knowledge about permutations and the very simple inequality 2ab <
a? + b2, This inequality is used repeatedly without mention.

The case n € {1,2} is trivial, so we assume n > 3. By homogeneity,
it suffices to consider f((aij)ij=1,..,n) *= D rcs, @r(1),1" -+ " Ar(n),n OO

(8) P:—{(aij):éa?j—l,j—l,...,n}.

We have to calculate A := max{f((ai;)) : (a;;) € P}. Inserting
aij = 1/y/n we immediately find A > n!/n"/2. So it remains to prove
A < nl/nn/2,

Let (aij)i j=1,..,n € P be a matrix on which f attains its maximum.
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‘We have

TES,
T(1)=k
n 2
= Za@( Z ar(2),2 aﬂn)m)
k=1 TES,
T(1)=k

+ Z ak,1al,1< Z ar(2)2°---' 0@ (n),n)

k=1 TES,

kL r(1)=k
. ( Z a.,.(g)g ..ot Q (n),n)

Tesn
T(1)=l
n 2
<> ai, ( Y @z, >>
k=1 TES,
T(1)=k

1< ’

+§ a,1< Z ar@2)2°---'@ (n),n)
k=1 TES,
k#l T(1)=k

By interchanging k£ and [ in the third summand, we see that the second
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and third summand are equal. With the help of (8), there follows:

k=1 TES,
T(l)—k:
n n 2
2
(9) +2 <Zau>( D Gr@2t Grm) >
k=1 =1 TES,
12k
7(1)=k
n 2
2
=<3 (3 )
k=1 TESH
7(1)=k

Thus the first column of (a;;) has been eliminated from the represen-
tation of \. We want to proceed in a similar way. In each step, one
column has to be eliminated with the help of condition (8).

We now demonstrate how to eliminate the (r + 1)th column of (a;;)
from the expression

2
)\z = Z < Z Qr(r41),r4+1 "o " a'r(n),n) )

1<ki<--<k.<n \ TES,
7(1)=k1

T(’l‘)‘:kr

r=1,...,n—1.

Obviously there holds

(10 =Y ad,
k=1
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For r € {1,... ,n — 2}, we have

1 n n 2
A== a a c.ha
r — l I,r+1 T(r+2),r42 "+ T(n),n
" ki, ke=1 L 1=1 TES,
mutually I#ky 7(1)=k1
distinct . .
l#kr T(’r‘)‘:kr
T(r+1)=l
2
1 . )
= F Z arr4+1 Z Ar(r42),r4+2 "+ -+ " Ar(n),n
T ki, kp,l=1 TES,
mutually 7(1)=k1
distinct
(r)=k,
T(r+1)=l
1 n
+ F E Al r+1° Qjrtl
T k1 kegli=1
mutually
distinct
: < E Qr(r42),r42 -+ aT(n),n>
TESn
7(1)=k;
‘r(r)':k,«
T(r+1)=l
. < E Qr(r42),r42 -+ " a‘r(n),n) .
TESH
T(1)=k1
T(T‘)‘:kr
r(r+1)=j

We split the second sum with weights (n — r)/n and r/n. In these
sums each of the first two factors is combined with each of the last two
factors. To these couples of factors the inequality ab < (a® + b?)/2 is
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applied.
n
a2 <l 2
T r+1 Ar(r42),r42 " -+ " Qr(n);n
ke k=1 TES,
mutually T(1)=Fk1
distinct
r(r)=k
T(r+1)=l
n
1 n—r 9
+ M 2n Z @jr+1
k1, kr =1
mutually
distinct
2
Z Ar(r42),r+2 "+ Ar(n),n
TES,
T(1)=k1
(r)=ky
T(r+1)=l
n
1 n—r 9
A I X %en
k1,... ,kr,lJ’:]_
mutually
distinct
2
Z Ar(r4+2),r42 " +++ " Ar(n),n
TES,
T(1)=k1
T(r)=k,
r(r+1)=j
n
1 r Z 9
T o ai 41
ki,... .k 05=1
mutually
distinct
2

Z Ar(r42),r+2 "+ Ar(n),n
TES,
T(1)=k1

(r)=ky
T(r+1)=l
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n

1 r 9
T > Gan

k1, skl j=1
mutually
distinct

2
. < Z Ar(r42),742 -+ " a‘r(n),n) .

TES,
T(l):kl

T(T)‘Zky‘

T(r+1)=j
Interchanging ! and j we see that the second and third, fourth and
fifth summands coincide, respectively. In the last two summands, the
summation with respect to j and [, respectively, is carried out. So these
terms together are equal to (r/n)(n — (r+ 1)) times the first summand.
Taking notice of 1 + (r/n) - (n — (r +1)) = (r+1) - (n — r)/n and
renaming ! by k.41, we find

1 n—r "
2 2
>‘r < o n (T + l) E : akr+1,r+1
ki,... 7kr+1:1
mutually
distinct
2
: < E Qr(r42),r42 " -+ " a’r(n),n)
TESH
7(1)=k1

T(’I‘+1)‘:kr+1
n
. a’
rl n o Al
ki, kry1,5=1

mutually
distinct
2
. < E Qr(r42),r42 " " a'r(n),n)) .
TESn
7(1)=k1

T(’I‘+1):k7‘+1

In the first summand the indices k.47 and k;, ¢ = 1,...,r + 1, are
interchanged. This treatment doesn’t affect the second factor in the
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first sum. So we come up with

n

1 n—r
2 2 2
>‘r S 7l . n E : (a’kl,r-‘rl i ak,url,r-‘rl)

ki,... 7k7‘+1:1
mutually
distinct

Z Ar(r42),r42 -+ Ar(n),n
TES,
T(l):kl

T(’I‘+1)‘:k5r+1
n n
1 n—r 9
=R D DI WD D S
Fiye k=1 \ j=1

mutually J#k1
distinct )

J#kri

E Ar(r42),r42 "+« " Ar(n),n
TES,
T(l):kl

T(T‘+1)’:kr+1
_r+l n-r
C(r4+1)! n

Z Z Qr(r42),r42 "+« " Ar(n),n by (8)

kl,...,kr+1:1 TES,
mutually 7(1)=k1
distinct
T(T+1):kT+1
n-—r

=(r+1)- -

Z Z A7 (r42),r42 "+« " Ar(n),n

1<k1<--<kry1<n TESR
T(1)=Fk1

T(’r‘+1)‘:kr+1
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n-—r
2
')‘r+1‘

=(r+1)-

To sum up, we have

n—2
)\ZS)&SS |:H(7-+l)n_7':| )\i_l
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