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DANIELL-LOOMIS INTEGRALS
M. DIAZ CARRILLO AND H. GUNZLER

ABSTRACT. In [2] and [3] for arbitrary nonnegative linear
functionals on functions vector lattices an integral extension
of Lebesgue power has been discussed. Here we generalize
this extension process, prove convergence theorems using a
suitable “local convergence in measure,” discuss measurabil-
ity and give characterizations by equality of upper and lower
integrals. Riemann-pu, abstract Riemann-Loomis and Bour-
baki integrals are subsumed.

0. Introduction. For a semi-ring 2 of sets from an arbitrary set X
and p : Q — [0, co[, only finitely additive, an analogue R;(u, R) to the
space L'(i, R) of Lebesgue-u-integrable functions was introduced by
Loomis [11]; this has been extended to Banach space-valued functions
by Dunford-Schwartz [4], and in more general form in [6, 7]. Analogues
to the Daniell extension process, but without or with weaker continuity
assumptions on the elementary integral, have been treated by Aumann

[1], Loomis [11] and Gould [5].

The Daniell-Bourbaki integral extension has been generalized with
the integral I : B — R introduced in [2], starting with any nonnegative
linear functional I on a vector lattice B of real-valued functions on X.
If Q is a d-ring, pu o-additive, I = f .dy on B = step functions over (2,
then Ry, L' and B coincide modulo null functions [3, 9].

In Sections 2 and 3 we generalize the extension I|B — I|B to
I|B — J|L by “localization,” using an appropriate local convergence
in measure, which is very useful to obtain convergence theorems in a
form analogous to the classical ones (some of which are not true for
B). In Section 4 we give various descriptions of the set L of integrable
functions, in particular a Darboux-type characterization on L is proved.
Always R, C L (not true for B), in general B has infinite codimension
in L, even modulo null functions.

We recall that the abstract space of integrable functions L is con-
structed similar to the Daniell L' and which coincides with L' in the
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classical case, but contrary to the L' case, no continuity conditions on
the starting elementary integral I/ B, e.g., of Daniell type or starke inte-
gral norm of [13], are needed; so that, our results subsume most known
situations of integration with respect to finitely additive measures.

Finally, in Section 5, all this is specialized to proper and abstract
Riemann, Loomis, Daniell and Bourbaki integrals.

1. Notations and earlier results. As in [1, 13|, we extend the
usual + in R:= R U{—00,¢} to R x R by
a+b:=0, at+b:=00 if a=-be{—00,00};

(1) a—b:=a+ (-b), etc.

Life would be easier using only the associative “+,” but convergence
theorems with “+4” are stronger.

We denote a Vb := max(a,b), a Ab = min(a,b), anNb:= (aAb)V (—b)
ifb>0,at:=aVv0,a :=(—a).
For a,b,c,d,e € R, t,5s € Ry := [0, 0], one has

lant—0bNt| <2(Ja—bl At),
(2) [(@a+b) = (c+d) <la—el+|b—d|
lant—ans| <|t—s|.

In the following, X is an arbitrary nonempty set and we always
assume B is a vector lattice € RX, I : B — R is linear, I(f) > 0
if0< feB.

For such I|B we need the following results of [2], in somewhat
modified notation:

(3)

B™ :=sup{M, o # M C B}, where the sup is pointwise on X,
L(f) :=sup{I(h);h € B,h < f} for f € EX, with sup @ = —o0,
B, = {g € BT L(f +9) = L(f) + L(g) for all f € BT},
- ) - =X
T(f) = inf{L.(g); f < g € B}, I(f) i= —T(~f) for f € R,

The elements of B = {f € ﬁx;l(f) = I(f) € R} are called I-
summable functions.
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The B™ and B, are + and V closed, B7 is also A closed. I is +
subadditive on EX, I and I, are R, -homogeneous and monotone on

R

For any f € R one has

L(f) <I(f) <I(f) < —L(—f) == I"(f).

- - . = - o5 X .

B is closed under +,+,a, A, V,| |; B is the closure of B in R™ with
respect to the integral seminorm I, I|B is the unique I-continuous
extension of I|B to B and is “linear” on B, Aumann [1].

2. Integral extension with local convergence. For arbitrary
net (fi)ies with f; € ﬁx, 1 € S = directed set, we use a special type
of convergence that will play an important role in what follows.

Definition 1. f; — f(I) means I(|f; — f| A h) — 0 for each fixed
0 <h € B, where f € f_{X_and, e.g., 00—00=0Dby (1). (fi) C R is
called an I-Cauchy net if I(|f; — f;]) — 0.

