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ON THE STRUCTURE OF ROSENTHAL’S SPACE X,
IN ORLICZ FUNCTION SPACES

CESAR RUIZ

ABSTRACT. Several kinds of complemented subspaces of
Orlicz function spaces L?[0, 1] are studied. In particular X,
a natural generalization of Rosenthal’s spaces X, 1 < p < oo,
is analyzed. Several isomorphic and structural properties of
these spaces X, are given.

0. Introduction. Given an Orlicz function space L?[0, 1], what
do the complemented subspaces look like? In the particular case of
L?[0,1] spaces, 1 < p < oo, Lindenstrauss and Rosenthal [10] have
given a characterization of their complemented subspaces in terms of
L,-spaces. But later it was shown that there exist at least uncountable
many mutually nonisomorphic £,-spaces, 1 < p # 2 < oo [3].

In view of the above, it appears improbable that a complete classifica-
tion of complemented subspaces of L¥[0, 1] spaces will be obtained. For
this reason, we limit ourselves to study here of several remarkable kinds
of complemented subspaces of reflexive L#[0, 1] spaces. Such spaces will
be defined in Section 2, the spaces X, and [¥(w)(lz). The space X,
was introduced in [18] as a generalization of Rosenthal’s space X,,. The
space X,, 1 < p < 0o, was the first example of a complemented sub-
space of LP[0,1] nonisomorphic to the trivial subspaces la, 1,12 @ I,
LP[0,1] or (I ® 12 & ---),. The space X, has interesting properties
which have been studied in [17, 9, 1].

In [18], the space X, has been studied in relation with the structure
of L®[0,1], proving that every sequence of independent symmetric
random variables in L?[0, 1] spans a subspace of L¥[0, 1] isomorphically
embedded in X,. Nevertheless, here, the structure of these kinds of
complemented subspaces of L?[0,1], their isomorphic properties, and
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1224 C. RUIZ

the relationship between them can be studied using the weight Orlicz
sequence spaces [#(w) (they have already been used in [5, 7, 16]).

Section 3 is dedicated to investigating the spaces IP(w), in particular
when the weight sequence w verifies that w,, — Oand > > | w, = co.
n—oo

These spaces (¥ (w) are all mutually isomorphic, Theorem 3.5; and they
have an unconditional basis. But, in general, they do not have any
symmetric basis as we prove in Proposition 3.4. Afterward, isomorphic
properties of these spaces [?(w) are also given. It is remarkable that
some of these properties are always verified for every Banach space with
a symmetric basis.

Finally, in Section 4 we show that the complemented subspaces
19(w)(l2) of L®[0,1], >°0° , w, < o0, are not isomorphic to any sub-
space of X, when aZ’ > 2, being gy the lower index of ¢ at oco.

1. Preliminaries. An Orlicz function ¢ is a convex nondecreasing
continuous function defined for > 0 so that ¢(0) = 0, ¢(1) =1
and p(x) — oo. We always assume that ¢ € As, by which we

r—00

mean ¢ verifies the As-condition, i.e., there exists a K > 0 such that
w(2x) < Kp(x) for each > 0. Let (2,%, 1) be a positive measure
space. The Orlicz space L?(u) is defined as the set of equivalence
classes of p-measurable scalar functions f on €2 such that

1(5) = [ el dutt) < .
The space L?(u), endowed with Luxemburg norm

[flle = mnf{r >0:I,(f/r) <1},

is a separable Banach space. For 2 = [0,1] or (0, 00) and y the Lebesgue
measure, we denote L?(u) by L?[0, 1] or L¥(0, 00), respectively.

For Q@ = N and w = (w, = u(n))?2,; we get the weighted Orlicz
sequence spaces [¥(w). The unit vector sequence (e,)% ; is an un-
conditional basis in [¥(w). When w, = 1 for each n € N, then we
denote by ¥ the usual Orlicz sequence space. Moreover, in this case
the basis (e,) is symmetric. Two Orlicz functions ¢ and 1 are said
to be equivalent, ¢ ~ 1 if there exists a constant K > 0 such that
K~ tp(z) < 4(x) < Kp(x) for every z > 0; in the same way, it defines
the equivalence at 0 or at oco.
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Recall that an Orlicz function ¢ is p-convex, respectively g-concave, if
©(x)/zP is nondecreasing on R, respectively ¢(z)/z7 is nonincreasing.

For other properties on Orlicz functions, as the associated indices,
as well as our terminology, we refer to the books of Lindenstrauss and
Tzafriri [12, 13], see also [11, 14, 15, 20].

2. Complemented subspaces of L¥[0,1]. Let I be the inter-
val [0,1] or (0,00), and {A4,,}32; be a sequence of mutually disjoint
measurable subsets of I. The averaging projection P, defined by

o d
N ST

n=1

XA

n

from L¥(I) onto [X 4, ], shows that [X 4, ] is complemented in L¥ (1) [13,
Theorem 2.a.4]. Moreover, it is obvious that [X4,] is isometric to the
space [¥(w) where w = (w, = u(An))5 .

For our purposes we need to consider two representations of a reflexive
and separable Orlicz function space L¥[0,1]:

A) L¥[0,1] =~ L#(0,0) [8, Theorem 8.6], where @(x) = 22 if z € [0, 1]
and @(z) = p(z) if z > 1.

B) L¥[0,1] = L¥(l2), where L¥(l2) is the completion of the space of
all sequences (f1, fa,...) of functions of L¥[0,1] which are eventually
zero, with respect to the norm

=) 1/2
H(f17f2> . ‘)HLw(b) = H(Z fn|2)
n=1

(cf. [13, Theorem 2.d.4]). Of course, L¥(l3) is isometric to the Bochner
space L?(([0,1],%, p), l2).

The above representation A) together with (1) yields that the
weighted Orlicz sequence spaces [?(w) are isomorphic to complemented
subspaces of L¥[0, 1], for every weight sequence w. It is not hard to
recognize the following four cases:

i) If inf,,w, > 0, then I¥(w) = l5.

i) If Y07 w, < oo, then I?(w) = 1 (w).

@
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iii) If inf,w, = 0, Y07, w, = oo and for every subsequence (wy,)
with w,, — 0 it holds that Y ;- wy,, < oo, then a subsequence

k—o0

(W, ) with Y72 wy, < oo can be found so that I9(w) = Iy ® ¥ (wy,).

iv) If w € A, we mean that there exists a subsequence (wy,, )7 ; such
that

oo
(%) Wy, — 0 and E W, = 00,
k—oo 1

we obtain the class of spaces [?(w) which are mutually isomorphic as
we will prove in the next section, Theorem 3.5.

In this paper, if w € A, we may and will assume, without loss of
generality, that the whole sequence verifies ().

Definition 2.1. Let X, be the class of spaces [¢(w), where w € A.

This definition can be found in [18], where it is proved that X, = X,
when ¢(x) = 2P, since X, is Rosenthal’s space. Also in [18, 16] there
can be found a proof of the following theorem.

Theorem 2.2. Fach subspace of a separable Orlicz function space
L¥]0,1] spanned either by a sequence of mutually disjoint functions or
by a sequence of independent symmetric random variables is isomorphic
to a subspace of X,.

We now introduce other complemented subspaces, with unconditional
basis, of L#[0, 1], which have the property that they are not isomorphic
to a subspace of X,,, as we will see in Section 4.

Using the representation B) and considering the spaces

) = { (i e B Y w((ki:: |xn7k|2)1/2)wn <o)

n=1

equipped with the norm

(@6l ) 12) = 1@k )k l[2)n]l
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we have the following result:

Proposition 2.3. Let L¥[0,1] be a reflexive Orlicz function space.
For every weight sequence w with finite sum, the space 1¥(w)(l2) is
isomorphic to a subspace of L¥?[0,1]. Furthermore, when 2 < ag’
or BF < 2, I¥(w)(l2) is isomorphic to a complemented subspace of
L#[0,1].

Proof. Without loss of generality, we may assume that » -, w, < 1.
Let (Ay)n be a sequence of mutually disjoint intervals of [0, 1] such that
w(Ap) = wy, for each n. Consider the elements (r,, 1) of L¥(l2) defined
by

k
rn,k:(0305'~' 7XX7,,703"')'

Then [ry, ] is isometric to 1?(w)(l2).