Theorem 1 of [8] yields

(4)Tf f;, f € R with |fi — f| < g € B, then f; — f(T) if and only
if I(|fi — f]) — 0.

The following result is to prepare the basic definition.

_ Lemma 1. If (f;) C B is an I-Cauchy net with f; — 0(I7), then
I(lf)) — 0.

Proof. To € > 0 choose j € S with I(lfi = fi]) < eifi>j. By
Definition 1 there is 0 < h € B with I(||f;| — h|) < &; now with (2) we
have | fi| < [fi = fil + i 0| fl = fi0hl +|fj0h = finh|+[fiNh| <
i — 51 L5 = B+ 215 = fl 5 1 0 B, S0 that T(fil) < Be if i >
some k € S. O

This shows that if f € f_{X, (fi) and (g:;) C B are I-Cauchy
nets with f; — f(I) and ¢; — f(I). Then the limits exist and
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lmI(f;) =lmI(g;) € R.

Definition 2. The set L := L(B,I) of I-integrable functions is
defined as the set of all those f E_EX for which there exists an I-
Cauchy net (h;) C B with h; — f(I). Then J(f) := lim I(h;), (h;) is
called a defining net for f.

A function f € R is called L-null if feLand J(f]) =0.

By the above the J(f) is well defined, independent of the particular
choice of the (h;).

Simple consequences of Definition 2 are, see [2],

If fe EX, g € L and f(x) = g(x) where |g(z)| < oo, then f € L and
J(f) = J(g); especially g. € L, where g.(x) := g(x) if g(z) € R, else
ge(z) :== 0 and g — g, is an L-null function.

L contains B and is closed with respect to +,+,,a € R, A, V, | |.

AV
Also, J(af) = aJ(f), J(f+g) = J(f+g) = J(f)+JI(9), |T(f)] < J(|f])
if fig€ L,and J(f) < J(g)if f <g.

Next || f]| := J(|f|) defines a seminorm on L, and it is easy to prove
that B is || |-dense in L, i.e., for any I-Cauchy net (h;) C B with
h; — f(I) one has ||h; — f|| — 0, (so, note that sequences suffice in
Definition 2).

Lemma 2. B C L(B,I) and I(f) = J(f) for any f € B.

Proof. Since B is I-dense in B by Definition 1, there exists a defining
sequence (hy,) for any f € B by (2) so that f € L. Now |[I(f)—1I(h,)| =

[I(f — hn)| < I(|f — hnl) — 0 gives J(f) = lim I(hy,) = I(f). mi
3. Convergence theorems.

~ Lemma 3. If0< f e L(B,I) and 0 < g € B, then f ANg € B and
I(f ng) < J(f)-

Proof. By Definition 2, there are h,, € B with 0 < h,, — f(I), (hy)I-
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Cauchy. Now with (2) one gets h, Ng — f N g(I). It follows from (4)
that I(|h,Ng— fNgl) — 0; by Definition 1, h,Ng = h, Ag € B, so also
fAg=fng e B. Finally, Lemma 2 gives I(f Ag) = J(f Ag) < J(f).
O

Corollary 1. If f € L(B,I) and |f| < g € B, then f € B.

As a substitute for the general missing completeness of L, one has
the following

Theorem 1. If f; € L(B,I), f € f_{X, (fi) is a || ||-Cauchy = J-
Cauchy net with f; — f(I), then f € L(B,I), J(|fi — f|) — 0 and
J(fi) = J(f).

Proof. By Definition 2, given any ¢ € S and € > 0, there exist h; . € B
with J(|fz — hi7€|) < €.

Since |hie — f| < hie = fil +|fi = fl, la+ b At <la| At +[b] At
a,b € R, t € Ry, and Lemma 3 give h; . — f(I), where (h;.) is an
I-Cauchy net with index set Sx]0, ool

Therefore, f € L and J(f) = lim I(h;.) = lim J(f;). This applied to
\fi = fl gives || fi = f — 0. o

In contrast to Theorem 1, by Example 2 below, the space B is not
closed in this sense; by the same example also the usual monotone
convergence theorem is false for B with “— (I).” For L, however, one
has

Corollary 2 (Monotone convergence theorem). If f; € L(B,I), f €

ﬁx, (f:) is an increasing net such that f; — f(I) and sup J(f;) < oo,
then f € L(B,I) and J(f;) — J(f).