In addition, if o’ > 2, we can assume that @(x'/?) is a convex

function, then [r, x] is complemented in L?(l2). To see this we define
the projection

P((fu)r) = i i </An Tr(s) dS/M(An))Tn,k-

k=1n=1
2
) dat
k=1"'n=1

=g[4nwog(§ /A fk(S)dS/u(An) 2) dt,

applying the Jensen inequality twice,

< i:j/A (/Ansoog(éfk(sv) ds /() ) d
_iAnwog(gfk(s)F) s

=/01so((ifk<s>|2)l/2) ds.

k=1

Set g(z) = x'/2, so we have

/Olwog(i i (/An fk(S)ds/u(An))xA"(t)
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Hence [|[P((fi))lle ) < I(fi)llLe)-
Now the case 327 < 2 follows by duality. O

3. Weighted Orlicz sequence spaces. In this section weighted
Orlicz sequence spaces (¥ (w), whose weight w belongs to the class A,
are considered. First, some structural results on ¥ (w) spaces are given.
Afterwards, we will state some isomorphic properties of these spaces.

Drewnowski proved in [4] that, given w € A, then for every weight
sequence v = (vy,) the unit vector basis of [ (v) is equivalent to a block
basic sequence with constant coefficients of the unit vector basis of
1?(w). Using this, the next result can be deduced from Theorems 1.1,
1.5 and 1.6 of Nielsen [15] (as was done in [16]). Consider a, a3, 52
and (27, the Matuszewka indices and

Proposition 3.1. Let?(w) be a weighted Orlicz sequence space with
w € A and X be a Banach space with a symmetric basis (ep)n.-

a) XCI?(w) if and only if X =~ 1Y for some Orlicz function ¢ €
C,(0,00) and (ey,) is equivalent to the unit vector basis of 1¥.

b) If X =~ [P, then the statement a) is equivalent to either p €
[ag,ﬁg] Ulag®, B orp € [a?,ﬁg]; the last case holds when 32° < ag.

Under some restricted conditions we can give further information on
the subspaces of {¥(w), which will be useful in Section 4.

Proposition 3.2. Let ¢ be an Orlicz function such that p(x) = x?
for every x € [0,1] and 1 < ag < B2 < 2. Then for every g-convex
and 2-concave Orlicz function v, with B3 < q, there exists another
Orlicz function ¢ € Cy(0,00) so that Yo ¢. Therefore, I¥C 1% (w) for

every w € A.
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Proof. We may assume that
@(x) < Cx? for every x € [0,1]
o(z) < Cz" for every z>1

for some constant ' > 0 and for some 32° < r < g < 2. According to
Corollary 2.2 in [20] we may also assume that ¢ has continuous second
derivative. So, we have

(2) r<q<azy'(z)/v(z) forevery x>0

and 1 is not equivalent to either of the functions z” or z2. Of course,
z? € Cy(0, ).

Consider N(z) = ¢(2/27")/a"/>77 for every x € [0,1]. The increas-
ing function N satisfies

i) N(x)/z is a decreasing function, N(z)/x =, % and N(x) >
N'(z)z for every z € [0, 1],

ii) N(z) e 0,

iii) there exists s > 0 such that zN'(z)/N(z) > s for every x € (0, 1]
(this follows from (2)).

Let

K = /Oo(r — DN (72 p(t) dt

and
o(x) = %/1 (r —2)t" P N"(t"~2)p(xt) dt

for every « € [0,1]. ¢ is an Orlicz function such that ¢o and
¢ € Cy(0,00). Namely,

¢(x) < Cx" /10°(T_2)t2r_4—1N//(tr—2) dt

/x
2 1/z
+ Ca” (r —2)t"3N"(t""?) dt
K /i
Cz" 0
=22 uN" (u) du
K Jayzyr—=

Oz2 [/

=+ 7 ! NH(U) du
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integrating, and using i) and ii) we have
Cz" 1\"? Cz?
= N( (= - —N'(1
w((2) )G
Cz" 1\ 2 C
<22 N((= v
<Son((3) ) -gew

for every x € [0, 1].
On the other hand,

1/ac
P(x) > — / 2t ON" (¢ )2 dt
K
(1/z)"
_ N//
7 / au
~ (L ~N(1)
x
2 1 2—r 1 r—2
>T (s(=) N((= - N'(1
® — K(S(J (G) )-vw)
where the last inequality holds by iii). In view of i) there exists § > 0

such that (s/2)(1/x)2> "N((1/x)"~2) — N’(1) > 0 for every = € (0,6).
Hence, we can deduce that

0220 () ) e

for every z € (0,6). Therefore, it holds ¢o 1.

=5

8

To see that ¢ € Cy,(0,00), define
F(t)=(1/K)(r —2)t" °N"(t""?)¢(t) for each t > 1.
So [ F(t)dt = ¢(1) = 1. Take the measure A( J4F(t)dt on Y-

) =
the o- algebra of measurable sets of [1,00). Let A be the probablhty
measure defined on £’ = {¢(sz)/¢(x) : s > 1} by M(NxasoEY) = 0,

and let
(st s eeaf) o
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for every measurable set A C [1,00). Since

[ ¢ .
o(x) = [E S i),

oo
@,1

using the Krein-Milman theorem, we conclude that

¢ €0 =0 (EX) C Cp(0,00). O

Corollary 3.3. Let ¢ be an Orlicz function with 1 < ag’ < 27 < 2.
For every Orlicz function ¢ with B < a?p and two-concave at 0, it

holds that 1¥C X,. In particular, 1,C X, for every p € [y, 2].

Remark. The theorem above also holds for p > 1 instead of 2.

Now, our aim is to prove some isomorphic properties of the [¥(w)
spaces where w € A, which hold for Banach spaces with a symmetric
basis. Nevertheless, {¥(w) spaces do not have in general such bases, as
we prove in the following.

Proposition 3.4. Let ¢ be an Orlicz function such that min{ag, aZ}
> 1 and [ag,ﬁg] N[ag’, 8] = @, and w be a weight sequence belonging
to A. Then 1?(w) does not have a symmetric basis.

Proof. By Proposition 3.9, in [19], it is enough to prove that I¥(w)
is not isomorphic to any Orlicz sequence space I¥.

In the case ) < ag°, by Proposition 3.1, we know that IPC [#(w) if
and only if p € [048,, 63,] Ulag®, B5°]. On the other hand, by Theorem 1
n [11] if 19 (w) ~ I¥, then p € [a, 3)], which is a contradiction.

The case 337 < ozg follows by duality. i

In spite of the fact that there are spaces I¥(w) without symmetric
basis, it holds that every weighted Orlicz sequence space I¥(w) has the
following property: every block basic sequence with constant coefficients
of the unit vector basis (e,) spans a complemented subspace of 1% (w).
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Indeed, let uw; = Zneﬂ en, © € N be a block basic sequence with
constant coefficients of (e,,). If s; =), ., wp for each i € N, then the
averaging projection

P(Smen) =3 (X 2 Ju
n=1 i=1 neo; Si
is a bounded linear projection from I¥(w) onto [u;].
So, given w, w' € A, it follows that I¥(w).C I¥(w’) and I¥(w’).C 1% (w).

The next result answers a natural question:

Theorem 3.5. Let w and w' be two weight sequences belonging to
the class A, and let ¢ be an Orlicz function. Then 1?(w) = 1¥(w').

In order to prove this theorem and another below, we need some
previous results on representations of the spaces % (w).

Fix a weighted Orlicz sequence space [#(w) and consider the vector
space
F(w)® = {a = ((Tap)r)n € 19(w)N}

and the functional

It is clear that p is a convex functional such that p(0) = 0 and
p(—z) = p(z) for each x € [?(w)>°. Thus, p is a modular functional in
the sense of [14] and, from Theorem 1.5 in [14] the vector subspace

P(w)y ={z € 1¥(w)>: iin% p(Az) = 0}
can be endowed with the norm
llz||, = inf{r > 0: p(z/r) < 1}.