Proof. By Theorem 1 we have only to show that (f;) is J-Cauchy.
Observe that J(f;) < J(f;) if ¢« < j implies J(f;) — supJ(f;), so
indeed J(|fi — f;]) = J(f;) = J(fi) = 0. O
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Theorem 2 (Dominated convergence theorem). If f; € L(B,I),
fe EX, (fi) is a net with f; — f(I) and |f;| < some g € L(B,I) for
i €S, then f € L(B,I) and ||f; — f| — 0, J(fs) = J(f)-

Proof. By Theorem 1, it suffices to show that (f;) is J-Cauchy. If
not, there are 9 > 0 and k € S indices i, jr > k with J(gi) > 2¢¢ for

ke S, with g, == |fi, — fj.| € L, gr = 0(I), gr < ¢ :=2g € L.

By Definition 2, there is a 0 < h € B with ||¢ — k|| < &g, hence
J(e =9 Ah) < (e~ h]| < eo.

Now (2) implies gr. < gr Ah+ (¢ — ¢ A h), with Lemmas 2 and 3 one
gets 260 < J(gr) < J(gx ANh)+ (e —@Ah) < I(gx Nh)+ep < 2eq for
some k € S, the desired contradiction. ]

Even for sequences, with pointwise convergence the above results
are of course false in the general (finitely additive) situation treated
here; the applicability rests on verifying the assumption “f; — f(I)”;
nevertheless, in the measure space situation pointwise convergence

implies “— (I)” (see Section 5.3).
4. Measurable and integrable functions.

Definition 3 (Stone). A function f € R” is called I-measurable if
fNheL(B,I)forall0<he B.

Mp := Mn (B, I) denotes the set of all the I-measurable functions.

Obviously B ¢ B € L C Mqn. Also, by Corollary 1, fNh € B in
Definition 3.

Lemma 4. Mn(B,1) is closed with respect to A, V,| |[,a,a € R, —
(I). If f,g € Mn, L € L, then fN|g|, f+1 € Mnf € Mn if and only if
fT and f~ belong to Mn.

We show only the closedness with respect to — (I): If f; € Mpn,
fe R and f; — f(I), with (2) one gets, for 0 < h € B, I(|f;Nh—
fOhl) <20(|fi = fIAh) — 0. Hence, fi Nh € B by Corollary 1 and
since L is a lattice. Therefore, fNh € B C L, since B is I-closed. ]
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In general, however, Mn is not +-closed by Example 3 below.

Using fNh,, with J(|g—h,|) — 0, (2) and the dominated convergence
theorem we obtain

(5) f is I-measurable, |f| < some I-integrable g implies f is I-
integrable.

Definition 4. For any f € R we define lower and upper (Darbour)
integrals by

(6)
Jo(f) :==sup{J(g9);g < f,g € L(B,I)} and J*(f):=—Ju(=f).

A functional ¢ : ﬁf — Ry is called an integral metric (see, for
example, [1, 13]) if ¢(0) = 0 and q(f) < q(g) +q(h) if f < g+h,
=X
f,9,h € R+ .

For f,g,h,k € R™ with 0 < h <k, one gets

(7) lq(1FD) = a(lgDl < a(If —gl) and q(h) < q(k).

For any T : D — R with D = R" or ﬁf we define the localization

(8) Tg(f) :=sup{T(f Ah);0<he B} forall feD.

This is a simplified version of Schéfke’s definition [13, p. 120].
If T = g = integral metric, gp is also an integral metric.

From these definitions and our results above, one gets
9) L<Ig=I<Jp=J.<J3=Tp<J <I<I" onR.

Only under additional assumptions the “<” can be improved, e.g.,
Je=J"on L, J, =J5 on Mn, Ip =1if I < oo, we omit the details.

As in the proof of Theorem 1.5 of Schéfke [13], one shows
(10) L(B,I) = Ip-closure of B in R" and J|L is the unique Ip-
continuous extension on I|B. Especially is L(B, I)I g-closed.

With the above Darboux integrals, (5) can be generalized:
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Theorem 3. f € L(B,I) if and only if f € Mn(B,I) and
J(|f]) < o0

Then the same is true with J, replaced by J*, or with J.(|f]) < oo;
J«(f) < oo however is not sufficient.

Proof. Since J.(f) € R, there are g, € L with g, < gp41 < f and
J(gn) = J(f)

Now for any a,b € R, 0 <t < 0o, one has (a —b) At < a/\(b—f—t);b,
yielding [f — gn| A < f A (gn +h)—gn =: 1, if 0 < h € B.

Because g1 A (gn+h) < fA(gn+h) < gn+h, Lemma 4 and (5) yield
fA(gn+h)eL.

Therefore, I, € Land J(I,) = J(fA(gn+h)—gn) < Jo(f)—JT(gn) — 0
with Definition 2.

Furthermore, |f — g,/ Ah < I, ANh € B by Corollary 1, hence
I(|f — gnl Ah) < I(ly Ah) < J(l,) by Lemma 3. This implies
To(f = gal) < Jo(f) — J(gn) — 0, 50 that [ € L with (10). o

I-integrability can be characterized as in the classical cases, without
any measurability assumptions:

Theorem 4. For any f € R the following conditions are equiva-
lent:

i) f € L(B,I)
i) J.(f) = J*(f) € R
iti) J.(f) = (J*)s(f) € R.

Proof. In view of (9) and the remarks after it, it is enough to show
iii) = i). For this, by Theorem 3, we only have to show that fNh € L
if0<heB.

Now for € > 0 there are g € L, k € B with g < h, J.(f) —e < J(g),
J(g—gNk) < J(lg—Fk[) <e.

Set 0 <1:=h+|k|, then —J(g A1) < =J(gAk)<—=J(g) +e.
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There also is p € L with f Al <p and J(p) < J.(f) +e.

Since fNh = (fAl)Nh, one has [fNh—(gAh)Nh| < 2(fAl—=gAl) <
2(p—gAl)=:1q€ L,or,with J, =J"on L, Ip(|fNh—(gAl)Nh|) <
<

Ip(q) = J(q) = 2[J(p) — J(g A D] < 2[1(f) + ¢ = J(9) + €]
21T, (f) + 2¢ — Ju(g) + ] = 6e.

This proves that f N h € L by (10). O

Using the above results, we proceed to add further properties of these
extensions of I/B.

Almost by definition, our I-measurable functions contain the inte-
grable functions of [2, p. 253].

The inclusion B N B C B, of [3, p. 261] here generalizes to

(11) B"NL(B,I)C {g € B-;L.(9) < <} C B.

Similarly as in the case of Riemann-i-, Lebesgue- and B-integrals [7,
p. 262, 8, Theorem 3, p. 86] one shows that with Stone’s axiom, i.e.,
hA1le Bif 0 <he B, the following result holds:

(12) If 0 < h € B, then h A1 € L(B,I), and J(h A1) — I(h) as
n — 00.

Thus it remains to show that L(B,I) is closed with respect to
improper integration, i.e.,

(13) fe Lifand only if fNn € L for n=1,2,... and sup,, J(|f N
n|) < oco.

Without (12) or with sup,, |[J(fNn)| < oo, (13) is false for Example 1
below.

Concerning iteration of the extension process I|B — J|L, one can
show
(14) L(B,I) = Ry (B, I), with coinciding integrals,

where B := L(B,I)NRX, I := J|B, and R, is defined in Section 5.2
so that every L-space (integral) is an Rj-space (integral) of abstract
Riemann integrable functions.

(15) Since always Iy C L by (17) below, one has at least L(B, ) C
L(B,I) (an analogous inclusion for B false).
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Let us finally remark that most of the above can be extended to
Banach space-valued functions, using a Nt := |al|~!(||la|| A t)a of
[7, p. 327] and a controlling Iy : By — Ry, By C Rf, with
IT(h)] < Ip(|h]), as in Schaftke [13].

5. Applications and examples.

1. If Q is a semi-ring of sets in X and p : @ — [0,00[ is additive,
B = Bq := real valued step functions over Q and I = I, := f -d,, are
admissible.

Then the proper Riemann u-integrable functions Rérop (1, R) are

defined as a I}-closure of Bg in RX, with integral metric I*(f) =
inf{I,(h); f < h € Bq}.

For 2 = intervals C R™ and pu = Lebesgue measure puy, Rérop =
classical Riemann integrable functions [1].

The space of abstract Riemann p-integrable functions Ry(p,R) is
defined as in Definition 2, but with h; — f “up-locally” [7, pp. 199,
70]. By Lemma 9 of [8], this convergence is equivalent to h; — f(I};),
where in Definition 1 the I is replaced by I ;i Obviously 1,<I ,, and
fi — f(I};) implies f; — f(I,). So with L(X,Q,u, R) of Dunford-
Schwartz [4, p. 112], one has

(16) Ri.op (1, R) C L(X,Q,u,R) C Ri(u,R) = (I%)p-closure of
Bgq C L(Bg,I,), with coinciding integrals; all C are in general strict,

see Example 4 below.