Of course, the space [¥ (w)zo is isometric to the weighted Orlicz sequence
space [¥(v) with v = {wy, wy, wa, w1, ws, ws, w1, ... }.
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Now it is straightforward that [¥(w)5° is a symmetric sum of [¥(w)
in the sense given by Rosenthal in [17, p. 294]. Hence, in view of

Proposition 11 in [17], we have

1P(w)? =17 (w)X @ 1¥(w) =17(w)) &1 (w).

Proposition 3.6. Let w be a weight sequence belonging to A. Then
1#(w) = 1#(w)°. In particular, 1¥(w) is isomorphic to its own square.

Proof. By Proposition 11 in [17] it is enough to observe that
1#(w)5°.C 1P (w). O

Proof of Theorem 3.5. We have already shown that the spaces
1?(w) and I?(w’) are each isomorphic to their own square. Hence,
using the well-known Petczynski decomposition method, we deduce that
1?(w) = 1% (w'). O

Theorem 3.7. Let w € A and p(z) be an Orlicz function nonequiv-
alent to x at 0. If 19(w) = H@®Y, then either H or Y contains a
complemented subspace isomorphic to 1#(w).

Proof. It will be enough to prove the theorem for [“(w)5°. We

consider the sequence (en k)n,x Where e, = (0,0761?,0, ...). Setting
dnk = ¢ '(1/wg)enk, we get an unconditional normalized basis of
1#(w)5X. We point out that the sequence (e x)x is the unit vector
basis of [#(w) for each n € N.

Let Py be the projection onto Y with kernel H (Py is defined
similarly).

Consider (d:z,k)",k? the biorthogonal functionals of (d,, x)n, k. For each
k € N, set

A ={n:d; 1(Py(dnx)) 2 1/2}
and

By = {n: ;1 (Pu(dn)) > 1/2}.
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Without loss of generality we may assume that there exists I C N such
that Zkel wg = oo and Ay is infinite for every k € N. In other cases
the statement above can be held for the sets By. Thus, if k € I and
n € Ag, then

(4) 1Py [l = [Py (dni)llp = |dy, . (Py (dnk))] = 1/2.
Moreover, for every k € I and d; ;, 4,7 € N, we have

* nEAy
(5) d; ;(Py (dn 1)) "< 0.

In fact, if there exists ko € I, dj , , € > 0 and a sequence (n,)m of
Ay, such that df . (Py(dn,, k,)) > € for each m € N, then we would

0,70
get
oo
§ Zmdn,, ko

(Z xm|>||Py|| >
m=1 m=1

by |xmdz0,jo<Py<dnm,ko>>\

m=1

oo
>e )y |oml;
m=1

therefore, the basic sequence (dy,, k,)pv—1 Of [¥(w)5° would be equiv-
alent to the unit vector basis of 1. So Yoo, @(|Zm|e ™ (1/wk,) )Wk,
converges if and only if Y °_, |z,,| < oo, hence ¢(z)o z, which is a

[Py
p

contradiction.

Now denote by Qn the following linear operator

[C<Ie's) N N
QN(Z d) =SS i
n =1

=1k n=1k=1

Since (4) and (5) hold, we may find a bijection ¢ : N — I, indices
Nm € Ag(m), and an increasing sequence of positive integers N3 <
Ny < --- < N,, <--- such that

| Py (dn,, o(m)) — QnNy (Py (dn,p o))l < 1/27F12

and
HQNm,—l (PY(dnm,a(m)))HP < 1/2m+12
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for every m > 2.