In Gould’s paper [5], Stone’s axiom is assumed, so by [6] his results
are already subsumed by the Rj-theory, see [7, pp. 57, 268].

2. For I|B a “one-sided closure” U of B has been introduced by

Loomis in [11]. This can be seen as the (I*)p-closure of B in ﬁX, S0,
in view of Definition 2, we define R;(B,I) as the I*-closure of B in

R™. One has convergence theorems similar as in the R;(u, R) case.
Asin 1 (see also [3]), with B = Bq, I = I, only, one gets
(17) R1(B,I) C B + R;-null functions C L(B,I) with coinciding
integrals.
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By the counterexamples in [8, 9], these are the only relations between
R1, B, L and their null functions.

3. If I|B satisfies Daniell’s continuity condition, i.e., I(h,) — 0, if
0 < hpy1 < hy € B, n € N, with hy,(z) — 0 for each z € X, then
B C L' + B-null functions, by [9].

With Ry C Ly and (18) below, these are the only relations here,
see [9]. If, however, B = Bq with Q = ¢-ring and I = I, with p o-
additive, then Ry (u, R) = L1 (s, R) C L(Bq, I,,), and f, — f p-almost
everywhere implies f,, — f (I;) for u-measurable f,,, by [7, p. 265], so
the classical Lebesgue convergence theorems are subsumed by the R;

and therefore L(B,I) theory.

4. If I|B satisfies Daniell’s continuity condition and additionally
(18) limh,, € L(B,I)if 0 < h,, < hpy1 € Band h, <k € B,

then I7(|f — fn|) — O implies f, — f(I) in EX; here Io(f) :=
inf {>°7° I(hy); hy, € B, f < 51" hy} is the induced integral norm with
which Daniell’s L' = I7-closure of B, see, for example, [1, 10]. Now,
since lim h,, € B by (11), we obtain

L' + B-null functions = B, B + L-null functions = L(B, I).

If even lim h,, € Ry1(B, 1), e.g., h,, € Bq, corresponding to 2 = §-ring
in 3, then again Ry(B,I) = L; = L'-null functions C L(B,I).

5. If I|B satisfies Bourbaki’s condition, i.e., /B is monotone-net-

continuous, then B™ = B,, L' ¢ B = Bourbaki’s L™ C L(B,I) =
L, = L™ 4+ {L,-null functions}, where L, is the localized version of L".

Special cases include B = Cy(X, R) with arbitrary topological X or
B = Bg with Q = intervals C R", u = Lebesgue measure, see [2, 8
and 9].

6. Local integral metrics and corresponding integrals have been
introduced in Schéfke [13]; there also convergence theorems are proved.
For T they are subsumed by the convergence theorems here; we do not
need the restrictive condition 2 of [13], e.g., Co(X, R) does not satisfy
condition 2.
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For reference and the benefit of the reader, we collect some examples
mostly given in [7] and [8].

Example 1. X = N, B = {{z, }hen; lim(z,/n) exists € R}, [ =
this lim, k = {n?} k ¢ L, though X is an I-null set, I(Xx) = 0; even
hnle Bif0<heB.

Example 2. X = Ny x J, with No = {0,1,2,...}, J =[0,1[C R.
Q = ring containing all M of the form {n} € E, {n} x (J—FE), F x{y}
or (Ng — F) x {y}, with 0 # n € Ny, E finite C J, 0 ¢ F finite C Ny,
y € J.

w2 — {0,1} is defined by u({n} x (J — E)) =1, u(M) = 0 for all
other M € Q.

Let T':= {0} x J. One has hy, := 0 — Xz(p), i.e., I(X7) = 0, but
XT ¢ B.

Example 3. X infinite, Q = {E or X — E; E finite C X}, g = doo,
60o(E) = 0,600(X — E) = 1, B = Bq, I(f) = [ fddss on B (if X is
uncountable, d., is o-additive).

Let X =N, g(n) =nand f =g+ Xon. One has f > ¢ >0, fand g
I-measurable, but f — g not I-measurable.

Example 4. X = [0,1], Q = {[a,b[;0 < a < b < 1}, u = Lebesgue
measure on 2, Q = rationals C X, then f, := 0 — Xq(/,) but not
converging “u-locally.”
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