Let (um)m be the sequence of I¥(w)5° defined by

u1 = Qn, (Py (dn, 0(1)))
Um = QN,,,L (PY(dnm,U(m))) - QNmfl (PY(dnm,a'(m)))

for every m > 2. (umm)m is an unconditional block basic sequence of
(dn.k), whose unconditional constant is equal to 1. Now, since

Z ”PY(dnm,a(m)) - ’U,me < 1/2
m=1

by Proposition 1.a.9 in [12] we obtain that the sequence

(Py (dn,, 0(m)))m=1 is equivalent to the block basic sequence (tm, )m-
Note that if K is the basis constant of (Py (dy,, o(m)))m=1, then there

exists N € N such that

1

6 Py (d — Um < ol PolA:
(6) 1By (dnp s o (met-N)) = Ut [l 2m8|| Py [|AK

Now the following two statements about (u,,)5o_; hold
i) (um)m is equivalent to (d,, o(m))m-

ii) There exists a projection T from I¥(w)5° onto [u,,] such that
1T < 4[| Pyl

According to i), Y " Zm iy, is convergent in [#(w)5° if and only if

Z (p(“rﬂ’Lkpil(l/wa(m)))wo’(m)

m=1

= Z@(\%—l(k)h@_l(l/wk))wk < o0.
kel

Consider w’ = (wg)rer belonging to the class A. Then, by Theorem
2.6, we have

P(w)y® = 19 (w) = 19 (w') % [dn,, ,o(m)] = [um] = [Py (dn,, .o(m))]-
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Now, from ii), Proposition 1.a.9 in [12] and (6) we obtain
l¢(w);o ~ [PY(dkm,cr(m))}cg Y
as we wanted to show. |

This property is verified for every Orlicz sequence space [¥, because
[¥ has a symmetric basis. But, it is actually unknown whether the
spaces [¥ and [¥(w) are primary, for w € A and ¢ arbitrary.

4. Relationship between complemented subspaces of L¥[0, 1].
Our goal now is to prove that the spaces X, and [¥(w)(l2) are rather
different, as subspaces of L¥[0, 1].

Proposition 4.1. Let L¥[0,1] be a reflexive Orlicz function space
with either a > 2 or 32° < 2. Then I?(w)(l2) is not isomorphic to
L¥[0,1] for every weight sequence w with finite sum.

Proof. Consider 1 < o’ < 52° < 2. It holds that lpg 1?(w)(l) if and
only if p = 2 or [,C ¥ (w) (see Proposition 3 in [6]). Therefore, either
p=2orpé€E [azo,%go]. Since X,.C L¥[0, 1], from Proposition 3.2, we
have that 1,C L¥[0, 1], for each p GN (85°,2). Therefore L¥[0,1] is not
isomorphic to 12 (w)(l2).

The remaining case holds now by duality. u]

Remark. If 33° < 2, then X, is not isomorphic to any subspace of
1?(w)(l2), for every weight sequence w with finite sum.

Next we will prove that, if ag’ > 2, then X, is not isomorphic to
any [¥(w)(l2). For that, we need a lemma which is a straightforward
extension of Corollary 2 in [11].

Lemma 4.2. Let [?(w) be a weighted Orlicz sequence space such that
min{ag, 0@0} =s> 1. Let ¢ be an Orlicz function with 63 < s. Then
every bonded linear operator from 1¥(w) into IV is compact.
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Proposition 4.3. Let ¢ be an Orlicz function with o’ > 2. Then
1#(w)(lz) is not isomorphic to any subspace of X, for every weight
sequence w with finite sum.

Proof. We may suppose that ¢ is a 2-convex function. Let v be a
weight sequence with v € A. From Proposition 4 in [18], it will be
sufficient to prove that {¥(w)(l3) is not isomorphic to any subspace of
lw(U) @ lg.

Now the proof follows as in [17, p. 298], considering Lemma 4.2 and
the fact that no subspace of {?(v) or of [¥(w) is isomorphic to Iy (see
Proposition 3.1 and [11] Proposition 4). O

Under the same hypothesis of the proposition above, the next corol-
lary points out the different nature of the complemented subspaces
1?(w)(l2) of L¥[0,1].

Corollary 4.4. The complemented subspaces 1¥(w)(l2) of L¥[0,1],
where w has a finite sum, cannot be spanned either by a sequence of
mutually disjoint functions of L?[0,1] or by a sequence of independent
symmetric random variables of L¥[0,1].

Proof. This follows from Theorem 2.2 and Proposition 4.3. O

Acknowledgments. 1 would like to thank F.L. Herndndez for his
friendly help during the preparation of this paper.
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